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Negative Dependence

Discrete probability measure 
Equivalently:    binary random variables 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negative dependence

µ(S), S ✓ V
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Negative dependence - where?

Priors on diversity 

Interpretability

Basal-like

HER2

LumA

Basal-like

HER2

LumA

(a) (b)

Figure 5: BRCA data. Estimated feature allocation matrix Ẑ under the DPP prior

(panel a) and under the IBP prior (b).
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Negative Dependence Indian Buffet Process

(Xu, Müller, Telesca 2015)
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Negative dependence - where?

Compressing data
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Negative dependence - where?

Exploration,

active learning, 

experimental design,

Bayesian Optimization

2 Automatic Gait Optimization

Figure 1: The bio-inspired dynamical
bipedal walker Fox used for the exper-
imental evaluation.

The search for appropriate parameters of a controller can
be formulated as an optimization problem, such as the min-
imization

minimize
✓2RD

f (✓) (1)

of an objective function f (·) with respect to the parame-
ters ✓. In the context of gait optimization, this optimization
problem is characterized as a global optimization of a zero-
order stochastic objective function. Therefore, the use of
Bayesian optimization well suits this challenging optimiza-
tion task.

Bayesian Optimization Bayesian optimization is an iter-
ative model-based global optimization method [7, 5, 11, 1].
In Bayesian optimization, for each iteration (i.e., evalua-
tion of the objective function f ), a GP model ✓ 7! f (✓)
is learned from the data set T = {✓, f (✓)} composed
by the past parameters ✓ and the corresponding measure-
ments f (✓) of the objective function. This model is used
to predict the response surface ˆf and the corresponding ac-
quisition surface ↵ (✓)1, once the response surface ˆf (·) is mapped through the acquisition func-
tion ↵ (·). Using a global optimizer, the minimum ✓⇤ of the acquisition surface ↵ (✓) is computed
without any evaluation of the objective function, e.g., no robot interaction. The current minimum ✓⇤

is evaluated on the robot and, together with the resulting measurement f (✓⇤
), added to the datasetT.

Gaussian Process Model for Objective Function To create the model that maps ✓ 7! f(✓), we
make use of Bayesian non-parametric Gaussian Process regression [12]. Such a GP is a distribution
over functions

f(✓) ⇠ GP (mf , k(✓p,✓q)) , (2)
fully defined by a prior mean mf and a covariance function k(✓p,✓q). As prior mean, we choose
mf ⌘ 0, while the chosen covariance function k(✓p,✓q) is the squared exponential with automatic
relevance determination and Gaussian noise

k(✓p,✓q) = �2
f exp(�1

2 (✓p�✓q)
T⇤�1

(✓p�✓q))+�2
w�pq (3)

with ⇤ = diag([l21, ..., l
2
D]). Here, li are the characteristic length-scales, �2

f is the variance of
the latent function f(·) and �2

w the noise variance. A practical issue, for both GP modeling and
Bayesian optimization, is the choice of the hyperparameters of the GP model, such as the charac-
teristic length-scales li, the variance of the latent function �2

f and the noise variance �2
w. In gait

optimization, these hyperparameters are often fixed a priori [9]. There are suggestions [8] that fixing
the hyperparameters can considerably speed up the convergence of Bayesian optimization. However,
manually choosing the value of the hyperparameters requires extensive expert knowledge about the
system that we want to optimize, which is often an unrealistic assumption. An alternative common
approach is to automatically select the hyper-parameters by optimizing with respect to the marginal
likelihood [12].

Acquisition Function A number of acquisition functions ↵ (·) exist, such as Probability of Im-
provement [7], Expected Improvement [10], Upper Confidence Bound [3] and Entropy-Based Im-
provements [4]. Experimental results [4] suggest that Expected Improvement on specific families
of artificial functions performs better on average than Probability of Improvement and Upper Con-
fidence Bound. However, these results do not necessarily hold true for real-world problems such
as gait optimization, where the objective functions are more complex to model. Both Probability
of improvement [9] and Expected Improvement [14] have been previously employed in gait opti-
mization. In our experiments, we evaluate Probability of Improvement, Expected Improvement and
Upper Confidence Bound.

1The correct notation would be ↵
�
f̂ (✓)

�
, but we use ↵ (✓) for notational convenience.

2
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Capturing Diversity: Determinantal Point Processes

µ(S) / Vol

2
({vi}i2S)
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Determinantal Point Processes
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PSD similarity matrix L

LS

µ(S) / det(LS)
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Determinantal Point Processes (DPPs)
1  2 3  4 5  6  7  8 9 10

1
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PSD similarity matrix L

LS

µ(S) =
det(LS)

det(L+ I)
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✦ Macchi 1975: “fermion processes”

✦ Borodin & Olshanski 2000: “Determinantal Point  

Process”

✦ Introduction to ML: Kulesza & Taskar

(Hough, Krishnapur, Peres, Virag 2006; Lyons 2014; Lyons & Peres 2016; Pemantle 2000)



Negative dependence, stable polynomials etc. in ML - part 1Stefanie Jegelka (stefje@mit.edu)

 10

Combinatorial Examples

random spanning trees

ascents in random sequences
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DPP samples

lij = exp(� 1
2�2 kxi � xjk2)
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DPP uniform



Negative dependence, stable polynomials etc. in ML - part 1Stefanie Jegelka (stefje@mit.edu)

 12

Repulsion in nature

termite mounds in Brazil
(Martin, Funch, Hanson, Yoo, Current Biology 2018,  
http://djalil.chafai.net/blog/2018/11/23/yet-another-determinantal-point-process-in-nature/, )

http://djalil.chafai.net/blog/2018/11/23/yet-another-determinantal-point-process-in-nature/
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Discrete probability measure 
Equivalently:    binary random variables 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negative dependence
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µ(S), S ✓ V
<latexit sha1_base64="x7Qx8O5z0Q2YKMpHWh7ryaoBYFE=">AAAB/nicbZDJSgNBEIZ74hbjNiqevDQGIYKEGRH0GPTiMRKzQGYIPZ2apEnPYi9CGAK+ihcPinj1Obz5NnaSOWj0h4aPv6qo6j9IOZPKcb6swtLyyupacb20sbm1vWPv7rVkogWFJk14IjoBkcBZDE3FFIdOKoBEAYd2MLqe1tsPICRL4js1TsGPyCBmIaNEGatnH3iRrjROTnEDe1IHEhTc41bPLjtVZyb8F9wcyihXvWd/ev2E6ghiRTmRsus6qfIzIhSjHCYlT0tICR2RAXQNxiQC6Wez8yf42Dh9HCbCvFjhmftzIiORlOMoMJ0RUUO5WJua/9W6WoWXfsbiVCuI6XxRqDlWCZ5mgftMAFV8bIBQwcytmA6JIFSZxEomBHfxy3+hdVZ1Dd+el2tXeRxFdIiOUAW56ALV0A2qoyaiKENP6AW9Wo/Ws/Vmvc9bC1Y+s49+yfr4BjiVlFw=</latexit><latexit sha1_base64="x7Qx8O5z0Q2YKMpHWh7ryaoBYFE=">AAAB/nicbZDJSgNBEIZ74hbjNiqevDQGIYKEGRH0GPTiMRKzQGYIPZ2apEnPYi9CGAK+ihcPinj1Obz5NnaSOWj0h4aPv6qo6j9IOZPKcb6swtLyyupacb20sbm1vWPv7rVkogWFJk14IjoBkcBZDE3FFIdOKoBEAYd2MLqe1tsPICRL4js1TsGPyCBmIaNEGatnH3iRrjROTnEDe1IHEhTc41bPLjtVZyb8F9wcyihXvWd/ev2E6ghiRTmRsus6qfIzIhSjHCYlT0tICR2RAXQNxiQC6Wez8yf42Dh9HCbCvFjhmftzIiORlOMoMJ0RUUO5WJua/9W6WoWXfsbiVCuI6XxRqDlWCZ5mgftMAFV8bIBQwcytmA6JIFSZxEomBHfxy3+hdVZ1Dd+el2tXeRxFdIiOUAW56ALV0A2qoyaiKENP6AW9Wo/Ws/Vmvc9bC1Y+s49+yfr4BjiVlFw=</latexit><latexit sha1_base64="x7Qx8O5z0Q2YKMpHWh7ryaoBYFE=">AAAB/nicbZDJSgNBEIZ74hbjNiqevDQGIYKEGRH0GPTiMRKzQGYIPZ2apEnPYi9CGAK+ihcPinj1Obz5NnaSOWj0h4aPv6qo6j9IOZPKcb6swtLyyupacb20sbm1vWPv7rVkogWFJk14IjoBkcBZDE3FFIdOKoBEAYd2MLqe1tsPICRL4js1TsGPyCBmIaNEGatnH3iRrjROTnEDe1IHEhTc41bPLjtVZyb8F9wcyihXvWd/ev2E6ghiRTmRsus6qfIzIhSjHCYlT0tICR2RAXQNxiQC6Wez8yf42Dh9HCbCvFjhmftzIiORlOMoMJ0RUUO5WJua/9W6WoWXfsbiVCuI6XxRqDlWCZ5mgftMAFV8bIBQwcytmA6JIFSZxEomBHfxy3+hdVZ1Dd+el2tXeRxFdIiOUAW56ALV0A2qoyaiKENP6AW9Wo/Ws/Vmvc9bC1Y+s49+yfr4BjiVlFw=</latexit><latexit sha1_base64="x7Qx8O5z0Q2YKMpHWh7ryaoBYFE=">AAAB/nicbZDJSgNBEIZ74hbjNiqevDQGIYKEGRH0GPTiMRKzQGYIPZ2apEnPYi9CGAK+ihcPinj1Obz5NnaSOWj0h4aPv6qo6j9IOZPKcb6swtLyyupacb20sbm1vWPv7rVkogWFJk14IjoBkcBZDE3FFIdOKoBEAYd2MLqe1tsPICRL4js1TsGPyCBmIaNEGatnH3iRrjROTnEDe1IHEhTc41bPLjtVZyb8F9wcyihXvWd/ev2E6ghiRTmRsus6qfIzIhSjHCYlT0tICR2RAXQNxiQC6Wez8yf42Dh9HCbCvFjhmftzIiORlOMoMJ0RUUO5WJua/9W6WoWXfsbiVCuI6XxRqDlWCZ5mgftMAFV8bIBQwcytmA6JIFSZxEomBHfxy3+hdVZ1Dd+el2tXeRxFdIiOUAW56ALV0A2qoyaiKENP6AW9Wo/Ws/Vmvc9bC1Y+s49+yfr4BjiVlFw=</latexit>

Xi
<latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit><latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit><latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit><latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit>

S
<latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit><latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit><latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit><latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit>



Negative dependence, stable polynomials etc. in ML - part 1Stefanie Jegelka (stefje@mit.edu)

I
<latexit sha1_base64="+nERRkIt3cCrW2JExsvx124+5QU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPic1cQQXcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/M9AFqPRA4nHMvOfeEieAGXPfLKSwtr6yuFddLG5tb2zvl3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFQ6vc7/1yLThSj7AKGFBTPqSR5wSsJLfiQkMKBHZ3bhbrrhVdwLsVs9c7+rcw95cmZMKmqHeLX92eoqmMZNABTHG99wEgoxo4FSwcamTGpYQOiR95lsqScxMkE0ij/GRVXo4Uto+CXii/tzISGzMKA7tZB7R/PVy8T/PTyG6DDIukxSYpNOPolRgUDi/H/e4ZhTEyBJCNbdZMR0QTSjYlkq2hIWTF0nzpOpZfn9aqd3M6iiiA3SIjpGHLlAN3aI6aiCKFHpCL+jVAefZeXPep6MFZ7azj37B+fgGnqGReQ==</latexit><latexit sha1_base64="+nERRkIt3cCrW2JExsvx124+5QU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPic1cQQXcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/M9AFqPRA4nHMvOfeEieAGXPfLKSwtr6yuFddLG5tb2zvl3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFQ6vc7/1yLThSj7AKGFBTPqSR5wSsJLfiQkMKBHZ3bhbrrhVdwLsVs9c7+rcw95cmZMKmqHeLX92eoqmMZNABTHG99wEgoxo4FSwcamTGpYQOiR95lsqScxMkE0ij/GRVXo4Uto+CXii/tzISGzMKA7tZB7R/PVy8T/PTyG6DDIukxSYpNOPolRgUDi/H/e4ZhTEyBJCNbdZMR0QTSjYlkq2hIWTF0nzpOpZfn9aqd3M6iiiA3SIjpGHLlAN3aI6aiCKFHpCL+jVAefZeXPep6MFZ7azj37B+fgGnqGReQ==</latexit><latexit sha1_base64="+nERRkIt3cCrW2JExsvx124+5QU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPic1cQQXcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/M9AFqPRA4nHMvOfeEieAGXPfLKSwtr6yuFddLG5tb2zvl3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFQ6vc7/1yLThSj7AKGFBTPqSR5wSsJLfiQkMKBHZ3bhbrrhVdwLsVs9c7+rcw95cmZMKmqHeLX92eoqmMZNABTHG99wEgoxo4FSwcamTGpYQOiR95lsqScxMkE0ij/GRVXo4Uto+CXii/tzISGzMKA7tZB7R/PVy8T/PTyG6DDIukxSYpNOPolRgUDi/H/e4ZhTEyBJCNbdZMR0QTSjYlkq2hIWTF0nzpOpZfn9aqd3M6iiiA3SIjpGHLlAN3aI6aiCKFHpCL+jVAefZeXPep6MFZ7azj37B+fgGnqGReQ==</latexit><latexit sha1_base64="+nERRkIt3cCrW2JExsvx124+5QU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPic1cQQXcV7AOmQ8mkmTY0kwzJHaEM/Qw3LhRx69e482/M9AFqPRA4nHMvOfeEieAGXPfLKSwtr6yuFddLG5tb2zvl3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFQ6vc7/1yLThSj7AKGFBTPqSR5wSsJLfiQkMKBHZ3bhbrrhVdwLsVs9c7+rcw95cmZMKmqHeLX92eoqmMZNABTHG99wEgoxo4FSwcamTGpYQOiR95lsqScxMkE0ij/GRVXo4Uto+CXii/tzISGzMKA7tZB7R/PVy8T/PTyG6DDIukxSYpNOPolRgUDi/H/e4ZhTEyBJCNbdZMR0QTSjYlkq2hIWTF0nzpOpZfn9aqd3M6iiiA3SIjpGHLlAN3aI6aiCKFHpCL+jVAefZeXPep6MFZ7azj37B+fgGnqGReQ==</latexit>

J
<latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="XHHyDjq2u5Hqp3BNM6R1h2UrNxA=">AAAB53icbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhScCOuKtgfmA4lk2ba0EwyJHeEMvQx3LhQxDdy59uYabvQ1guBj3MScu6JMyks+v63V9na3tndq+7XDuqHR8eNk3rX6tww3mFaatOPqeVSKN5BgZL3M8NpGkvei6d3pd975sYKrZ5wlvEopWMlEsEoOikcpBQnjMriYT5sNP2WvxiyCcEKmrCa9rDxNRhplqdcIZPU2jDwM4wKalAwyee1QW55RtmUjnnoUNGU26hYRJ6TC6eMSKKNOwrJQv39oqCptbM0djfLiHbdK8X/vDDH5CYqhMpy5IotP0pySVCTcn8yEoYzlDMHlBnhshI2oYYydC3VXAnB+sqb0L1qBY4ffajCGZzDJQRwDbdwD23oAAMNL/AG7x56r97Hsq6Kt+rtFP6M9/kDOteQAw==</latexit><latexit sha1_base64="gBPcKzLJAN4TYkP3lX+BO1tIUz8=">AAAB53icbZDNSgMxFIXv1L9aq1a3boJFcFUyhWq7E9yIqwr2B6ZDyaRpG5pJhiQjlKGP4caFIr6RO9/GTNuFVi8EPs5JyLknSgQ3FuMvr7C1vbO7V9wvHZQPj44rJ+WuUammrEOVULofEcMEl6xjuRWsn2hG4kiwXjS7zf3eE9OGK/lo5wkLYzKRfMwpsU4KBjGxU0pEdr8YVqq4Vm/gVhMjXGtgv3XlO8DLQf4aqrCe9rDyORgpmsZMWiqIMYGPExtmRFtOBVuUBqlhCaEzMmGBQ0liZsJsGXmBLpwyQmOl3ZEWLdWfLzISGzOPI3czj2g2vVz8zwtSO26GGZdJapmkq4/GqUBWoXx/NOKaUSvmDgjV3GVFdEo0oda1VHIl+Jsr/4VuveY7fsBQhDM4h0vw4Rpu4A7a0AEKCp7hFd48671476u6Ct66t1P4Nd7HN3xBkDE=</latexit><latexit sha1_base64="mqhk8zAVha4qtO2B86akDT6X7d8=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp5ItVNtbQQTxVMHawnYp2TRtQ7ObJckKZenP8OJBEa/+Gm/+G7PtHrQ6EBhm3iPzJogF1wbjL6ewtr6xuVXcLu3s7u0flA+PHrRMFGUdKoVUvYBoJnjEOoYbwXqxYiQMBOsG06vM7z4ypbmM7s0sZn5IxhEfcUqMlbx+SMyEEpHezgflCq7W6rjZwAhX69htXriW4AWQm5MK5GgPyp/9oaRJyCJDBdHac3Fs/JQow6lg81I/0SwmdErGzLM0IiHTfrqIPEdnVhmikVT2RQYt1J8bKQm1noWBncwi6lUvE//zvMSMGn7KozgxLKLLj0aJQEai7H405IpRI2aWEKq4zYrohChCjW2pZEtwV0/+Sx5qVdfyO1xpXed1FOEETuEcXLiEFtxAGzpAQcITvMCrY5xn5815X44WnHznGH7B+fgGwQiRjQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit><latexit sha1_base64="nMVQmkK0WGcOA2Y/Hf7KQIPo8zU=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4Kplitd0VRBBXFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM+0stHogcDjnXnLuCWLOtEHoyymsrW9sbhW3Szu7e/sH5cOjrpaJIrRDJJeqH2BNORO0Y5jhtB8riqOA014wvc783iNVmknxYGYx9SM8FixkBBsreYMImwnBPL2bD8sVVK3VUbOBIKrWkdu8dC1BC0A3JxWQoz0sfw5GkiQRFYZwrLXnotj4KVaGEU7npUGiaYzJFI+pZ6nAEdV+uog8h2dWGcFQKvuEgQv150aKI61nUWAns4h61cvE/zwvMWHDT5mIE0MFWX4UJhwaCbP74YgpSgyfWYKJYjYrJBOsMDG2pZItwV09+S/p1qqu5fcXldZNXkcRnIBTcA5ccAVa4Ba0QQcQIMETeAGvjnGenTfnfTlacPKdY/ALzsc3wkiRkQ==</latexit>
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Stronger Notions

EXiXj  EXi EXj
<latexit sha1_base64="zCG7BiezLQHJkHIKZj6+e5Iciqw=">AAACJnicbZBPS8MwGMbT+W/Of1WPXoJD8CCjFUFhCIMheJzgtsJaSpplW7Y0rUkqjLJP48Wv4sXDRMSbH8V068FtvhD45Xnykvd9gphRqSzr2yisrW9sbhW3Szu7e/sH5uFRS0aJwKSJIxYJJ0CSMMpJU1HFiBMLgsKAkXYwqmd++5kISSP+qMYx8ULU57RHMVJa8s1bN0RqEATp3QQ6PnX8oVt1q9Bl5AlmtGi7Fwv3oW+WrYo1K7gKdg5lkFfDN6duN8JJSLjCDEnZsa1YeSkSimJGJiU3kSRGeIT6pKORo5BIL52tOYFnWunCXiT04QrO1L8dKQqlHIeBfplNKZe9TPzP6ySqd+OllMeJIhzPP+olDKoIZpnBLhUEKzbWgLCgelaIB0ggrHSyJR2CvbzyKrQuK7bmh6tyrZ7HUQQn4BScAxtcgxq4Bw3QBBi8gDcwBR/Gq/FufBpf86cFI+85Bgtl/PwC3BOkxw==</latexit><latexit sha1_base64="zCG7BiezLQHJkHIKZj6+e5Iciqw=">AAACJnicbZBPS8MwGMbT+W/Of1WPXoJD8CCjFUFhCIMheJzgtsJaSpplW7Y0rUkqjLJP48Wv4sXDRMSbH8V068FtvhD45Xnykvd9gphRqSzr2yisrW9sbhW3Szu7e/sH5uFRS0aJwKSJIxYJJ0CSMMpJU1HFiBMLgsKAkXYwqmd++5kISSP+qMYx8ULU57RHMVJa8s1bN0RqEATp3QQ6PnX8oVt1q9Bl5AlmtGi7Fwv3oW+WrYo1K7gKdg5lkFfDN6duN8JJSLjCDEnZsa1YeSkSimJGJiU3kSRGeIT6pKORo5BIL52tOYFnWunCXiT04QrO1L8dKQqlHIeBfplNKZe9TPzP6ySqd+OllMeJIhzPP+olDKoIZpnBLhUEKzbWgLCgelaIB0ggrHSyJR2CvbzyKrQuK7bmh6tyrZ7HUQQn4BScAxtcgxq4Bw3QBBi8gDcwBR/Gq/FufBpf86cFI+85Bgtl/PwC3BOkxw==</latexit><latexit sha1_base64="zCG7BiezLQHJkHIKZj6+e5Iciqw=">AAACJnicbZBPS8MwGMbT+W/Of1WPXoJD8CCjFUFhCIMheJzgtsJaSpplW7Y0rUkqjLJP48Wv4sXDRMSbH8V068FtvhD45Xnykvd9gphRqSzr2yisrW9sbhW3Szu7e/sH5uFRS0aJwKSJIxYJJ0CSMMpJU1HFiBMLgsKAkXYwqmd++5kISSP+qMYx8ULU57RHMVJa8s1bN0RqEATp3QQ6PnX8oVt1q9Bl5AlmtGi7Fwv3oW+WrYo1K7gKdg5lkFfDN6duN8JJSLjCDEnZsa1YeSkSimJGJiU3kSRGeIT6pKORo5BIL52tOYFnWunCXiT04QrO1L8dKQqlHIeBfplNKZe9TPzP6ySqd+OllMeJIhzPP+olDKoIZpnBLhUEKzbWgLCgelaIB0ggrHSyJR2CvbzyKrQuK7bmh6tyrZ7HUQQn4BScAxtcgxq4Bw3QBBi8gDcwBR/Gq/FufBpf86cFI+85Bgtl/PwC3BOkxw==</latexit><latexit sha1_base64="zCG7BiezLQHJkHIKZj6+e5Iciqw=">AAACJnicbZBPS8MwGMbT+W/Of1WPXoJD8CCjFUFhCIMheJzgtsJaSpplW7Y0rUkqjLJP48Wv4sXDRMSbH8V068FtvhD45Xnykvd9gphRqSzr2yisrW9sbhW3Szu7e/sH5uFRS0aJwKSJIxYJJ0CSMMpJU1HFiBMLgsKAkXYwqmd++5kISSP+qMYx8ULU57RHMVJa8s1bN0RqEATp3QQ6PnX8oVt1q9Bl5AlmtGi7Fwv3oW+WrYo1K7gKdg5lkFfDN6duN8JJSLjCDEnZsa1YeSkSimJGJiU3kSRGeIT6pKORo5BIL52tOYFnWunCXiT04QrO1L8dKQqlHIeBfplNKZe9TPzP6ySqd+OllMeJIhzPP+olDKoIZpnBLhUEKzbWgLCgelaIB0ggrHSyJR2CvbzyKrQuK7bmh6tyrZ7HUQQn4BScAxtcgxq4Bw3QBBi8gDcwBR/Gq/FufBpf86cFI+85Bgtl/PwC3BOkxw==</latexit>

equivalently:

S
<latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit><latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit><latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit><latexit sha1_base64="dMSoOcz7KPwxVDD8uUwXNzvPXV8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMixGNABI8JmgWSIfR0apI2PT1Dd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nNzK6tr6Rn6zsLW9s7tX3D9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0OfVb96g0j+WtGSfoR3QgecgZNVaq3/SKJa/szkDcX+TLKsECtV7xvduPWRqhNExQrTuemxg/o8pwJnBS6KYaE8pGdIAdSyWNUPvZ7NAJObFKn4SxsiUNmanLExmNtB5Hge2MqBnqn95U/MvrpCa88DMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaawHML/pHlW9iyvn5eqV4s48nAEx3AKHlSgCtdQgwYwQHiAJ3h27pxH58V5nbfmnMXMIXyD8/YJsI6M2w==</latexit>

Negative Association
For all monotone increasing functions G(S), H(S)

<latexit sha1_base64="F7KnZ4Qp6U9Zu1SycGXwjE3Zq3c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosurDLivaB7VAyaaYNzSRDkhHK0L9w40IRt/6NO//GtJ2Fth5IOJxzL/feE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkUD2YcUz/CA8FCRrCx0uNt+f70DNXs3yuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZxhN0YpU+CqWyTxg0U393pDjSehwFtjLCZqgXvan4n9dJTHjlp0zEiaGCzAeFCUdGoun5qM8UJYaPLcFEMbsrIkOsMDE2pIINwVs8eZk0zyue5XcXpep1FkcejuAYyuDBJVShBnVoAAEBz/AKb452Xpx352NemnOynkP4A+fzB8PAjwE=</latexit><latexit sha1_base64="F7KnZ4Qp6U9Zu1SycGXwjE3Zq3c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosurDLivaB7VAyaaYNzSRDkhHK0L9w40IRt/6NO//GtJ2Fth5IOJxzL/feE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkUD2YcUz/CA8FCRrCx0uNt+f70DNXs3yuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZxhN0YpU+CqWyTxg0U393pDjSehwFtjLCZqgXvan4n9dJTHjlp0zEiaGCzAeFCUdGoun5qM8UJYaPLcFEMbsrIkOsMDE2pIINwVs8eZk0zyue5XcXpep1FkcejuAYyuDBJVShBnVoAAEBz/AKb452Xpx352NemnOynkP4A+fzB8PAjwE=</latexit><latexit sha1_base64="F7KnZ4Qp6U9Zu1SycGXwjE3Zq3c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosurDLivaB7VAyaaYNzSRDkhHK0L9w40IRt/6NO//GtJ2Fth5IOJxzL/feE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkUD2YcUz/CA8FCRrCx0uNt+f70DNXs3yuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZxhN0YpU+CqWyTxg0U393pDjSehwFtjLCZqgXvan4n9dJTHjlp0zEiaGCzAeFCUdGoun5qM8UJYaPLcFEMbsrIkOsMDE2pIINwVs8eZk0zyue5XcXpep1FkcejuAYyuDBJVShBnVoAAEBz/AKb452Xpx352NemnOynkP4A+fzB8PAjwE=</latexit><latexit sha1_base64="F7KnZ4Qp6U9Zu1SycGXwjE3Zq3c=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosurDLivaB7VAyaaYNzSRDkhHK0L9w40IRt/6NO//GtJ2Fth5IOJxzL/feE8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0c3Ubz1RpZkUD2YcUz/CA8FCRrCx0uNt+f70DNXs3yuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZxhN0YpU+CqWyTxg0U393pDjSehwFtjLCZqgXvan4n9dJTHjlp0zEiaGCzAeFCUdGoun5qM8UJYaPLcFEMbsrIkOsMDE2pIINwVs8eZk0zyue5XcXpep1FkcejuAYyuDBJVShBnVoAAEBz/AKb452Xpx352NemnOynkP4A+fzB8PAjwE=</latexit>

E[G(S \ I)H(S \ J )]  EG(S \ I)EH(S \ J )
<latexit sha1_base64="e0DZunKRJiBMS1R+h+wwHXfuV5Q="></latexit><latexit sha1_base64="e0DZunKRJiBMS1R+h+wwHXfuV5Q="></latexit><latexit sha1_base64="e0DZunKRJiBMS1R+h+wwHXfuV5Q="></latexit><latexit sha1_base64="e0DZunKRJiBMS1R+h+wwHXfuV5Q="></latexit>
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Example

if thirsty researcher goes to coffee shop i 
otherwise

Bi =

(
1

0
<latexit sha1_base64="iMbbIyG296AglzYx/p8+t+fLJZo=">AAACFHicbVDLSgMxFM34rONr1KWbYFEEocyIoBuh1I3LCvYBnWHIpLdtaCYzJBmhDP0IN/6KGxeKuHXhzr8xbWehrQdCDufce5N7opQzpV3321paXlldWy9t2Jtb2zu7zt5+UyWZpNCgCU9kOyIKOBPQ0ExzaKcSSBxxaEXDm4nfegCpWCLu9SiFICZ9wXqMEm2k0DmrhQxfYz+CPhM5NZPU2PbwCfZ92zWX7YPoFnrolN2KOwVeJF5ByqhAPXS+/G5CsxiEppwo1fHcVAc5kZpRDmPbzxSkhA5JHzqGChKDCvLpUmN8bJQu7iXSHKHxVP3dkZNYqVEcmcqY6IGa9ybif14n072rIGcizTQIOnuol3GsEzxJCHeZBKr5yBBCJTN/xXRAJKHa5GibELz5lRdJ87ziGX53Ua7WijhK6BAdoVPkoUtURbeojhqIokf0jF7Rm/VkvVjv1sesdMkqeg7QH1ifP2Bnm+U=</latexit><latexit sha1_base64="iMbbIyG296AglzYx/p8+t+fLJZo=">AAACFHicbVDLSgMxFM34rONr1KWbYFEEocyIoBuh1I3LCvYBnWHIpLdtaCYzJBmhDP0IN/6KGxeKuHXhzr8xbWehrQdCDufce5N7opQzpV3321paXlldWy9t2Jtb2zu7zt5+UyWZpNCgCU9kOyIKOBPQ0ExzaKcSSBxxaEXDm4nfegCpWCLu9SiFICZ9wXqMEm2k0DmrhQxfYz+CPhM5NZPU2PbwCfZ92zWX7YPoFnrolN2KOwVeJF5ByqhAPXS+/G5CsxiEppwo1fHcVAc5kZpRDmPbzxSkhA5JHzqGChKDCvLpUmN8bJQu7iXSHKHxVP3dkZNYqVEcmcqY6IGa9ybif14n072rIGcizTQIOnuol3GsEzxJCHeZBKr5yBBCJTN/xXRAJKHa5GibELz5lRdJ87ziGX53Ua7WijhK6BAdoVPkoUtURbeojhqIokf0jF7Rm/VkvVjv1sesdMkqeg7QH1ifP2Bnm+U=</latexit><latexit sha1_base64="iMbbIyG296AglzYx/p8+t+fLJZo=">AAACFHicbVDLSgMxFM34rONr1KWbYFEEocyIoBuh1I3LCvYBnWHIpLdtaCYzJBmhDP0IN/6KGxeKuHXhzr8xbWehrQdCDufce5N7opQzpV3321paXlldWy9t2Jtb2zu7zt5+UyWZpNCgCU9kOyIKOBPQ0ExzaKcSSBxxaEXDm4nfegCpWCLu9SiFICZ9wXqMEm2k0DmrhQxfYz+CPhM5NZPU2PbwCfZ92zWX7YPoFnrolN2KOwVeJF5ByqhAPXS+/G5CsxiEppwo1fHcVAc5kZpRDmPbzxSkhA5JHzqGChKDCvLpUmN8bJQu7iXSHKHxVP3dkZNYqVEcmcqY6IGa9ybif14n072rIGcizTQIOnuol3GsEzxJCHeZBKr5yBBCJTN/xXRAJKHa5GibELz5lRdJ87ziGX53Ua7WijhK6BAdoVPkoUtURbeojhqIokf0jF7Rm/VkvVjv1sesdMkqeg7QH1ifP2Bnm+U=</latexit><latexit sha1_base64="iMbbIyG296AglzYx/p8+t+fLJZo=">AAACFHicbVDLSgMxFM34rONr1KWbYFEEocyIoBuh1I3LCvYBnWHIpLdtaCYzJBmhDP0IN/6KGxeKuHXhzr8xbWehrQdCDufce5N7opQzpV3321paXlldWy9t2Jtb2zu7zt5+UyWZpNCgCU9kOyIKOBPQ0ExzaKcSSBxxaEXDm4nfegCpWCLu9SiFICZ9wXqMEm2k0DmrhQxfYz+CPhM5NZPU2PbwCfZ92zWX7YPoFnrolN2KOwVeJF5ByqhAPXS+/G5CsxiEppwo1fHcVAc5kZpRDmPbzxSkhA5JHzqGChKDCvLpUmN8bJQu7iXSHKHxVP3dkZNYqVEcmcqY6IGa9ybif14n072rIGcizTQIOnuol3GsEzxJCHeZBKr5yBBCJTN/xXRAJKHa5GibELz5lRdJ87ziGX53Ua7WijhK6BAdoVPkoUtURbeojhqIokf0jF7Rm/VkvVjv1sesdMkqeg7QH1ifP2Bnm+U=</latexit>
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Detour: Positive Dependence

Positive Association: 
For all monotone increasing functions 

E[G(S)H(S)] � EG(S)EH(S)
<latexit sha1_base64="bn0+Y2GtTSwmGHLcGSp2OJten84=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkhJRFDoplDFLivaCyShTKbTdujk4sxEKKEv5MZXEcFFRdz6Gk7SgLX1wIGP//zDnPO7IaNCGsZUy62srq1v5DcLW9s7u3v6/kFLBBHHpIkDFvCOiwRh1CdNSSUjnZAT5LmMtN1RLZm3nwgXNPAf5DgkjocGPu1TjKSSuvq17SE5dN34ZmLB29L9aV01dOyKXYH2gDzChH49qcU+mxMSf1cvGmUjLbgMZgZFkFWjq7/ZvQBHHvElZkgIyzRC6cSIS4oZmRTsSJAQ4REaEEuhjzwinDi9dgJPlNKD/YCr9iVM1fkXMfKEGHuuciZrisVZIv43syLZv3Ji6oeRJD6efdSPGJQBTKKDPcoJlmysAGFO1a4QDxFHWKqACyoEc/HkZWidl03FdxfFai2LIw+OwDEoARNcgiqogwZoAgyewSuYgg/tRXvXPrWvmTWnZW8OwZ/Svn8AMmGlDA==</latexit><latexit sha1_base64="bn0+Y2GtTSwmGHLcGSp2OJten84=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkhJRFDoplDFLivaCyShTKbTdujk4sxEKKEv5MZXEcFFRdz6Gk7SgLX1wIGP//zDnPO7IaNCGsZUy62srq1v5DcLW9s7u3v6/kFLBBHHpIkDFvCOiwRh1CdNSSUjnZAT5LmMtN1RLZm3nwgXNPAf5DgkjocGPu1TjKSSuvq17SE5dN34ZmLB29L9aV01dOyKXYH2gDzChH49qcU+mxMSf1cvGmUjLbgMZgZFkFWjq7/ZvQBHHvElZkgIyzRC6cSIS4oZmRTsSJAQ4REaEEuhjzwinDi9dgJPlNKD/YCr9iVM1fkXMfKEGHuuciZrisVZIv43syLZv3Ji6oeRJD6efdSPGJQBTKKDPcoJlmysAGFO1a4QDxFHWKqACyoEc/HkZWidl03FdxfFai2LIw+OwDEoARNcgiqogwZoAgyewSuYgg/tRXvXPrWvmTWnZW8OwZ/Svn8AMmGlDA==</latexit><latexit sha1_base64="bn0+Y2GtTSwmGHLcGSp2OJten84=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkhJRFDoplDFLivaCyShTKbTdujk4sxEKKEv5MZXEcFFRdz6Gk7SgLX1wIGP//zDnPO7IaNCGsZUy62srq1v5DcLW9s7u3v6/kFLBBHHpIkDFvCOiwRh1CdNSSUjnZAT5LmMtN1RLZm3nwgXNPAf5DgkjocGPu1TjKSSuvq17SE5dN34ZmLB29L9aV01dOyKXYH2gDzChH49qcU+mxMSf1cvGmUjLbgMZgZFkFWjq7/ZvQBHHvElZkgIyzRC6cSIS4oZmRTsSJAQ4REaEEuhjzwinDi9dgJPlNKD/YCr9iVM1fkXMfKEGHuuciZrisVZIv43syLZv3Ji6oeRJD6efdSPGJQBTKKDPcoJlmysAGFO1a4QDxFHWKqACyoEc/HkZWidl03FdxfFai2LIw+OwDEoARNcgiqogwZoAgyewSuYgg/tRXvXPrWvmTWnZW8OwZ/Svn8AMmGlDA==</latexit><latexit sha1_base64="bn0+Y2GtTSwmGHLcGSp2OJten84=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkhJRFDoplDFLivaCyShTKbTdujk4sxEKKEv5MZXEcFFRdz6Gk7SgLX1wIGP//zDnPO7IaNCGsZUy62srq1v5DcLW9s7u3v6/kFLBBHHpIkDFvCOiwRh1CdNSSUjnZAT5LmMtN1RLZm3nwgXNPAf5DgkjocGPu1TjKSSuvq17SE5dN34ZmLB29L9aV01dOyKXYH2gDzChH49qcU+mxMSf1cvGmUjLbgMZgZFkFWjq7/ZvQBHHvElZkgIyzRC6cSIS4oZmRTsSJAQ4REaEEuhjzwinDi9dgJPlNKD/YCr9iVM1fkXMfKEGHuuciZrisVZIv43syLZv3Ji6oeRJD6efdSPGJQBTKKDPcoJlmysAGFO1a4QDxFHWKqACyoEc/HkZWidl03FdxfFai2LIw+OwDEoARNcgiqogwZoAgyewSuYgg/tRXvXPrWvmTWnZW8OwZ/Svn8AMmGlDA==</latexit>

G(S), H(S)
<latexit sha1_base64="iL1INaNpObtEERqcdA0JWcAvXds=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosdGGXFe0D26Fk0kwbmmSGJCOUoX/hxoUibv0bd/6NaTsLbT2QcDjnXu69J4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjGszv/1ElWaRfDCTmPoCDyULGcHGSo+35fvzC1S3f79YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzjafozCoDFEbKPmnQXP3dkWKh9UQEtlJgM9LL3kz8z+smJrzxUybjxFBJFoPChCMTodn5aMAUJYZPLMFEMbsrIiOsMDE2pIINwVs+eZW0Liue5XdXpWotiyMPJ3AKZfDgGqpQhwY0gYCEZ3iFN0c7L86787EozTlZzzH8gfP5A8QNjwI=</latexit><latexit sha1_base64="iL1INaNpObtEERqcdA0JWcAvXds=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosdGGXFe0D26Fk0kwbmmSGJCOUoX/hxoUibv0bd/6NaTsLbT2QcDjnXu69J4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjGszv/1ElWaRfDCTmPoCDyULGcHGSo+35fvzC1S3f79YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzjafozCoDFEbKPmnQXP3dkWKh9UQEtlJgM9LL3kz8z+smJrzxUybjxFBJFoPChCMTodn5aMAUJYZPLMFEMbsrIiOsMDE2pIINwVs+eZW0Liue5XdXpWotiyMPJ3AKZfDgGqpQhwY0gYCEZ3iFN0c7L86787EozTlZzzH8gfP5A8QNjwI=</latexit><latexit sha1_base64="iL1INaNpObtEERqcdA0JWcAvXds=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosdGGXFe0D26Fk0kwbmmSGJCOUoX/hxoUibv0bd/6NaTsLbT2QcDjnXu69J4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjGszv/1ElWaRfDCTmPoCDyULGcHGSo+35fvzC1S3f79YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzjafozCoDFEbKPmnQXP3dkWKh9UQEtlJgM9LL3kz8z+smJrzxUybjxFBJFoPChCMTodn5aMAUJYZPLMFEMbsrIiOsMDE2pIINwVs+eZW0Liue5XdXpWotiyMPJ3AKZfDgGqpQhwY0gYCEZ3iFN0c7L86787EozTlZzzH8gfP5A8QNjwI=</latexit><latexit sha1_base64="iL1INaNpObtEERqcdA0JWcAvXds=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQQcqMCLosdGGXFe0D26Fk0kwbmmSGJCOUoX/hxoUibv0bd/6NaTsLbT2QcDjnXu69J4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjGszv/1ElWaRfDCTmPoCDyULGcHGSo+35fvzC1S3f79YcivuHGiVeBkpQYZGv/jVG0QkEVQawrHWXc+NjZ9iZRjhdFroJZrGmIzxkHYtlVhQ7afzjafozCoDFEbKPmnQXP3dkWKh9UQEtlJgM9LL3kz8z+smJrzxUybjxFBJFoPChCMTodn5aMAUJYZPLMFEMbsrIiOsMDE2pIINwVs+eZW0Liue5XdXpWotiyMPJ3AKZfDgGqpQhwY0gYCEZ3iFN0c7L86787EozTlZzzH8gfP5A8QNjwI=</latexit>

Analog does not hold for negative dependence!  
negative association implies log-submodularity, but not conversely

FKG Lattice Condition, Multivariate Totally Positive: 
log-supermodularity  
 
 
implies positive association (Fortuin,Kasteleyn,Ginibre 1971)

µ(S)µ(T )  µ(S [ T )µ(S \ T ) 8S, T ✓ V
<latexit sha1_base64="wA9A8Kw0FvuhqyBb+RyaGvLxZZg="></latexit><latexit sha1_base64="wA9A8Kw0FvuhqyBb+RyaGvLxZZg="></latexit><latexit sha1_base64="wA9A8Kw0FvuhqyBb+RyaGvLxZZg="></latexit><latexit sha1_base64="wA9A8Kw0FvuhqyBb+RyaGvLxZZg="></latexit>
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The “right notion” should imply:
✦ Negative Association

✦ Stochastic Covering

✦ Log-concave rank sequences

✦ Closed under “natural” operations


✦ conditioning

✦ marginalization

✦ products …

ak = P(|S| = k)
<latexit sha1_base64="BuavMD8oSTlSS3CIhkwt/QWblMs=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNSUTQTaHoxmVFe4E2hMl00g6ZTMLMRChpNr6KGxeKuPUx3Pk2TtostPWHgY//nMOc83sxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoFJG0csEj0PScIoJ21FFSO9WBAUeox0veAmr3cfiZA04g9qEhMnRCNOfYqR0pZrHiE3gA04CJEae17aymrT+2kjOHPNqlW3ZoLLYBdQBYVarvk1GEY4CQlXmCEp+7YVKydFQlHMSFYZJJLECAdoRPoaOQqJdNLZARk81c4Q+pHQjys4c39PpCiUchJ6ujNfVC7WcvO/Wj9R/pWTUh4ninA8/8hPGFQRzNOAQyoIVmyiAWFB9a4Qj5FAWOnMKjoEe/HkZeic123NdxfV5nURRxkcgxNQAza4BE1wC1qgDTDIwDN4BW/Gk/FivBsf89aSUcwcgj8yPn8ASxuVjw==</latexit><latexit sha1_base64="BuavMD8oSTlSS3CIhkwt/QWblMs=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNSUTQTaHoxmVFe4E2hMl00g6ZTMLMRChpNr6KGxeKuPUx3Pk2TtostPWHgY//nMOc83sxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoFJG0csEj0PScIoJ21FFSO9WBAUeox0veAmr3cfiZA04g9qEhMnRCNOfYqR0pZrHiE3gA04CJEae17aymrT+2kjOHPNqlW3ZoLLYBdQBYVarvk1GEY4CQlXmCEp+7YVKydFQlHMSFYZJJLECAdoRPoaOQqJdNLZARk81c4Q+pHQjys4c39PpCiUchJ6ujNfVC7WcvO/Wj9R/pWTUh4ninA8/8hPGFQRzNOAQyoIVmyiAWFB9a4Qj5FAWOnMKjoEe/HkZeic123NdxfV5nURRxkcgxNQAza4BE1wC1qgDTDIwDN4BW/Gk/FivBsf89aSUcwcgj8yPn8ASxuVjw==</latexit><latexit sha1_base64="BuavMD8oSTlSS3CIhkwt/QWblMs=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNSUTQTaHoxmVFe4E2hMl00g6ZTMLMRChpNr6KGxeKuPUx3Pk2TtostPWHgY//nMOc83sxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoFJG0csEj0PScIoJ21FFSO9WBAUeox0veAmr3cfiZA04g9qEhMnRCNOfYqR0pZrHiE3gA04CJEae17aymrT+2kjOHPNqlW3ZoLLYBdQBYVarvk1GEY4CQlXmCEp+7YVKydFQlHMSFYZJJLECAdoRPoaOQqJdNLZARk81c4Q+pHQjys4c39PpCiUchJ6ujNfVC7WcvO/Wj9R/pWTUh4ninA8/8hPGFQRzNOAQyoIVmyiAWFB9a4Qj5FAWOnMKjoEe/HkZeic123NdxfV5nURRxkcgxNQAza4BE1wC1qgDTDIwDN4BW/Gk/FivBsf89aSUcwcgj8yPn8ASxuVjw==</latexit><latexit sha1_base64="BuavMD8oSTlSS3CIhkwt/QWblMs=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBItRNSUTQTaHoxmVFe4E2hMl00g6ZTMLMRChpNr6KGxeKuPUx3Pk2TtostPWHgY//nMOc83sxo1JZ1rdRWlldW98ob1a2tnd298z9g46MEoFJG0csEj0PScIoJ21FFSO9WBAUeox0veAmr3cfiZA04g9qEhMnRCNOfYqR0pZrHiE3gA04CJEae17aymrT+2kjOHPNqlW3ZoLLYBdQBYVarvk1GEY4CQlXmCEp+7YVKydFQlHMSFYZJJLECAdoRPoaOQqJdNLZARk81c4Q+pHQjys4c39PpCiUchJ6ujNfVC7WcvO/Wj9R/pWTUh4ninA8/8hPGFQRzNOAQyoIVmyiAWFB9a4Qj5FAWOnMKjoEe/HkZeic123NdxfV5nURRxkcgxNQAza4BE1wC1qgDTDIwDN4BW/Gk/FivBsf89aSUcwcgj8yPn8ASxuVjw==</latexit>
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Generating Polynomial

qµ(z) =
X

S✓V

µ(S)
Y

i2S

zi, z 2 Cn

<latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit><latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit><latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit><latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit>

Operations on polynomial = operations on distribution

Example:  
2 items qµ(z) = µ; + µ1z1 + µ2z2 + µ1,2z1z2

<latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit><latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit><latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit><latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit>

Obtain coefficient µ1 = µ({1})
<latexit sha1_base64="fLxalQeGRoxN9VUxBTCavovWlP4=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFqJuSiKAboejGZQV7gSaEyXTaDp1JwsxELCGv4saFIm59EXe+jdM2C209MMzH/5/DnPnDhDOlHefbKq2tb2xulbcrO7t7+wf2YbWj4lQS2iYxj2UvxIpyFtG2ZprTXiIpFiGn3XByO/O7j1QqFkcPeppQX+BRxIaMYG2kwK56Ig1cdI3MXfcy18vPArvmNJx5oVVwC6hBUa3A/vIGMUkFjTThWKm+6yTaz7DUjHCaV7xU0QSTCR7RvsEIC6r8bL57jk6NMkDDWJoTaTRXf09kWCg1FaHpFFiP1bI3E//z+qkeXvkZi5JU04gsHhqmHOkYzYJAAyYp0XxqABPJzK6IjLHERJu4KiYEd/nLq9A5b7iG7y9qzZsijjIcwwnUwYVLaMIdtKANBJ7gGV7hzcqtF+vd+li0lqxi5gj+lPX5A/3Okxo=</latexit><latexit sha1_base64="fLxalQeGRoxN9VUxBTCavovWlP4=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFqJuSiKAboejGZQV7gSaEyXTaDp1JwsxELCGv4saFIm59EXe+jdM2C209MMzH/5/DnPnDhDOlHefbKq2tb2xulbcrO7t7+wf2YbWj4lQS2iYxj2UvxIpyFtG2ZprTXiIpFiGn3XByO/O7j1QqFkcPeppQX+BRxIaMYG2kwK56Ig1cdI3MXfcy18vPArvmNJx5oVVwC6hBUa3A/vIGMUkFjTThWKm+6yTaz7DUjHCaV7xU0QSTCR7RvsEIC6r8bL57jk6NMkDDWJoTaTRXf09kWCg1FaHpFFiP1bI3E//z+qkeXvkZi5JU04gsHhqmHOkYzYJAAyYp0XxqABPJzK6IjLHERJu4KiYEd/nLq9A5b7iG7y9qzZsijjIcwwnUwYVLaMIdtKANBJ7gGV7hzcqtF+vd+li0lqxi5gj+lPX5A/3Okxo=</latexit><latexit sha1_base64="fLxalQeGRoxN9VUxBTCavovWlP4=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFqJuSiKAboejGZQV7gSaEyXTaDp1JwsxELCGv4saFIm59EXe+jdM2C209MMzH/5/DnPnDhDOlHefbKq2tb2xulbcrO7t7+wf2YbWj4lQS2iYxj2UvxIpyFtG2ZprTXiIpFiGn3XByO/O7j1QqFkcPeppQX+BRxIaMYG2kwK56Ig1cdI3MXfcy18vPArvmNJx5oVVwC6hBUa3A/vIGMUkFjTThWKm+6yTaz7DUjHCaV7xU0QSTCR7RvsEIC6r8bL57jk6NMkDDWJoTaTRXf09kWCg1FaHpFFiP1bI3E//z+qkeXvkZi5JU04gsHhqmHOkYzYJAAyYp0XxqABPJzK6IjLHERJu4KiYEd/nLq9A5b7iG7y9qzZsijjIcwwnUwYVLaMIdtKANBJ7gGV7hzcqtF+vd+li0lqxi5gj+lPX5A/3Okxo=</latexit><latexit sha1_base64="fLxalQeGRoxN9VUxBTCavovWlP4=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFqJuSiKAboejGZQV7gSaEyXTaDp1JwsxELCGv4saFIm59EXe+jdM2C209MMzH/5/DnPnDhDOlHefbKq2tb2xulbcrO7t7+wf2YbWj4lQS2iYxj2UvxIpyFtG2ZprTXiIpFiGn3XByO/O7j1QqFkcPeppQX+BRxIaMYG2kwK56Ig1cdI3MXfcy18vPArvmNJx5oVVwC6hBUa3A/vIGMUkFjTThWKm+6yTaz7DUjHCaV7xU0QSTCR7RvsEIC6r8bL57jk6NMkDDWJoTaTRXf09kWCg1FaHpFFiP1bI3E//z+qkeXvkZi5JU04gsHhqmHOkYzYJAAyYp0XxqABPJzK6IjLHERJu4KiYEd/nLq9A5b7iG7y9qzZsijjIcwwnUwYVLaMIdtKANBJ7gGV7hzcqtF+vd+li0lqxi5gj+lPX5A/3Okxo=</latexit>

@

@z1
qµ(z) = µ1 + µ1,2z2

<latexit sha1_base64="GOXZ1yVQakk8AHiXg7ibwdvjqgs="></latexit><latexit sha1_base64="GOXZ1yVQakk8AHiXg7ibwdvjqgs="></latexit><latexit sha1_base64="GOXZ1yVQakk8AHiXg7ibwdvjqgs="></latexit><latexit sha1_base64="GOXZ1yVQakk8AHiXg7ibwdvjqgs="></latexit>

1. differentiate wrt     : z1
<latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit><latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit><latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit><latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit>

2. set z = 0
<latexit sha1_base64="zdn73TPs1NCWN8Q4wMj75bE5wR8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRauhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDhhON0w==</latexit><latexit sha1_base64="zdn73TPs1NCWN8Q4wMj75bE5wR8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRauhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDhhON0w==</latexit><latexit sha1_base64="zdn73TPs1NCWN8Q4wMj75bE5wR8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRauhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDhhON0w==</latexit><latexit sha1_base64="zdn73TPs1NCWN8Q4wMj75bE5wR8=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rGBqoQ1ls520SzebsLsRauhv8OJBEa/+IG/+G7dtDtr6wsLDOzPszBumgmvjut9OaWV1bX2jvFnZ2t7Z3avuH7R0kimGPktEotoh1Si4RN9wI7CdKqRxKPAhHN1M6w+PqDRP5L0ZpxjEdCB5xBk11vKfyBVxe9WaW3dnIsvgFVCDQs1e9avbT1gWozRMUK07npuaIKfKcCZwUulmGlPKRnSAHYuSxqiDfLbshJxYp0+iRNknDZm5vydyGms9jkPbGVMz1Iu1qflfrZOZ6DLIuUwzg5LNP4oyQUxCppeTPlfIjBhboExxuythQ6ooMzafig3BWzx5GVpndc/y3XmtcV3EUYYjOIZT8OACGnALTfCBAYdneIU3RzovzrvzMW8tOcXMIfyR8/kDhhON0w==</latexit>

@

@z1
qµ(z)

����
z=0

<latexit sha1_base64="ycv4k9YX5KSA90f80Z/kX2Sq6Uc=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAR6qYkKuhGKLpxWcFeoAlhMp2kQycXZyZCG/MgbnwVNy4UceNC8G2ctBG09YeBj/+cw5nzuzGjQhrGl1ZaWFxaXimvVtbWNza39O2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w8u83rkjXNAovJGjmNgB8kPqUYykshz92PI4wqkVIy4pYlkKfxCOHTODt44VJLXxoeVS37930vG5kTl61agbE8F5MAuogkJNR/+w+hFOAhJKzJAQPdOIpZ3mezAjWcVKBIkRHiKf9BSGKCDCTifHZfBAOX3oRVy9UMKJ+3siRYEQo8BVnQGSAzFby83/ar1Eemd2SsM4kSTE00VewqCMYJ4U7FNOsGQjBQhzqv4K8QCptKTKs6JCMGdPnof2Ud1UfH1SbVwUcZTBHtgHNWCCU9AAV6AJWgCDB/AEXsCr9qg9a2/a+7S1pBUzu+CPtM9vTHCiFQ==</latexit><latexit sha1_base64="ycv4k9YX5KSA90f80Z/kX2Sq6Uc=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAR6qYkKuhGKLpxWcFeoAlhMp2kQycXZyZCG/MgbnwVNy4UceNC8G2ctBG09YeBj/+cw5nzuzGjQhrGl1ZaWFxaXimvVtbWNza39O2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w8u83rkjXNAovJGjmNgB8kPqUYykshz92PI4wqkVIy4pYlkKfxCOHTODt44VJLXxoeVS37930vG5kTl61agbE8F5MAuogkJNR/+w+hFOAhJKzJAQPdOIpZ3mezAjWcVKBIkRHiKf9BSGKCDCTifHZfBAOX3oRVy9UMKJ+3siRYEQo8BVnQGSAzFby83/ar1Eemd2SsM4kSTE00VewqCMYJ4U7FNOsGQjBQhzqv4K8QCptKTKs6JCMGdPnof2Ud1UfH1SbVwUcZTBHtgHNWCCU9AAV6AJWgCDB/AEXsCr9qg9a2/a+7S1pBUzu+CPtM9vTHCiFQ==</latexit><latexit sha1_base64="ycv4k9YX5KSA90f80Z/kX2Sq6Uc=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAR6qYkKuhGKLpxWcFeoAlhMp2kQycXZyZCG/MgbnwVNy4UceNC8G2ctBG09YeBj/+cw5nzuzGjQhrGl1ZaWFxaXimvVtbWNza39O2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w8u83rkjXNAovJGjmNgB8kPqUYykshz92PI4wqkVIy4pYlkKfxCOHTODt44VJLXxoeVS37930vG5kTl61agbE8F5MAuogkJNR/+w+hFOAhJKzJAQPdOIpZ3mezAjWcVKBIkRHiKf9BSGKCDCTifHZfBAOX3oRVy9UMKJ+3siRYEQo8BVnQGSAzFby83/ar1Eemd2SsM4kSTE00VewqCMYJ4U7FNOsGQjBQhzqv4K8QCptKTKs6JCMGdPnof2Ud1UfH1SbVwUcZTBHtgHNWCCU9AAV6AJWgCDB/AEXsCr9qg9a2/a+7S1pBUzu+CPtM9vTHCiFQ==</latexit><latexit sha1_base64="ycv4k9YX5KSA90f80Z/kX2Sq6Uc=">AAACHHicbZDLSsNAFIYn9VbrLerSzWAR6qYkKuhGKLpxWcFeoAlhMp2kQycXZyZCG/MgbnwVNy4UceNC8G2ctBG09YeBj/+cw5nzuzGjQhrGl1ZaWFxaXimvVtbWNza39O2dtogSjkkLRyziXRcJwmhIWpJKRroxJyhwGem4w8u83rkjXNAovJGjmNgB8kPqUYykshz92PI4wqkVIy4pYlkKfxCOHTODt44VJLXxoeVS37930vG5kTl61agbE8F5MAuogkJNR/+w+hFOAhJKzJAQPdOIpZ3mezAjWcVKBIkRHiKf9BSGKCDCTifHZfBAOX3oRVy9UMKJ+3siRYEQo8BVnQGSAzFby83/ar1Eemd2SsM4kSTE00VewqCMYJ4U7FNOsGQjBQhzqv4K8QCptKTKs6JCMGdPnof2Ud1UfH1SbVwUcZTBHtgHNWCCU9AAV6AJWgCDB/AEXsCr9qg9a2/a+7S1pBUzu+CPtM9vTHCiFQ==</latexit>



Negative dependence, stable polynomials etc. in ML - part 1Stefanie Jegelka (stefje@mit.edu)

P(1 2 S)
<latexit sha1_base64="BfEEwOVmhT1XaJBqrT+rMBU+DYI=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUnE567oxmVF+4AmlMl02g6dTMLMRCih/oobF4q49UPc+TdO2ghV9MCFwzn3cg8niDlT2nE+rYXFpeWV1cJacX1jc2vb3tltqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYXWV+655KxSJxp8cx9UM8EKzPCNZG6tolL8R6GARpfVJxkccEuj3s2mW36kyBnOqJ416cuobkyrdVhhz1rv3h9SKShFRowrFSHdeJtZ9iqRnhdFL0EkVjTEZ4QDuGChxS5afT8BN0YJQe6kfSjNBoqs5fpDhUahwGZjOLqn57mfiX10l0/9xPmYgTTQWZPeonHOkIZU2gHpOUaD42BBPJTFZEhlhiok1fxfkS/ifNo6pr+M1xuXaZ11GAPdiHCrhwBjW4hjo0gMAYHuEZXqwH68l6td5mqwtWflOCH7DevwBDipPa</latexit><latexit sha1_base64="BfEEwOVmhT1XaJBqrT+rMBU+DYI=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUnE567oxmVF+4AmlMl02g6dTMLMRCih/oobF4q49UPc+TdO2ghV9MCFwzn3cg8niDlT2nE+rYXFpeWV1cJacX1jc2vb3tltqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYXWV+655KxSJxp8cx9UM8EKzPCNZG6tolL8R6GARpfVJxkccEuj3s2mW36kyBnOqJ416cuobkyrdVhhz1rv3h9SKShFRowrFSHdeJtZ9iqRnhdFL0EkVjTEZ4QDuGChxS5afT8BN0YJQe6kfSjNBoqs5fpDhUahwGZjOLqn57mfiX10l0/9xPmYgTTQWZPeonHOkIZU2gHpOUaD42BBPJTFZEhlhiok1fxfkS/ifNo6pr+M1xuXaZ11GAPdiHCrhwBjW4hjo0gMAYHuEZXqwH68l6td5mqwtWflOCH7DevwBDipPa</latexit><latexit sha1_base64="BfEEwOVmhT1XaJBqrT+rMBU+DYI=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUnE567oxmVF+4AmlMl02g6dTMLMRCih/oobF4q49UPc+TdO2ghV9MCFwzn3cg8niDlT2nE+rYXFpeWV1cJacX1jc2vb3tltqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYXWV+655KxSJxp8cx9UM8EKzPCNZG6tolL8R6GARpfVJxkccEuj3s2mW36kyBnOqJ416cuobkyrdVhhz1rv3h9SKShFRowrFSHdeJtZ9iqRnhdFL0EkVjTEZ4QDuGChxS5afT8BN0YJQe6kfSjNBoqs5fpDhUahwGZjOLqn57mfiX10l0/9xPmYgTTQWZPeonHOkIZU2gHpOUaD42BBPJTFZEhlhiok1fxfkS/ifNo6pr+M1xuXaZ11GAPdiHCrhwBjW4hjo0gMAYHuEZXqwH68l6td5mqwtWflOCH7DevwBDipPa</latexit><latexit sha1_base64="BfEEwOVmhT1XaJBqrT+rMBU+DYI=">AAAB/HicdVDLSsNAFL3xWesr2qWbwSLUTUnE567oxmVF+4AmlMl02g6dTMLMRCih/oobF4q49UPc+TdO2ghV9MCFwzn3cg8niDlT2nE+rYXFpeWV1cJacX1jc2vb3tltqiiRhDZIxCPZDrCinAna0Exz2o4lxWHAaSsYXWV+655KxSJxp8cx9UM8EKzPCNZG6tolL8R6GARpfVJxkccEuj3s2mW36kyBnOqJ416cuobkyrdVhhz1rv3h9SKShFRowrFSHdeJtZ9iqRnhdFL0EkVjTEZ4QDuGChxS5afT8BN0YJQe6kfSjNBoqs5fpDhUahwGZjOLqn57mfiX10l0/9xPmYgTTQWZPeonHOkIZU2gHpOUaD42BBPJTFZEhlhiok1fxfkS/ifNo6pr+M1xuXaZ11GAPdiHCrhwBjW4hjo0gMAYHuEZXqwH68l6td5mqwtWflOCH7DevwBDipPa</latexit>

P(1 /2 S)
<latexit sha1_base64="5HrCeftaswscJLCrmbaiowzkcRA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuiy6MZlRfuAJpTJdNIOnUzCzI1QYhf+ihsXirj1N9z5N07aItp6YOBwzr3cMydIBNfgOF9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1guFV7rfumdI8lncwSpgfkb7kIacEjNS1D7yIwCAIsvq44mJPxsAlvj3p2mWn6kyAf4g7T8pohnrX/vR6MU0jJoEKonXHdRLwM6KAU8HGJS/VLCF0SPqsY6gkEdN+Nsk/xsdG6eEwVuZJwBP190ZGIq1HUWAm87R63svF/7xOCuGFn3GZpMAknR4KU4EhxnkZuMcVoyBGhhCquMmK6YAoQsFUVjIlLHx5kTRPq67hN2fl2uWsjiI6REeoglx0jmroGtVRA1H0gJ7QC3q1Hq1n6816n44WrNnOPvoD6+MbqJaVMw==</latexit><latexit sha1_base64="5HrCeftaswscJLCrmbaiowzkcRA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuiy6MZlRfuAJpTJdNIOnUzCzI1QYhf+ihsXirj1N9z5N07aItp6YOBwzr3cMydIBNfgOF9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1guFV7rfumdI8lncwSpgfkb7kIacEjNS1D7yIwCAIsvq44mJPxsAlvj3p2mWn6kyAf4g7T8pohnrX/vR6MU0jJoEKonXHdRLwM6KAU8HGJS/VLCF0SPqsY6gkEdN+Nsk/xsdG6eEwVuZJwBP190ZGIq1HUWAm87R63svF/7xOCuGFn3GZpMAknR4KU4EhxnkZuMcVoyBGhhCquMmK6YAoQsFUVjIlLHx5kTRPq67hN2fl2uWsjiI6REeoglx0jmroGtVRA1H0gJ7QC3q1Hq1n6816n44WrNnOPvoD6+MbqJaVMw==</latexit><latexit sha1_base64="5HrCeftaswscJLCrmbaiowzkcRA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuiy6MZlRfuAJpTJdNIOnUzCzI1QYhf+ihsXirj1N9z5N07aItp6YOBwzr3cMydIBNfgOF9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1guFV7rfumdI8lncwSpgfkb7kIacEjNS1D7yIwCAIsvq44mJPxsAlvj3p2mWn6kyAf4g7T8pohnrX/vR6MU0jJoEKonXHdRLwM6KAU8HGJS/VLCF0SPqsY6gkEdN+Nsk/xsdG6eEwVuZJwBP190ZGIq1HUWAm87R63svF/7xOCuGFn3GZpMAknR4KU4EhxnkZuMcVoyBGhhCquMmK6YAoQsFUVjIlLHx5kTRPq67hN2fl2uWsjiI6REeoglx0jmroGtVRA1H0gJ7QC3q1Hq1n6816n44WrNnOPvoD6+MbqJaVMw==</latexit><latexit sha1_base64="5HrCeftaswscJLCrmbaiowzkcRA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuiy6MZlRfuAJpTJdNIOnUzCzI1QYhf+ihsXirj1N9z5N07aItp6YOBwzr3cMydIBNfgOF9WYWl5ZXWtuF7a2Nza3rF395o6ThVlDRqLWLUDopngkjWAg2DtRDESBYK1guFV7rfumdI8lncwSpgfkb7kIacEjNS1D7yIwCAIsvq44mJPxsAlvj3p2mWn6kyAf4g7T8pohnrX/vR6MU0jJoEKonXHdRLwM6KAU8HGJS/VLCF0SPqsY6gkEdN+Nsk/xsdG6eEwVuZJwBP190ZGIq1HUWAm87R63svF/7xOCuGFn3GZpMAknR4KU4EhxnkZuMcVoyBGhhCquMmK6YAoQsFUVjIlLHx5kTRPq67hN2fl2uWsjiI6REeoglx0jmroGtVRA1H0gJ7QC3q1Hq1n6816n44WrNnOPvoD6+MbqJaVMw==</latexit>
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Generating Polynomial

qµ(z) =
X

S✓V

µ(S)
Y

i2S

zi, z 2 Cn

<latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit><latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit><latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit><latexit sha1_base64="2Q1RArQbXDoRN1wv7EC0ysmcq4I="></latexit>

Example:  
2 items qµ(z) = µ; + µ1z1 + µ2z2 + µ1,2z1z2

<latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit><latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit><latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit><latexit sha1_base64="AmywFYPCW8LO5RTplNZ0gak29y8=">AAACK3icbZDLSgMxFIYz3q23qks3wSIoSpkZBN0IUjcuK9hWaMuQSU81NJkZkzNCO/R93PgqLnThBbe+h2k7C28HDnz5/xyS84eJFAZd982Zmp6ZnZtfWCwsLa+srhXXN+omTjWHGo9lrK9CZkCKCGooUMJVooGpUEIj7J2N/MYdaCPi6BL7CbQVu45EV3CGVgqKldugpdLdwR49oRaCFqgE+waQ7o/PHh3YnrBv2c858w78obWsEhRLbtkdF/0LXg4lklc1KD61OjFPFUTIJTOm6bkJtjOmUXAJw0IrNZAw3mPX0LQYMQWmnY13HdIdq3RoN9a2I6Rj9ftExpQxfRXam4rhjfntjcT/vGaK3eN2JqIkRYj45KFuKinGdBQc7QgNHGXfAuNa2L9SfsM042jjLdgQvN8r/4W6X/YsXxyWTit5HAtki2yTXeKRI3JKzkmV1Agn9+SRvJBX58F5dt6dj8nVKSef2SQ/yvn8AgbipHU=</latexit>

Marginalization: ⇡({1}) = P(1 2 S)
<latexit sha1_base64="KJSqcAWbB161SVmPiUKaYr9GE88=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EitJuSiKAboejGZUV7gSaUyXTaDp1MwsxEKCFbN76KGxeKuPUN3Pk2TtoutPWHgY//nMOc8wcxZ0o7zrdVWFldW98obpa2tnd29+z9g5aKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/F1Xm8/UKlYJO71JKZ+iIeCDRjB2lg9G3kxq3ip62VVdIm8EOtREKSNrOIijwl0V+3ZZafmTIWWwZ1DGeZq9Owvrx+RJKRCE46V6rpOrP0US80Ip1nJSxSNMRnjIe0aFDikyk+nl2ToxDh9NIikeUKjqft7IsWhUpMwMJ35qmqxlpv/1bqJHlz4KRNxoqkgs48GCUc6QnksqM8kJZpPDGAimdkVkRGWmGgTXsmE4C6evAyt05pr+PasXL+ax1GEIziGCrhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWgvWfOYQ/sj6/AFQfpgp</latexit><latexit sha1_base64="KJSqcAWbB161SVmPiUKaYr9GE88=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EitJuSiKAboejGZUV7gSaUyXTaDp1MwsxEKCFbN76KGxeKuPUN3Pk2TtoutPWHgY//nMOc8wcxZ0o7zrdVWFldW98obpa2tnd29+z9g5aKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/F1Xm8/UKlYJO71JKZ+iIeCDRjB2lg9G3kxq3ip62VVdIm8EOtREKSNrOIijwl0V+3ZZafmTIWWwZ1DGeZq9Owvrx+RJKRCE46V6rpOrP0US80Ip1nJSxSNMRnjIe0aFDikyk+nl2ToxDh9NIikeUKjqft7IsWhUpMwMJ35qmqxlpv/1bqJHlz4KRNxoqkgs48GCUc6QnksqM8kJZpPDGAimdkVkRGWmGgTXsmE4C6evAyt05pr+PasXL+ax1GEIziGCrhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWgvWfOYQ/sj6/AFQfpgp</latexit><latexit sha1_base64="KJSqcAWbB161SVmPiUKaYr9GE88=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EitJuSiKAboejGZUV7gSaUyXTaDp1MwsxEKCFbN76KGxeKuPUN3Pk2TtoutPWHgY//nMOc8wcxZ0o7zrdVWFldW98obpa2tnd29+z9g5aKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/F1Xm8/UKlYJO71JKZ+iIeCDRjB2lg9G3kxq3ip62VVdIm8EOtREKSNrOIijwl0V+3ZZafmTIWWwZ1DGeZq9Owvrx+RJKRCE46V6rpOrP0US80Ip1nJSxSNMRnjIe0aFDikyk+nl2ToxDh9NIikeUKjqft7IsWhUpMwMJ35qmqxlpv/1bqJHlz4KRNxoqkgs48GCUc6QnksqM8kJZpPDGAimdkVkRGWmGgTXsmE4C6evAyt05pr+PasXL+ax1GEIziGCrhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWgvWfOYQ/sj6/AFQfpgp</latexit><latexit sha1_base64="KJSqcAWbB161SVmPiUKaYr9GE88=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EitJuSiKAboejGZUV7gSaUyXTaDp1MwsxEKCFbN76KGxeKuPUN3Pk2TtoutPWHgY//nMOc8wcxZ0o7zrdVWFldW98obpa2tnd29+z9g5aKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/F1Xm8/UKlYJO71JKZ+iIeCDRjB2lg9G3kxq3ip62VVdIm8EOtREKSNrOIijwl0V+3ZZafmTIWWwZ1DGeZq9Owvrx+RJKRCE46V6rpOrP0US80Ip1nJSxSNMRnjIe0aFDikyk+nl2ToxDh9NIikeUKjqft7IsWhUpMwMJ35qmqxlpv/1bqJHlz4KRNxoqkgs48GCUc6QnksqM8kJZpPDGAimdkVkRGWmGgTXsmE4C6evAyt05pr+PasXL+ax1GEIziGCrhwDnW4gQY0gcAjPMMrvFlP1ov1bn3MWgvWfOYQ/sj6/AFQfpgp</latexit>

Set z2 = 1
<latexit sha1_base64="h69dR3tjGfhU2C4NbOZZq3hXNjg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuhFKHrxWMF+QBvKZjtpl242YXcj1NAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7cfUWkeywczSdCP6FDykDNqrNV+6tfINfH65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWrWqZ/n+olK/yeMowgmcwjl4cAl1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+w2455</latexit><latexit sha1_base64="h69dR3tjGfhU2C4NbOZZq3hXNjg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuhFKHrxWMF+QBvKZjtpl242YXcj1NAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7cfUWkeywczSdCP6FDykDNqrNV+6tfINfH65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWrWqZ/n+olK/yeMowgmcwjl4cAl1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+w2455</latexit><latexit sha1_base64="h69dR3tjGfhU2C4NbOZZq3hXNjg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuhFKHrxWMF+QBvKZjtpl242YXcj1NAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7cfUWkeywczSdCP6FDykDNqrNV+6tfINfH65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWrWqZ/n+olK/yeMowgmcwjl4cAl1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+w2455</latexit><latexit sha1_base64="h69dR3tjGfhU2C4NbOZZq3hXNjg=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuhFKHrxWMF+QBvKZjtpl242YXcj1NAf4cWDIl79Pd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw7q7cfUWkeywczSdCP6FDykDNqrNV+6tfINfH65Ypbdeciq+DlUIFcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdi5JGqP1svu6UnFlnQMJY2ScNmbu/JzIaaT2JAtsZUTPSy7WZ+V+tm5rwys+4TFKDki0+ClNBTExmt5MBV8iMmFigTHG7K2EjqigzNqGSDcFbPnkVWrWqZ/n+olK/yeMowgmcwjl4cAl1uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Y+czx+w2455</latexit>

qµ(z1, 1) = [µ; + µ2] + [µ1 + µ1,2]z1
<latexit sha1_base64="kbLx3UiQV8Hi1OzwJ2BO6ZVvSVY=">AAACKHicbZDNSgMxFIUz/lv/qi7dBIugWGRSBN2IohuXCrYK7TBk0lsNJjNjckeoQx/Hja/iRkQRtz6JaTsLtV4IfPecXJJ7olRJi77/6Y2NT0xOTc/MlubmFxaXyssrDZtkRkBdJCoxVxG3oGQMdZSo4Co1wHWk4DK6Pen7l/dgrEziC+ymEGh+HcuOFBydFJYP78KWzjYfQlZlW/SANl0XtkCn2LWAdJv2+1rgYOCwQslZtdYL3FRYrvg7/qDoKLACKqSos7D82monItMQo1Dc2ibzUwxyblAKBb1SK7OQcnHLr6HpMOYabJAPFu3RDae0aScx7sRIB+rPiZxra7s6cjc1xxv71+uL/3nNDDv7QS7jNEOIxfChTqYoJrSfGm1LAwJV1wEXRrq/UnHDDRfosi25ENjflUehUdthjs93K0fHRRwzZI2sk03CyB45IqfkjNSJII/kmbyRd+/Je/E+vM/h1TGvmFklv8r7+gbD/aNU</latexit><latexit sha1_base64="kbLx3UiQV8Hi1OzwJ2BO6ZVvSVY=">AAACKHicbZDNSgMxFIUz/lv/qi7dBIugWGRSBN2IohuXCrYK7TBk0lsNJjNjckeoQx/Hja/iRkQRtz6JaTsLtV4IfPecXJJ7olRJi77/6Y2NT0xOTc/MlubmFxaXyssrDZtkRkBdJCoxVxG3oGQMdZSo4Co1wHWk4DK6Pen7l/dgrEziC+ymEGh+HcuOFBydFJYP78KWzjYfQlZlW/SANl0XtkCn2LWAdJv2+1rgYOCwQslZtdYL3FRYrvg7/qDoKLACKqSos7D82monItMQo1Dc2ibzUwxyblAKBb1SK7OQcnHLr6HpMOYabJAPFu3RDae0aScx7sRIB+rPiZxra7s6cjc1xxv71+uL/3nNDDv7QS7jNEOIxfChTqYoJrSfGm1LAwJV1wEXRrq/UnHDDRfosi25ENjflUehUdthjs93K0fHRRwzZI2sk03CyB45IqfkjNSJII/kmbyRd+/Je/E+vM/h1TGvmFklv8r7+gbD/aNU</latexit><latexit sha1_base64="kbLx3UiQV8Hi1OzwJ2BO6ZVvSVY=">AAACKHicbZDNSgMxFIUz/lv/qi7dBIugWGRSBN2IohuXCrYK7TBk0lsNJjNjckeoQx/Hja/iRkQRtz6JaTsLtV4IfPecXJJ7olRJi77/6Y2NT0xOTc/MlubmFxaXyssrDZtkRkBdJCoxVxG3oGQMdZSo4Co1wHWk4DK6Pen7l/dgrEziC+ymEGh+HcuOFBydFJYP78KWzjYfQlZlW/SANl0XtkCn2LWAdJv2+1rgYOCwQslZtdYL3FRYrvg7/qDoKLACKqSos7D82monItMQo1Dc2ibzUwxyblAKBb1SK7OQcnHLr6HpMOYabJAPFu3RDae0aScx7sRIB+rPiZxra7s6cjc1xxv71+uL/3nNDDv7QS7jNEOIxfChTqYoJrSfGm1LAwJV1wEXRrq/UnHDDRfosi25ENjflUehUdthjs93K0fHRRwzZI2sk03CyB45IqfkjNSJII/kmbyRd+/Je/E+vM/h1TGvmFklv8r7+gbD/aNU</latexit><latexit sha1_base64="kbLx3UiQV8Hi1OzwJ2BO6ZVvSVY=">AAACKHicbZDNSgMxFIUz/lv/qi7dBIugWGRSBN2IohuXCrYK7TBk0lsNJjNjckeoQx/Hja/iRkQRtz6JaTsLtV4IfPecXJJ7olRJi77/6Y2NT0xOTc/MlubmFxaXyssrDZtkRkBdJCoxVxG3oGQMdZSo4Co1wHWk4DK6Pen7l/dgrEziC+ymEGh+HcuOFBydFJYP78KWzjYfQlZlW/SANl0XtkCn2LWAdJv2+1rgYOCwQslZtdYL3FRYrvg7/qDoKLACKqSos7D82monItMQo1Dc2ibzUwxyblAKBb1SK7OQcnHLr6HpMOYabJAPFu3RDae0aScx7sRIB+rPiZxra7s6cjc1xxv71+uL/3nNDDv7QS7jNEOIxfChTqYoJrSfGm1LAwJV1wEXRrq/UnHDDRfosi25ENjflUehUdthjs93K0fHRRwzZI2sk03CyB45IqfkjNSJII/kmbyRd+/Je/E+vM/h1TGvmFklv8r7+gbD/aNU</latexit>

= q⇡(z1)
<latexit sha1_base64="I93a3OwbCrOF7iqqyV650DMRomM=">AAAB9XicbZDLSsNAFIZP6q3WW9Slm8Ei1E1JRNCNUHTjsoK9QBvDZDpph04mcWai1ND3cONCEbe+izvfxmmbhbb+MPDxn3M4Z/4g4Uxpx/m2CkvLK6trxfXSxubW9o69u9dUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8mtRbD1QqFotbPUqoF+G+YCEjWBvr7gLd+1k3YePKk+8e+3bZqTpToUVwcyhDrrpvf3V7MUkjKjThWKmO6yTay7DUjHA6LnVTRRNMhrhPOwYFjqjysunVY3RknB4KY2me0Gjq/p7IcKTUKApMZ4T1QM3XJuZ/tU6qw3MvYyJJNRVktihMOdIxmkSAekxSovnIACaSmVsRGWCJiTZBlUwI7vyXF6F5UnUN35yWa5d5HEU4gEOogAtnUINrqEMDCEh4hld4sx6tF+vd+pi1Fqx8Zh/+yPr8AVK3kbs=</latexit><latexit sha1_base64="I93a3OwbCrOF7iqqyV650DMRomM=">AAAB9XicbZDLSsNAFIZP6q3WW9Slm8Ei1E1JRNCNUHTjsoK9QBvDZDpph04mcWai1ND3cONCEbe+izvfxmmbhbb+MPDxn3M4Z/4g4Uxpx/m2CkvLK6trxfXSxubW9o69u9dUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8mtRbD1QqFotbPUqoF+G+YCEjWBvr7gLd+1k3YePKk+8e+3bZqTpToUVwcyhDrrpvf3V7MUkjKjThWKmO6yTay7DUjHA6LnVTRRNMhrhPOwYFjqjysunVY3RknB4KY2me0Gjq/p7IcKTUKApMZ4T1QM3XJuZ/tU6qw3MvYyJJNRVktihMOdIxmkSAekxSovnIACaSmVsRGWCJiTZBlUwI7vyXF6F5UnUN35yWa5d5HEU4gEOogAtnUINrqEMDCEh4hld4sx6tF+vd+pi1Fqx8Zh/+yPr8AVK3kbs=</latexit><latexit sha1_base64="I93a3OwbCrOF7iqqyV650DMRomM=">AAAB9XicbZDLSsNAFIZP6q3WW9Slm8Ei1E1JRNCNUHTjsoK9QBvDZDpph04mcWai1ND3cONCEbe+izvfxmmbhbb+MPDxn3M4Z/4g4Uxpx/m2CkvLK6trxfXSxubW9o69u9dUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8mtRbD1QqFotbPUqoF+G+YCEjWBvr7gLd+1k3YePKk+8e+3bZqTpToUVwcyhDrrpvf3V7MUkjKjThWKmO6yTay7DUjHA6LnVTRRNMhrhPOwYFjqjysunVY3RknB4KY2me0Gjq/p7IcKTUKApMZ4T1QM3XJuZ/tU6qw3MvYyJJNRVktihMOdIxmkSAekxSovnIACaSmVsRGWCJiTZBlUwI7vyXF6F5UnUN35yWa5d5HEU4gEOogAtnUINrqEMDCEh4hld4sx6tF+vd+pi1Fqx8Zh/+yPr8AVK3kbs=</latexit><latexit sha1_base64="I93a3OwbCrOF7iqqyV650DMRomM=">AAAB9XicbZDLSsNAFIZP6q3WW9Slm8Ei1E1JRNCNUHTjsoK9QBvDZDpph04mcWai1ND3cONCEbe+izvfxmmbhbb+MPDxn3M4Z/4g4Uxpx/m2CkvLK6trxfXSxubW9o69u9dUcSoJbZCYx7IdYEU5E7Shmea0nUiKo4DTVjC8mtRbD1QqFotbPUqoF+G+YCEjWBvr7gLd+1k3YePKk+8e+3bZqTpToUVwcyhDrrpvf3V7MUkjKjThWKmO6yTay7DUjHA6LnVTRRNMhrhPOwYFjqjysunVY3RknB4KY2me0Gjq/p7IcKTUKApMZ4T1QM3XJuZ/tU6qw3MvYyJJNRVktihMOdIxmkSAekxSovnIACaSmVsRGWCJiTZBlUwI7vyXF6F5UnUN35yWa5d5HEU4gEOogAtnUINrqEMDCEh4hld4sx6tF+vd+pi1Fqx8Zh/+yPr8AVK3kbs=</latexit>

Properties of polynomial          Properties of distribution,
<latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit><latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit><latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit><latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit>
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Strongly Rayleigh Measures
qµ(z) =

X

S✓V

µ(S)
Y

i2S

zi, z 2 Cn

<latexit sha1_base64="DcxxRxSz7MMviyHiTxppBptM1EM="></latexit><latexit sha1_base64="DcxxRxSz7MMviyHiTxppBptM1EM="></latexit><latexit sha1_base64="DcxxRxSz7MMviyHiTxppBptM1EM="></latexit><latexit sha1_base64="DcxxRxSz7MMviyHiTxppBptM1EM="></latexit>

    is Strongly Rayleigh (SR) if          is real stable:qµ(z)
<latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit><latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit><latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit><latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit>

µ(S)
<latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit><latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit><latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit><latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit>

Im(zi) > 0 8i ) qµ(z) 6= 0
<latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit><latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit><latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit><latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit>

SR implies almost all conditions laid out by Pemantle! 
(Borcea, Bränden, Liggett 2009)

Determinantal Point Process:           essentially multivariate  
variant of the characteristic polynomial

qµ(z)
<latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit><latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit><latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit><latexit sha1_base64="TAxwFf1j1UqLubQCnfCKXaS6JDo=">AAAB73icbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9gLtEPJpJk2NMlMk4xQh76EGxeKuPV13Pk2ZtpZaOsPgY//nEPO+YOYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfg2q7cfqdIskg9mGlNf4KFkISPYWKsz6fdEUn0675crbs2dC62Cl0MFcjX65a/eICKJoNIQjrXuem5s/BQrwwins1Iv0TTGZIyHtGtRYkG1n873naEz6wxQGCn7pEFz9/dEioXWUxHYToHNSC/XMvO/Wjcx4bWfMhknhkqy+ChMODIRyo5HA6YoMXxqARPF7K6IjLDCxNiISjYEb/nkVWhd1DzL95eV+k0eRxFO4BSq4MEV1OEOGtAEAhye4RXenInz4rw7H4vWgpPPHMMfOZ8/juqPow==</latexit>

det(ziI � L)
<latexit sha1_base64="kE7b2JYQSwcFxVcxcIy3/RlPT1Q=">AAAB9XicbZDLSgNBEEVrfMb4irp00xiEuDDMiKDLoBsFFxHMA5Ix9PR0kiY9D7prlDjkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFGM11gkI9X0qOZShLyGAiVvxorTwJO84Q0ux/XGA1daROEdDmPuBrQXiq5gFI113/Y5lp464pock5ujTqFol+2JyDw4GRQhU7VT+Gr7EUsCHiKTVOuWY8foplShYJKP8u1E85iyAe3xlsGQBly76eTqETk0jk+6kTIvRDJxf0+kNNB6GHimM6DY17O1sflfrZVg99xNRRgnyEM2XdRNJMGIjCMgvlCcoRwaoEwJcythfaooQxNU3oTgzH55HuonZcfw7WmxcpHFkYN9OIASOHAGFbiCKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWZ8/hj2RNA==</latexit><latexit sha1_base64="kE7b2JYQSwcFxVcxcIy3/RlPT1Q=">AAAB9XicbZDLSgNBEEVrfMb4irp00xiEuDDMiKDLoBsFFxHMA5Ix9PR0kiY9D7prlDjkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFGM11gkI9X0qOZShLyGAiVvxorTwJO84Q0ux/XGA1daROEdDmPuBrQXiq5gFI113/Y5lp464pock5ujTqFol+2JyDw4GRQhU7VT+Gr7EUsCHiKTVOuWY8foplShYJKP8u1E85iyAe3xlsGQBly76eTqETk0jk+6kTIvRDJxf0+kNNB6GHimM6DY17O1sflfrZVg99xNRRgnyEM2XdRNJMGIjCMgvlCcoRwaoEwJcythfaooQxNU3oTgzH55HuonZcfw7WmxcpHFkYN9OIASOHAGFbiCKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWZ8/hj2RNA==</latexit><latexit sha1_base64="kE7b2JYQSwcFxVcxcIy3/RlPT1Q=">AAAB9XicbZDLSgNBEEVrfMb4irp00xiEuDDMiKDLoBsFFxHMA5Ix9PR0kiY9D7prlDjkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFGM11gkI9X0qOZShLyGAiVvxorTwJO84Q0ux/XGA1daROEdDmPuBrQXiq5gFI113/Y5lp464pock5ujTqFol+2JyDw4GRQhU7VT+Gr7EUsCHiKTVOuWY8foplShYJKP8u1E85iyAe3xlsGQBly76eTqETk0jk+6kTIvRDJxf0+kNNB6GHimM6DY17O1sflfrZVg99xNRRgnyEM2XdRNJMGIjCMgvlCcoRwaoEwJcythfaooQxNU3oTgzH55HuonZcfw7WmxcpHFkYN9OIASOHAGFbiCKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWZ8/hj2RNA==</latexit><latexit sha1_base64="kE7b2JYQSwcFxVcxcIy3/RlPT1Q=">AAAB9XicbZDLSgNBEEVrfMb4irp00xiEuDDMiKDLoBsFFxHMA5Ix9PR0kiY9D7prlDjkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLpdBo29/WwuLS8spqbi2/vrG5tV3Y2a3rKFGM11gkI9X0qOZShLyGAiVvxorTwJO84Q0ux/XGA1daROEdDmPuBrQXiq5gFI113/Y5lp464pock5ujTqFol+2JyDw4GRQhU7VT+Gr7EUsCHiKTVOuWY8foplShYJKP8u1E85iyAe3xlsGQBly76eTqETk0jk+6kTIvRDJxf0+kNNB6GHimM6DY17O1sflfrZVg99xNRRgnyEM2XdRNJMGIjCMgvlCcoRwaoEwJcythfaooQxNU3oTgzH55HuonZcfw7WmxcpHFkYN9OIASOHAGFbiCKtSAgYJneIU369F6sd6tj2nrgpXN7MEfWZ8/hj2RNA==</latexit>

LS

Operations on polynomial       Operations on distribution,
<latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit><latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit><latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit><latexit sha1_base64="9DwdRFQNxq71HNR6poETRxcSq9k=">AAAB+HicbZA9SwNBEIb3/IzxI6eWNotBsAp3ImgZtLGwiGA+IAlhbzOXLNnbO3bnlHjkl9hYKGLrT7Hz37hJrtDEFxYe3plhZt8gkcKg5307K6tr6xubha3i9s7uXsndP2iYONUc6jyWsW4FzIAUCuooUEIr0cCiQEIzGF1P680H0EbE6h7HCXQjNlAiFJyhtXpuqXMLIWoxGCLTOn7suWWv4s1El8HPoUxy1XruV6cf8zQChVwyY9q+l2A3YxoFlzApdlIDCeMjNoC2RcUiMN1sdviEnlinT8NY26eQztzfExmLjBlHge2MGA7NYm1q/ldrpxhedjOhkhRB8fmiMJUUYzpNgfaFBo5ybIFxLeytlA+ZZhxtVkUbgr/45WVonFV8y3fn5epVHkeBHJFjckp8ckGq5IbUSJ1wkpJn8krenCfnxXl3PuatK04+c0j+yPn8ATg4k3E=</latexit>
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Real Stable Polynomials

Im(zi) > 0 8i ) qµ(z) 6= 0
<latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit><latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit><latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit><latexit sha1_base64="B5ZNuNphULTF/Zs5In9tN8vWyJ0="></latexit>

✦ Deep mathematical connections

✦ Univariate case goes back to Newton (at least)

✦ Powerful class of closure properties

@q(x)

@zi

@q(x)

@zj
� q(x)

@

2
q(x)

@zi@zj
, x 2 Rn

<latexit sha1_base64="WeT2FekzgrvR0cfZ7OfbvKTeUEM="></latexit><latexit sha1_base64="WeT2FekzgrvR0cfZ7OfbvKTeUEM="></latexit><latexit sha1_base64="WeT2FekzgrvR0cfZ7OfbvKTeUEM="></latexit><latexit sha1_base64="WeT2FekzgrvR0cfZ7OfbvKTeUEM="></latexit>

Generating polynomial q(z) is SR is equivalent to

8i, j
<latexit sha1_base64="SI3Z7A3B1HxrpGQ8VlZQ26wRz5g=">AAAB8nicdVDLSgNBEOyNrxhfUY9eBoPgQcKu+LwFvXiMYB6wWcLsZDYZMzuzzMwKYclnePGgiFe/xpt/4yRZIYoWNBRV3XR3hQln2rjup1NYWFxaXimultbWNza3yts7TS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61weD3xWw9UaSbFnRklNIhxX7CIEWys5HciqTDniB3dd8sVt+pOgebIqetdnnnIy5UK5Kh3yx+dniRpTIUhHGvte25iggwrwwin41In1TTBZIj71LdU4JjqIJuePEYHVukhu92WMGiqzk9kONZ6FIe2M8ZmoH97E/Evz09NdBFkTCSpoYLMFkUpR0aiyf+oxxQlho8swUQxeysiA6wwMTalkg3h+1P0P2keVz3Lb08qtas8jiLswT4cggfnUIMbqEMDCEh4hGd4cYzz5Lw6b7PWgpPP7MIPOO9f3rSQ+Q==</latexit><latexit sha1_base64="SI3Z7A3B1HxrpGQ8VlZQ26wRz5g=">AAAB8nicdVDLSgNBEOyNrxhfUY9eBoPgQcKu+LwFvXiMYB6wWcLsZDYZMzuzzMwKYclnePGgiFe/xpt/4yRZIYoWNBRV3XR3hQln2rjup1NYWFxaXimultbWNza3yts7TS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61weD3xWw9UaSbFnRklNIhxX7CIEWys5HciqTDniB3dd8sVt+pOgebIqetdnnnIy5UK5Kh3yx+dniRpTIUhHGvte25iggwrwwin41In1TTBZIj71LdU4JjqIJuePEYHVukhu92WMGiqzk9kONZ6FIe2M8ZmoH97E/Evz09NdBFkTCSpoYLMFkUpR0aiyf+oxxQlho8swUQxeysiA6wwMTalkg3h+1P0P2keVz3Lb08qtas8jiLswT4cggfnUIMbqEMDCEh4hGd4cYzz5Lw6b7PWgpPP7MIPOO9f3rSQ+Q==</latexit><latexit sha1_base64="SI3Z7A3B1HxrpGQ8VlZQ26wRz5g=">AAAB8nicdVDLSgNBEOyNrxhfUY9eBoPgQcKu+LwFvXiMYB6wWcLsZDYZMzuzzMwKYclnePGgiFe/xpt/4yRZIYoWNBRV3XR3hQln2rjup1NYWFxaXimultbWNza3yts7TS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61weD3xWw9UaSbFnRklNIhxX7CIEWys5HciqTDniB3dd8sVt+pOgebIqetdnnnIy5UK5Kh3yx+dniRpTIUhHGvte25iggwrwwin41In1TTBZIj71LdU4JjqIJuePEYHVukhu92WMGiqzk9kONZ6FIe2M8ZmoH97E/Evz09NdBFkTCSpoYLMFkUpR0aiyf+oxxQlho8swUQxeysiA6wwMTalkg3h+1P0P2keVz3Lb08qtas8jiLswT4cggfnUIMbqEMDCEh4hGd4cYzz5Lw6b7PWgpPP7MIPOO9f3rSQ+Q==</latexit><latexit sha1_base64="SI3Z7A3B1HxrpGQ8VlZQ26wRz5g=">AAAB8nicdVDLSgNBEOyNrxhfUY9eBoPgQcKu+LwFvXiMYB6wWcLsZDYZMzuzzMwKYclnePGgiFe/xpt/4yRZIYoWNBRV3XR3hQln2rjup1NYWFxaXimultbWNza3yts7TS1TRWiDSC5VO8SaciZowzDDaTtRFMchp61weD3xWw9UaSbFnRklNIhxX7CIEWys5HciqTDniB3dd8sVt+pOgebIqetdnnnIy5UK5Kh3yx+dniRpTIUhHGvte25iggwrwwin41In1TTBZIj71LdU4JjqIJuePEYHVukhu92WMGiqzk9kONZ6FIe2M8ZmoH97E/Evz09NdBFkTCSpoYLMFkUpR0aiyf+oxxQlho8swUQxeysiA6wwMTalkg3h+1P0P2keVz3Lb08qtas8jiLswT4cggfnUIMbqEMDCEh4hGd4cYzz5Lw6b7PWgpPP7MIPOO9f3rSQ+Q==</latexit>

) µ(S)µ(T ) � µ(S [ T )µ(S \ T ) 8S, T ✓ V
<latexit sha1_base64="i+y/A38T2bWhowidwx/7CZRg25U="></latexit><latexit sha1_base64="i+y/A38T2bWhowidwx/7CZRg25U="></latexit><latexit sha1_base64="i+y/A38T2bWhowidwx/7CZRg25U="></latexit><latexit sha1_base64="i+y/A38T2bWhowidwx/7CZRg25U="></latexit>
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Nice properties of SR

✦  Closed under marginalization,  

                           conditioning on 
                          … 

|S| = k,Xi = 1, Xi = 0
<latexit sha1_base64="AA7VK9Qgu3CFTuOmIwuBB2EesyY=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksggspiQi6EYpuXFa0F2hDmEyn7dDJJMxMhJIWN76KGxeKuPUp3Pk2TtsI2vrDwMd/zuHM+YOYM6Ud58vKLSwuLa/kVwtr6xubW/b2Tk1FiSS0SiIeyUaAFeVM0KpmmtNGLCkOA07rQf9qXK/fU6lYJO70IKZeiLuCdRjB2li+vTe8HaIL1D9GDZ8ZcH/A8e2iU3ImQvPgZlCETBXf/my1I5KEVGjCsVJN14m1l2KpGeF0VGglisaY9HGXNg0KHFLlpZMTRujQOG3UiaR5QqOJ+3sixaFSgzAwnSHWPTVbG5v/1ZqJ7px7KRNxoqkg00WdhCMdoXEeqM0kJZoPDGAimfkrIj0sMdEmtYIJwZ09eR5qJyXX8M1psXyZxZGHfTiAI3DhDMpwDRWoAoEHeIIXeLUerWfrzXqftuasbGYX/sj6+AYnu5QL</latexit><latexit sha1_base64="AA7VK9Qgu3CFTuOmIwuBB2EesyY=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksggspiQi6EYpuXFa0F2hDmEyn7dDJJMxMhJIWN76KGxeKuPUp3Pk2TtsI2vrDwMd/zuHM+YOYM6Ud58vKLSwuLa/kVwtr6xubW/b2Tk1FiSS0SiIeyUaAFeVM0KpmmtNGLCkOA07rQf9qXK/fU6lYJO70IKZeiLuCdRjB2li+vTe8HaIL1D9GDZ8ZcH/A8e2iU3ImQvPgZlCETBXf/my1I5KEVGjCsVJN14m1l2KpGeF0VGglisaY9HGXNg0KHFLlpZMTRujQOG3UiaR5QqOJ+3sixaFSgzAwnSHWPTVbG5v/1ZqJ7px7KRNxoqkg00WdhCMdoXEeqM0kJZoPDGAimfkrIj0sMdEmtYIJwZ09eR5qJyXX8M1psXyZxZGHfTiAI3DhDMpwDRWoAoEHeIIXeLUerWfrzXqftuasbGYX/sj6+AYnu5QL</latexit><latexit sha1_base64="AA7VK9Qgu3CFTuOmIwuBB2EesyY=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksggspiQi6EYpuXFa0F2hDmEyn7dDJJMxMhJIWN76KGxeKuPUp3Pk2TtsI2vrDwMd/zuHM+YOYM6Ud58vKLSwuLa/kVwtr6xubW/b2Tk1FiSS0SiIeyUaAFeVM0KpmmtNGLCkOA07rQf9qXK/fU6lYJO70IKZeiLuCdRjB2li+vTe8HaIL1D9GDZ8ZcH/A8e2iU3ImQvPgZlCETBXf/my1I5KEVGjCsVJN14m1l2KpGeF0VGglisaY9HGXNg0KHFLlpZMTRujQOG3UiaR5QqOJ+3sixaFSgzAwnSHWPTVbG5v/1ZqJ7px7KRNxoqkg00WdhCMdoXEeqM0kJZoPDGAimfkrIj0sMdEmtYIJwZ09eR5qJyXX8M1psXyZxZGHfTiAI3DhDMpwDRWoAoEHeIIXeLUerWfrzXqftuasbGYX/sj6+AYnu5QL</latexit><latexit sha1_base64="AA7VK9Qgu3CFTuOmIwuBB2EesyY=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksggspiQi6EYpuXFa0F2hDmEyn7dDJJMxMhJIWN76KGxeKuPUp3Pk2TtsI2vrDwMd/zuHM+YOYM6Ud58vKLSwuLa/kVwtr6xubW/b2Tk1FiSS0SiIeyUaAFeVM0KpmmtNGLCkOA07rQf9qXK/fU6lYJO70IKZeiLuCdRjB2li+vTe8HaIL1D9GDZ8ZcH/A8e2iU3ImQvPgZlCETBXf/my1I5KEVGjCsVJN14m1l2KpGeF0VGglisaY9HGXNg0KHFLlpZMTRujQOG3UiaR5QqOJ+3sixaFSgzAwnSHWPTVbG5v/1ZqJ7px7KRNxoqkg00WdhCMdoXEeqM0kJZoPDGAimfkrIj0sMdEmtYIJwZ09eR5qJyXX8M1psXyZxZGHfTiAI3DhDMpwDRWoAoEHeIIXeLUerWfrzXqftuasbGYX/sj6+AYnu5QL</latexit>

✦  Implies many other types of negative dependence,  
 e.g. negative association and E

Y

i

Xi 
Y

i

EXi

<latexit sha1_base64="EYNZ2bgdWPc+cXNhHwf1ROQIgqk=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuyowIFdwURXBZwT6gMwyZTKYNzSRjkhHK0E9x46+4caGI7vRrzLRFauuFSw7nnEvuPWHKqNKO82UtLa+srq2XNsqbW9s7u/befkuJTGLSxIIJ2QmRIoxy0tRUM9JJJUFJyEg7HFwVevuBSEUFv9PDlPgJ6nEaU4y0oQK75iVI98Mwvx5BL5UiCijsmPYuPEbuzfPLzhiNIbArTtUZF1wE7hRUwLQagf3pRQJnCeEaM6RU13VS7edIaooZGZW9TJEU4QHqka6BHCVE+fn4wBE8NkwEYyFNcw3H7OxEjhKlhklonMWWal4ryP+0bqbjcz+nPM004XjyUZwxqAUs0oIRlQRrNjQAYUnNrhD3kURYm0zLJgR3/uRF0DqtugbfnlXql9M4SuAQHIET4IIaqIMb0ABNgMEjeAav4M16sl6sd+tjYl2ypjMH4E9Z3z9rR6J9</latexit><latexit sha1_base64="EYNZ2bgdWPc+cXNhHwf1ROQIgqk=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuyowIFdwURXBZwT6gMwyZTKYNzSRjkhHK0E9x46+4caGI7vRrzLRFauuFSw7nnEvuPWHKqNKO82UtLa+srq2XNsqbW9s7u/befkuJTGLSxIIJ2QmRIoxy0tRUM9JJJUFJyEg7HFwVevuBSEUFv9PDlPgJ6nEaU4y0oQK75iVI98Mwvx5BL5UiCijsmPYuPEbuzfPLzhiNIbArTtUZF1wE7hRUwLQagf3pRQJnCeEaM6RU13VS7edIaooZGZW9TJEU4QHqka6BHCVE+fn4wBE8NkwEYyFNcw3H7OxEjhKlhklonMWWal4ryP+0bqbjcz+nPM004XjyUZwxqAUs0oIRlQRrNjQAYUnNrhD3kURYm0zLJgR3/uRF0DqtugbfnlXql9M4SuAQHIET4IIaqIMb0ABNgMEjeAav4M16sl6sd+tjYl2ypjMH4E9Z3z9rR6J9</latexit><latexit sha1_base64="EYNZ2bgdWPc+cXNhHwf1ROQIgqk=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuyowIFdwURXBZwT6gMwyZTKYNzSRjkhHK0E9x46+4caGI7vRrzLRFauuFSw7nnEvuPWHKqNKO82UtLa+srq2XNsqbW9s7u/befkuJTGLSxIIJ2QmRIoxy0tRUM9JJJUFJyEg7HFwVevuBSEUFv9PDlPgJ6nEaU4y0oQK75iVI98Mwvx5BL5UiCijsmPYuPEbuzfPLzhiNIbArTtUZF1wE7hRUwLQagf3pRQJnCeEaM6RU13VS7edIaooZGZW9TJEU4QHqka6BHCVE+fn4wBE8NkwEYyFNcw3H7OxEjhKlhklonMWWal4ryP+0bqbjcz+nPM004XjyUZwxqAUs0oIRlQRrNjQAYUnNrhD3kURYm0zLJgR3/uRF0DqtugbfnlXql9M4SuAQHIET4IIaqIMb0ABNgMEjeAav4M16sl6sd+tjYl2ypjMH4E9Z3z9rR6J9</latexit><latexit sha1_base64="EYNZ2bgdWPc+cXNhHwf1ROQIgqk=">AAACIHicbVDLSgMxFM34rPU16tJNsAiuyowIFdwURXBZwT6gMwyZTKYNzSRjkhHK0E9x46+4caGI7vRrzLRFauuFSw7nnEvuPWHKqNKO82UtLa+srq2XNsqbW9s7u/befkuJTGLSxIIJ2QmRIoxy0tRUM9JJJUFJyEg7HFwVevuBSEUFv9PDlPgJ6nEaU4y0oQK75iVI98Mwvx5BL5UiCijsmPYuPEbuzfPLzhiNIbArTtUZF1wE7hRUwLQagf3pRQJnCeEaM6RU13VS7edIaooZGZW9TJEU4QHqka6BHCVE+fn4wBE8NkwEYyFNcw3H7OxEjhKlhklonMWWal4ryP+0bqbjcz+nPM004XjyUZwxqAUs0oIRlQRrNjQAYUnNrhD3kURYm0zLJgR3/uRF0DqtugbfnlXql9M4SuAQHIET4IIaqIMb0ABNgMEjeAav4M16sl6sd+tjYl2ypjMH4E9Z3z9rR6J9</latexit>

✦  Concentration of measure:       behave like  
 independent random variables 
 sum             , Lipschitz functions F(S), matrices 
(Panconesi,Srinivasan 1997, Dubhashi,Ranjan 1998, Farcomeni 2008,  
Pemantle,Peres 2011, Kyng,Song 2018, Garbe,Vondrak 2018,…)

Xi
<latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit><latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit><latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit><latexit sha1_base64="VbaR3mf0CHrP3tcZHqjBF8DJLE4=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYdOX/Tdqlfz5iKr4BdQhUKNvvvVGyQsi7lCJqkxXd9LMcipRsEkn1Z6meEpZWM65F2LisbcBPl81Sk5s86ARIm2TyGZu78nchobM4lD2xlTHJnl2sz8r9bNMLoOcqHSDLlii4+iTBJMyOxuMhCaM5QTC5RpYXclbEQ1ZWjTqdgQ/OWTV6F1UfMt319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+yPn8AS/Sjbg=</latexit>

Xn

i=1
Xi

<latexit sha1_base64="KZ0dqWXy32REWWxGY6JpoAPa6dg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVJRNCNUHHjsoK9QBPDZDpph84lzEyEEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz545RRbTzv2yktLa+srpXXKxubW9s77u5eS8tMYdLEkknViZEmjArSNNQw0kkVQTxmpB0Pryf19gNRmkpxZ0YpCTnqC5pQjIy1Ivcg0BkPhGSUU6OjnF7643sBOxGN3KpX86aCi+AXUAWFGpH7FfQkzjgRBjOkddf3UhPmSBmKGRlXgkyTFOEh6pOuRYE40WE+PWEMj63Tg4lU9gkDp+7viRxxrUc8tp0cmYGer03M/2rdzCQXYU5Fmhki8GxRkjFoJJzkAXtUEWzYyALCitq/QjxACmFjU6vYEPz5kxehdVrzLd+eVetXRRxlcAiOwAnwwTmogxvQAE2AwSN4Bq/gzXlyXpx352PWWnKKmX3wR87nD1N1l1o=</latexit><latexit sha1_base64="KZ0dqWXy32REWWxGY6JpoAPa6dg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVJRNCNUHHjsoK9QBPDZDpph84lzEyEEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz545RRbTzv2yktLa+srpXXKxubW9s77u5eS8tMYdLEkknViZEmjArSNNQw0kkVQTxmpB0Pryf19gNRmkpxZ0YpCTnqC5pQjIy1Ivcg0BkPhGSUU6OjnF7643sBOxGN3KpX86aCi+AXUAWFGpH7FfQkzjgRBjOkddf3UhPmSBmKGRlXgkyTFOEh6pOuRYE40WE+PWEMj63Tg4lU9gkDp+7viRxxrUc8tp0cmYGer03M/2rdzCQXYU5Fmhki8GxRkjFoJJzkAXtUEWzYyALCitq/QjxACmFjU6vYEPz5kxehdVrzLd+eVetXRRxlcAiOwAnwwTmogxvQAE2AwSN4Bq/gzXlyXpx352PWWnKKmX3wR87nD1N1l1o=</latexit><latexit sha1_base64="KZ0dqWXy32REWWxGY6JpoAPa6dg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVJRNCNUHHjsoK9QBPDZDpph84lzEyEEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz545RRbTzv2yktLa+srpXXKxubW9s77u5eS8tMYdLEkknViZEmjArSNNQw0kkVQTxmpB0Pryf19gNRmkpxZ0YpCTnqC5pQjIy1Ivcg0BkPhGSUU6OjnF7643sBOxGN3KpX86aCi+AXUAWFGpH7FfQkzjgRBjOkddf3UhPmSBmKGRlXgkyTFOEh6pOuRYE40WE+PWEMj63Tg4lU9gkDp+7viRxxrUc8tp0cmYGer03M/2rdzCQXYU5Fmhki8GxRkjFoJJzkAXtUEWzYyALCitq/QjxACmFjU6vYEPz5kxehdVrzLd+eVetXRRxlcAiOwAnwwTmogxvQAE2AwSN4Bq/gzXlyXpx352PWWnKKmX3wR87nD1N1l1o=</latexit><latexit sha1_base64="KZ0dqWXy32REWWxGY6JpoAPa6dg=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwVVJRNCNUHHjsoK9QBPDZDpph84lzEyEEoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz545RRbTzv2yktLa+srpXXKxubW9s77u5eS8tMYdLEkknViZEmjArSNNQw0kkVQTxmpB0Pryf19gNRmkpxZ0YpCTnqC5pQjIy1Ivcg0BkPhGSUU6OjnF7643sBOxGN3KpX86aCi+AXUAWFGpH7FfQkzjgRBjOkddf3UhPmSBmKGRlXgkyTFOEh6pOuRYE40WE+PWEMj63Tg4lU9gkDp+7viRxxrUc8tp0cmYGer03M/2rdzCQXYU5Fmhki8GxRkjFoJJzkAXtUEWzYyALCitq/QjxACmFjU6vYEPz5kxehdVrzLd+eVetXRRxlcAiOwAnwwTmogxvQAE2AwSN4Bq/gzXlyXpx352PWWnKKmX3wR87nD1N1l1o=</latexit>
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Algorithmic Implications

✦ Approximation Algorithms 
(Panconesi,Srinivasan 1997, Hayes 2003, Considine,Byers,Mitzenmacher  
2004, Asadpour,Goemans,Madry,Oveis-Gharan,Saberi 2010, Gharan,  
Saberi,Singh 2011, Spielman,Srivastava 2011, …)

✦ Approximate partition functions, permanents, volumes, 
counting 
(Gurvits 2006, Nikolov-Singh 2016, Straszak-Vishnoi 2016, Anari,Gharan, 
Saberi,Singh 2016, Anari,Gharan 2017…)

✦ Sampling  
(Féder,Mihail 1992, Jerrum,Son 2002, Jerrum,Son,Tetali,Vigoda 2004,  
Anari,Gharan,Rezaei 2016, Li,Jegelka,Sra 2016)
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Other SR measures

NOT a DPP

P (S) / det(ASA
>
S )

<latexit sha1_base64="Wg3kqT2XgcONLXufMWYZxkb4N6s=">AAACCHicbVDLSgMxFM34rPVVdenCYBHaTZkRQZdVNy4rtQ/o1JJJM21oZhKSO0IZunTjr7hxoYhbP8Gdf2P6WGjrgQuHc+4lOSdQghtw3W9naXlldW09s5Hd3Nre2c3t7deNTDRlNSqF1M2AGCZ4zGrAQbCm0oxEgWCNYHA99hsPTBsu4zsYKtaOSC/mIacErNTJHVUK1SL2lZYKJPa7DAqXnSq2c++DVMVOLu+W3AnwIvFmJI9mqHRyX35X0iRiMVBBjGl5roJ2SjRwKtgo6yeGKUIHpMdalsYkYqadToKM8IlVujiU2k4MeKL+vkhJZMwwCuxmRKBv5r2x+J/XSiC8aKc8VgmwmE4fChOBbeZxK7jLNaMghpYQqrn9K6Z9ogkF213WluDNR14k9dOSZ/ntWb58Nasjgw7RMSogD52jMrpBFVRDFD2iZ/SK3pwn58V5dz6mq0vO7OYA/YHz+QMI1pgS</latexit><latexit sha1_base64="Wg3kqT2XgcONLXufMWYZxkb4N6s=">AAACCHicbVDLSgMxFM34rPVVdenCYBHaTZkRQZdVNy4rtQ/o1JJJM21oZhKSO0IZunTjr7hxoYhbP8Gdf2P6WGjrgQuHc+4lOSdQghtw3W9naXlldW09s5Hd3Nre2c3t7deNTDRlNSqF1M2AGCZ4zGrAQbCm0oxEgWCNYHA99hsPTBsu4zsYKtaOSC/mIacErNTJHVUK1SL2lZYKJPa7DAqXnSq2c++DVMVOLu+W3AnwIvFmJI9mqHRyX35X0iRiMVBBjGl5roJ2SjRwKtgo6yeGKUIHpMdalsYkYqadToKM8IlVujiU2k4MeKL+vkhJZMwwCuxmRKBv5r2x+J/XSiC8aKc8VgmwmE4fChOBbeZxK7jLNaMghpYQqrn9K6Z9ogkF213WluDNR14k9dOSZ/ntWb58Nasjgw7RMSogD52jMrpBFVRDFD2iZ/SK3pwn58V5dz6mq0vO7OYA/YHz+QMI1pgS</latexit><latexit sha1_base64="Wg3kqT2XgcONLXufMWYZxkb4N6s=">AAACCHicbVDLSgMxFM34rPVVdenCYBHaTZkRQZdVNy4rtQ/o1JJJM21oZhKSO0IZunTjr7hxoYhbP8Gdf2P6WGjrgQuHc+4lOSdQghtw3W9naXlldW09s5Hd3Nre2c3t7deNTDRlNSqF1M2AGCZ4zGrAQbCm0oxEgWCNYHA99hsPTBsu4zsYKtaOSC/mIacErNTJHVUK1SL2lZYKJPa7DAqXnSq2c++DVMVOLu+W3AnwIvFmJI9mqHRyX35X0iRiMVBBjGl5roJ2SjRwKtgo6yeGKUIHpMdalsYkYqadToKM8IlVujiU2k4MeKL+vkhJZMwwCuxmRKBv5r2x+J/XSiC8aKc8VgmwmE4fChOBbeZxK7jLNaMghpYQqrn9K6Z9ogkF213WluDNR14k9dOSZ/ntWb58Nasjgw7RMSogD52jMrpBFVRDFD2iZ/SK3pwn58V5dz6mq0vO7OYA/YHz+QMI1pgS</latexit><latexit sha1_base64="Wg3kqT2XgcONLXufMWYZxkb4N6s=">AAACCHicbVDLSgMxFM34rPVVdenCYBHaTZkRQZdVNy4rtQ/o1JJJM21oZhKSO0IZunTjr7hxoYhbP8Gdf2P6WGjrgQuHc+4lOSdQghtw3W9naXlldW09s5Hd3Nre2c3t7deNTDRlNSqF1M2AGCZ4zGrAQbCm0oxEgWCNYHA99hsPTBsu4zsYKtaOSC/mIacErNTJHVUK1SL2lZYKJPa7DAqXnSq2c++DVMVOLu+W3AnwIvFmJI9mqHRyX35X0iRiMVBBjGl5roJ2SjRwKtgo6yeGKUIHpMdalsYkYqadToKM8IlVujiU2k4MeKL+vkhJZMwwCuxmRKBv5r2x+J/XSiC8aKc8VgmwmE4fChOBbeZxK7jLNaMghpYQqrn9K6Z9ogkF213WluDNR14k9dOSZ/ntWb58Nasjgw7RMSogD52jMrpBFVRDFD2iZ/SK3pwn58V5dz6mq0vO7OYA/YHz+QMI1pgS</latexit>

X

Dual Volume Sampling

A
<latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit><latexit sha1_base64="glsIYP92PSMcW8DkNNhZ8pvJRFs=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9eKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d2s3n5CpXksH8wkQT+iQ8lDzqixVuOmX664VXcusgpeDhXIVe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtShphNrP5otOyZl1BiSMlX3SkLn7eyKjkdaTKLCdETUjvVybmf/VuqkJr/2MyyQ1KNniozAVxMRkdjUZcIXMiIkFyhS3uxI2oooyY7Mp2RC85ZNXoXVR9Sw3Liu12zyOIpzAKZyDB1dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/kfP4Akt+MxQ==</latexit>

… but Strongly Rayleigh!

(Avron,Boutsidis 2013, Li,Jegelka,Sra 2017, Derezinski,Warmuth 2017)

proof: closeness properties of polynomials
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… and limits

      is SR. What about           ? 
(Kulesza,Taskar 2012, Zou,Adams 2012, Gillenwater 2014, Anari,  
Gharan 2017, Mariet,Sra,Jegelka 2018)

µ(S)
<latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit><latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit><latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit><latexit sha1_base64="4k/xXtPMUXnmlTQIMe2C4yrMDn8=">AAAB7XicbZDLSgMxFIbPeK31VnXpJliEuikzIuiy6MZlRXuBdiiZNNPG5jIkGaEMfQc3LhRx6/u4821M21lo6w+Bj/+cQ875o4QzY33/21tZXVvf2CxsFbd3dvf2SweHTaNSTWiDKK50O8KGciZpwzLLaTvRFIuI01Y0upnWW09UG6bkgx0nNBR4IFnMCLbOanZFWrk/65XKftWfCS1DkEMZctV7pa9uX5FUUGkJx8Z0Aj+xYYa1ZYTTSbGbGppgMsID2nEosaAmzGbbTtCpc/ooVto9adHM/T2RYWHMWESuU2A7NIu1qflfrZPa+CrMmExSSyWZfxSnHFmFpqejPtOUWD52gIlmbldEhlhjYl1ARRdCsHjyMjTPq4Hju4ty7TqPowDHcAIVCOASanALdWgAgUd4hld485T34r17H/PWFS+fOYI/8j5/AMkajpg=</latexit>

µ(S)p
<latexit sha1_base64="Xe3T3Lb/PKJ9S1LsOmsxTvVGfgc=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9oLtmPJpJk2NMkMSUYoQ9/CjQtF3Po27nwbM+0stPWHwMd/ziHn/EHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHyd1dtPVGkWyXsziakv8FCykBFsrPXQE0n17vQxjaf9csWtuTOhZfByqECuRr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LUosqPbT2cZTdGKdAQojZZ80aOb+nkix0HoiAtspsBnpxVpm/lfrJia89FMm48RQSeYfhQlHJkLZ+WjAFCWGTyxgopjdFZERVpgYG1LJhuAtnrwMrbOaZ/n2vFK/yuMowhEcQxU8uIA63EADmkBAwjO8wpujnRfn3fmYtxacfOYQ/sj5/AEXOpCG</latexit><latexit sha1_base64="Xe3T3Lb/PKJ9S1LsOmsxTvVGfgc=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9oLtmPJpJk2NMkMSUYoQ9/CjQtF3Po27nwbM+0stPWHwMd/ziHn/EHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHyd1dtPVGkWyXsziakv8FCykBFsrPXQE0n17vQxjaf9csWtuTOhZfByqECuRr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LUosqPbT2cZTdGKdAQojZZ80aOb+nkix0HoiAtspsBnpxVpm/lfrJia89FMm48RQSeYfhQlHJkLZ+WjAFCWGTyxgopjdFZERVpgYG1LJhuAtnrwMrbOaZ/n2vFK/yuMowhEcQxU8uIA63EADmkBAwjO8wpujnRfn3fmYtxacfOYQ/sj5/AEXOpCG</latexit><latexit sha1_base64="Xe3T3Lb/PKJ9S1LsOmsxTvVGfgc=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9oLtmPJpJk2NMkMSUYoQ9/CjQtF3Po27nwbM+0stPWHwMd/ziHn/EHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHyd1dtPVGkWyXsziakv8FCykBFsrPXQE0n17vQxjaf9csWtuTOhZfByqECuRr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LUosqPbT2cZTdGKdAQojZZ80aOb+nkix0HoiAtspsBnpxVpm/lfrJia89FMm48RQSeYfhQlHJkLZ+WjAFCWGTyxgopjdFZERVpgYG1LJhuAtnrwMrbOaZ/n2vFK/yuMowhEcQxU8uIA63EADmkBAwjO8wpujnRfn3fmYtxacfOYQ/sj5/AEXOpCG</latexit><latexit sha1_base64="Xe3T3Lb/PKJ9S1LsOmsxTvVGfgc=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUGXRTcuK9oLtmPJpJk2NMkMSUYoQ9/CjQtF3Po27nwbM+0stPWHwMd/ziHn/EHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHyd1dtPVGkWyXsziakv8FCykBFsrPXQE0n17vQxjaf9csWtuTOhZfByqECuRr/81RtEJBFUGsKx1l3PjY2fYmUY4XRa6iWaxpiM8ZB2LUosqPbT2cZTdGKdAQojZZ80aOb+nkix0HoiAtspsBnpxVpm/lfrJia89FMm48RQSeYfhQlHJkLZ+WjAFCWGTyxgopjdFZERVpgYG1LJhuAtnrwMrbOaZ/n2vFK/yuMowhEcQxU8uIA63EADmkBAwjO8wpujnRfn3fmYtxacfOYQ/sj5/AEXOpCG</latexit>

In general not SR!

Conditioning on combinatorial constraints: at most  
one item per group. 
(Celis,Deshpande,Kathuria,Straszak,Vishnoi 2017, Celis,Keswani,  
Straszak,Deshpande,Kathuria,Vishnoi 2018)

In general not SR!
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Sampling for Determinantal Point Processes
EVD/SVD (Hough, Krishnapur, Peres, Virág 2006)
✦ sample subspace via eigenvalues

✦ sequentially sample items

LS

Faster via A: “dual” sampling (Kulesza,Taskar 2010) L = A>A
<latexit sha1_base64="oxHxfUUSOwkj/j6lk2BBGEeD6YU=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRWt24cFHBXqAzlkyaaUMzk5CcEcrQ13DjQhG3vow738a0nYW2/hD4+M85nJM/VIIbcN1vp7Cyura+UdwsbW3v7O6V9w9aRqaasiaVQupOSAwTPGFN4CBYR2lG4lCwdji6mdbbT0wbLpMHGCsWxGSQ8IhTAtby7/AVrj/6IBWu98oVt+rOhJfBy6GCcjV65S+/L2kaswSoIMZ0PVdBkBENnAo2KfmpYYrQERmwrsWExMwE2ezmCT6xTh9HUtuXAJ65vycyEhszjkPbGRMYmsXa1Pyv1k0hugwynqgUWELni6JUYJB4GgDuc80oiLEFQjW3t2I6JJpQsDGVbAje4peXoXVW9Szfn1dq13kcRXSEjtEp8tAFqqFb1EBNRJFCz+gVvTmp8+K8Ox/z1oKTzxyiP3I+fwAaa5Bq</latexit><latexit sha1_base64="oxHxfUUSOwkj/j6lk2BBGEeD6YU=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRWt24cFHBXqAzlkyaaUMzk5CcEcrQ13DjQhG3vow738a0nYW2/hD4+M85nJM/VIIbcN1vp7Cyura+UdwsbW3v7O6V9w9aRqaasiaVQupOSAwTPGFN4CBYR2lG4lCwdji6mdbbT0wbLpMHGCsWxGSQ8IhTAtby7/AVrj/6IBWu98oVt+rOhJfBy6GCcjV65S+/L2kaswSoIMZ0PVdBkBENnAo2KfmpYYrQERmwrsWExMwE2ezmCT6xTh9HUtuXAJ65vycyEhszjkPbGRMYmsXa1Pyv1k0hugwynqgUWELni6JUYJB4GgDuc80oiLEFQjW3t2I6JJpQsDGVbAje4peXoXVW9Szfn1dq13kcRXSEjtEp8tAFqqFb1EBNRJFCz+gVvTmp8+K8Ox/z1oKTzxyiP3I+fwAaa5Bq</latexit><latexit sha1_base64="oxHxfUUSOwkj/j6lk2BBGEeD6YU=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRWt24cFHBXqAzlkyaaUMzk5CcEcrQ13DjQhG3vow738a0nYW2/hD4+M85nJM/VIIbcN1vp7Cyura+UdwsbW3v7O6V9w9aRqaasiaVQupOSAwTPGFN4CBYR2lG4lCwdji6mdbbT0wbLpMHGCsWxGSQ8IhTAtby7/AVrj/6IBWu98oVt+rOhJfBy6GCcjV65S+/L2kaswSoIMZ0PVdBkBENnAo2KfmpYYrQERmwrsWExMwE2ezmCT6xTh9HUtuXAJ65vycyEhszjkPbGRMYmsXa1Pyv1k0hugwynqgUWELni6JUYJB4GgDuc80oiLEFQjW3t2I6JJpQsDGVbAje4peXoXVW9Szfn1dq13kcRXSEjtEp8tAFqqFb1EBNRJFCz+gVvTmp8+K8Ox/z1oKTzxyiP3I+fwAaa5Bq</latexit><latexit sha1_base64="oxHxfUUSOwkj/j6lk2BBGEeD6YU=">AAAB83icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLoRWt24cFHBXqAzlkyaaUMzk5CcEcrQ13DjQhG3vow738a0nYW2/hD4+M85nJM/VIIbcN1vp7Cyura+UdwsbW3v7O6V9w9aRqaasiaVQupOSAwTPGFN4CBYR2lG4lCwdji6mdbbT0wbLpMHGCsWxGSQ8IhTAtby7/AVrj/6IBWu98oVt+rOhJfBy6GCcjV65S+/L2kaswSoIMZ0PVdBkBENnAo2KfmpYYrQERmwrsWExMwE2ezmCT6xTh9HUtuXAJ65vycyEhszjkPbGRMYmsXa1Pyv1k0hugwynqgUWELni6JUYJB4GgDuc80oiLEFQjW3t2I6JJpQsDGVbAje4peXoXVW9Szfn1dq13kcRXSEjtEp8tAFqqFb1EBNRJFCz+gVvTmp8+K8Ox/z1oKTzxyiP3I+fwAaa5Bq</latexit>

n⇥ d
<latexit sha1_base64="vM9r9/Me7rmxIVdbw/LhFM2VmJI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+wDWWz2bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkANl0LxFgqUvJtqTuNA8k4wvp35nSeujUjUA05S7sd0qEQkGEUrPSrSRxFzQ8JBtebW3TnIKvEKUoMCzUH1qx8mLIu5QiapMT3PTdHPqUbBJJ9W+pnhKWVjOuQ9SxW1a/x8fvGUnFklJFGibSkkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1nwuVZsgVWyyKMkkwIbP3SSg0ZygnllCmhb2VsBHVlKENqWJD8JZfXiXti7pn+f1lrXFTxFGGEziFc/DgChpwB01oAQMFz/AKb45xXpx352PRWnKKmWP4A+fzB/IdkGo=</latexit><latexit sha1_base64="vM9r9/Me7rmxIVdbw/LhFM2VmJI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+wDWWz2bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkANl0LxFgqUvJtqTuNA8k4wvp35nSeujUjUA05S7sd0qEQkGEUrPSrSRxFzQ8JBtebW3TnIKvEKUoMCzUH1qx8mLIu5QiapMT3PTdHPqUbBJJ9W+pnhKWVjOuQ9SxW1a/x8fvGUnFklJFGibSkkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1nwuVZsgVWyyKMkkwIbP3SSg0ZygnllCmhb2VsBHVlKENqWJD8JZfXiXti7pn+f1lrXFTxFGGEziFc/DgChpwB01oAQMFz/AKb45xXpx352PRWnKKmWP4A+fzB/IdkGo=</latexit><latexit sha1_base64="vM9r9/Me7rmxIVdbw/LhFM2VmJI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+wDWWz2bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkANl0LxFgqUvJtqTuNA8k4wvp35nSeujUjUA05S7sd0qEQkGEUrPSrSRxFzQ8JBtebW3TnIKvEKUoMCzUH1qx8mLIu5QiapMT3PTdHPqUbBJJ9W+pnhKWVjOuQ9SxW1a/x8fvGUnFklJFGibSkkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1nwuVZsgVWyyKMkkwIbP3SSg0ZygnllCmhb2VsBHVlKENqWJD8JZfXiXti7pn+f1lrXFTxFGGEziFc/DgChpwB01oAQMFz/AKb45xXpx352PRWnKKmWP4A+fzB/IdkGo=</latexit><latexit sha1_base64="vM9r9/Me7rmxIVdbw/LhFM2VmJI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+wDWWz2bRLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkANl0LxFgqUvJtqTuNA8k4wvp35nSeujUjUA05S7sd0qEQkGEUrPSrSRxFzQ8JBtebW3TnIKvEKUoMCzUH1qx8mLIu5QiapMT3PTdHPqUbBJJ9W+pnhKWVjOuQ9SxW1a/x8fvGUnFklJFGibSkkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1nwuVZsgVWyyKMkkwIbP3SSg0ZygnllCmhb2VsBHVlKENqWJD8JZfXiXti7pn+f1lrXFTxFGGEziFc/DgChpwB01oAQMFz/AKb45xXpx352PRWnKKmWP4A+fzB/IdkGo=</latexit>

O(n3)
<latexit sha1_base64="AZsOUHpeS1Rf5ESrW7DpBirDsss=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYKupODGnRXsBdqxZNJMG5tJhiQjlKHv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rriSrNpLg345j6ER4IFjKCjbWat2XxUD3tFUtuxZ0JLYOXQQky1XvFr25fkiSiwhCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y1HgiGo/nW07QSfW6aNQKvuEQTP390SKI63HUWA7I2yGerE2Nf+rdRITXvopE3FiqCDzj8KEIyPR9HTUZ4oSw8cWMFHM7orIECtMjA2oYEPwFk9ehuZZxbN8d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gj5/MHYTyOUQ==</latexit><latexit sha1_base64="AZsOUHpeS1Rf5ESrW7DpBirDsss=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYKupODGnRXsBdqxZNJMG5tJhiQjlKHv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rriSrNpLg345j6ER4IFjKCjbWat2XxUD3tFUtuxZ0JLYOXQQky1XvFr25fkiSiwhCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y1HgiGo/nW07QSfW6aNQKvuEQTP390SKI63HUWA7I2yGerE2Nf+rdRITXvopE3FiqCDzj8KEIyPR9HTUZ4oSw8cWMFHM7orIECtMjA2oYEPwFk9ehuZZxbN8d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gj5/MHYTyOUQ==</latexit><latexit sha1_base64="AZsOUHpeS1Rf5ESrW7DpBirDsss=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYKupODGnRXsBdqxZNJMG5tJhiQjlKHv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rriSrNpLg345j6ER4IFjKCjbWat2XxUD3tFUtuxZ0JLYOXQQky1XvFr25fkiSiwhCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y1HgiGo/nW07QSfW6aNQKvuEQTP390SKI63HUWA7I2yGerE2Nf+rdRITXvopE3FiqCDzj8KEIyPR9HTUZ4oSw8cWMFHM7orIECtMjA2oYEPwFk9ehuZZxbN8d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gj5/MHYTyOUQ==</latexit><latexit sha1_base64="AZsOUHpeS1Rf5ESrW7DpBirDsss=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZsYKupODGnRXsBdqxZNJMG5tJhiQjlKHv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rriSrNpLg345j6ER4IFjKCjbWat2XxUD3tFUtuxZ0JLYOXQQky1XvFr25fkiSiwhCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y1HgiGo/nW07QSfW6aNQKvuEQTP390SKI63HUWA7I2yGerE2Nf+rdRITXvopE3FiqCDzj8KEIyPR9HTUZ4oSw8cWMFHM7orIECtMjA2oYEPwFk9ehuZZxbN8d16qXWVx5OEIjqEMHlxADW6gDg0g8AjP8ApvjnRenHfnY96ac7KZQ/gj5/MHYTyOUQ==</latexit>

Acceleration: approximate L or A 
volume-preserving sketching (Magen,Zouzias 2008; Deshpande, 
Rademacher 2010, Gillenwater, Kulesza, Taskar 2012)

Nyström (Affandi, Kulesza, Fox, Taskar 2013)

MCMC (Bardenet,Hardy 2016)

Coresets (Li,Jegelka,Sra 2016)

R-DPP (Derezinski 2018)

Other approaches (Derezinski, Warmuth 2018,Derezinski, Warmuth,  
Hsu 2018, Mariet, Sra 2016,…)
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Sampling for general SR measures

Markov Chain Monte Carlo (MCMC)

a
b

if conditioning on             : only swaps |S| = k
<latexit sha1_base64="KXX+6I0w5uHWs9XZ4I6T0hvlCpc=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInsquCHoRKl48VnTbQruUbDptQ7PZJckKZdvf4MWDIl79Qd78N6btHrT1hcDDOzNk5g0TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHNZ1nCqGPotFrJoh1Si4RN9wI7CZKKRRKLARDm+n9cYTKs1j+WhGCQYR7Uve44waa/njh/H1sFMquxV3JrIMXg5lyFXrlL7a3ZilEUrDBNW65bmJCTKqDGcCJ8V2qjGhbEj72LIoaYQ6yGbLTsipdbqkFyv7pCEz9/dERiOtR1FoOyNqBnqxNjX/q7VS07sKMi6T1KBk8496qSAmJtPLSZcrZEaMLFCmuN2VsAFVlBmbT9GG4C2evAz184pn+f6iXL3J4yjAMZzAGXhwCVW4gxr4wIDDM7zCmyOdF+fd+Zi3rjj5zBH8kfP5A7xBjp4=</latexit><latexit sha1_base64="KXX+6I0w5uHWs9XZ4I6T0hvlCpc=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInsquCHoRKl48VnTbQruUbDptQ7PZJckKZdvf4MWDIl79Qd78N6btHrT1hcDDOzNk5g0TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHNZ1nCqGPotFrJoh1Si4RN9wI7CZKKRRKLARDm+n9cYTKs1j+WhGCQYR7Uve44waa/njh/H1sFMquxV3JrIMXg5lyFXrlL7a3ZilEUrDBNW65bmJCTKqDGcCJ8V2qjGhbEj72LIoaYQ6yGbLTsipdbqkFyv7pCEz9/dERiOtR1FoOyNqBnqxNjX/q7VS07sKMi6T1KBk8496qSAmJtPLSZcrZEaMLFCmuN2VsAFVlBmbT9GG4C2evAz184pn+f6iXL3J4yjAMZzAGXhwCVW4gxr4wIDDM7zCmyOdF+fd+Zi3rjj5zBH8kfP5A7xBjp4=</latexit><latexit sha1_base64="KXX+6I0w5uHWs9XZ4I6T0hvlCpc=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInsquCHoRKl48VnTbQruUbDptQ7PZJckKZdvf4MWDIl79Qd78N6btHrT1hcDDOzNk5g0TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHNZ1nCqGPotFrJoh1Si4RN9wI7CZKKRRKLARDm+n9cYTKs1j+WhGCQYR7Uve44waa/njh/H1sFMquxV3JrIMXg5lyFXrlL7a3ZilEUrDBNW65bmJCTKqDGcCJ8V2qjGhbEj72LIoaYQ6yGbLTsipdbqkFyv7pCEz9/dERiOtR1FoOyNqBnqxNjX/q7VS07sKMi6T1KBk8496qSAmJtPLSZcrZEaMLFCmuN2VsAFVlBmbT9GG4C2evAz184pn+f6iXL3J4yjAMZzAGXhwCVW4gxr4wIDDM7zCmyOdF+fd+Zi3rjj5zBH8kfP5A7xBjp4=</latexit><latexit sha1_base64="KXX+6I0w5uHWs9XZ4I6T0hvlCpc=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInsquCHoRKl48VnTbQruUbDptQ7PZJckKZdvf4MWDIl79Qd78N6btHrT1hcDDOzNk5g0TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHNZ1nCqGPotFrJoh1Si4RN9wI7CZKKRRKLARDm+n9cYTKs1j+WhGCQYR7Uve44waa/njh/H1sFMquxV3JrIMXg5lyFXrlL7a3ZilEUrDBNW65bmJCTKqDGcCJ8V2qjGhbEj72LIoaYQ6yGbLTsipdbqkFyv7pCEz9/dERiOtR1FoOyNqBnqxNjX/q7VS07sKMi6T1KBk8496qSAmJtPLSZcrZEaMLFCmuN2VsAFVlBmbT9GG4C2evAz184pn+f6iXL3J4yjAMZzAGXhwCVW4gxr4wIDDM7zCmyOdF+fd+Zi3rjj5zBH8kfP5A7xBjp4=</latexit>

in iteration t: 
     sample                ,                 uniformly at randoma 2 St�1 b /2 St�1

randomly do one of

‣ swap: remove b, add a

‣ add b

‣ remove a

‣ retain St = St�1
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Sampling empirically

Fast DPP Sampling for Nystr

¨

om with Application to Kernel Methods

# landmarks
20 40 60 80 100

R
el

at
iv

e 
Im

pr
ov

em
en

t (
%

)

50

60

70

80

Fro Improvement

# landmarks
20 40 60 80 100

R
el

at
iv

e 
Im

pr
ov

em
en

t (
%

)

50

60

70

80

Spec Improvement

AdapFull
Lev
RegLev
kDPP

Figure 2: Improvement in relative Frobenius/spectral norm er-
rors (%) over Unif (with corresponding landmark sizes) for ker-
nel approximation, averaged over all datasets.
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Figure 3: Training and test errors for kernel ridge regression with
different Nyström approximations (Ailerons data).

and achieves an up to 80% reduction in error.

6.2. Kernel Ridge Regression

Next, we apply DPP-Nyström to kernel ridge regression,
comparing against uniform sampling (Unif) (?) and regu-
larized leverage score sampling (RegLev) (?) which have
theoretical guarantees for this task. Figure ?? illustrates
an example result: non-uniform sampling greatly improves
accuracy, with kDPP improving over regularized leverage
scores in particular for a small number of landmarks, where
a single column has a larger effect.

Figure ?? displays the average improvement over Unif,
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Figure 4: Improvements in training/test errors (%) over uniform
sampling (with same number of landmarks) in kernel ridge regres-
sion, averaged over all datasets.
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Figure 5: Relative Frobenius norm error of DPP-Nyström with
50 landmarks as changing across iterations of the Markov Chain
(Ailerons data).

averaged over 8 data sets. Again, the performance of kDPP
dominates RegLev and Unif, and leads to gains in accu-
racy. On average kDPP consistently achieves more than
20% improvement over Unif.

6.3. Mixing of the Gibbs Markov Chain

In the next experiment, we empirically study the mixing of
the Gibbs chain with respect to matrix approximation er-
rors, the ultimate measure that is of interest in our applica-
tion of the sampler. We use c = 50 and choose N as 1,000
and 4,000. To exclude impacts of the initialization, we pick
the initial state Y0 uniformly at random. We run the chain
for 5,000 iterations, monitoring how the error changes with
the number of iterations. Example results on the Ailerons
data are shown in Figure ??. Empirically, the error drops
very quickly and afterwards fluctuates only little, indicating
a fast convergence of the approximation error. Other error
measures and larger c, included in the appendix, confirm
this trend.

Notably, our empirical results suggest that the mixing time
does not increase much as N increases greatly, suggesting
that the Gibbs sampler remains fast even for large N .

In Theorem ??, the mixing time depends on the quantity ↵.
By subsampling 1,000 random sets S and column indices
r, t, we approximately computed ↵ on our data sets. We
find that, as expected, ↵ < 1 in particular for kernels with
a smaller bandwidth, and in general ↵ increases with k.
In accordance with the theory, we found that the mixing
time (in terms of error) too increases with k. In practice,
we observe a fast drop in error even for cases where ↵ >

1, indicating that Theorem ?? is conservative and that the
iterative MCMC approach is even more widely applicable.

6.4. Time-Error Tradeoffs

Iterative methods like the Gibbs sampler offer tradeoffs be-
tween time and error. The longer the Markov Chain runs,
the closer the sampling distribution is to the desired DPP,
and the higher the accuracy obtained by Nyström. We
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How many iterations?

Mixing time: #iterations until kµt � µkTV  ✏
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balanced matroids: 
(Féder,Mihail 1992, Jerrum,Son 2002  
Jerrum,Son,Tetali,Vigoda, 2004)

fixed-cardinality SR: 
(Anari,Oveis-Gharan,Rezaei 2016)

arbitrary SR: 
(Li,Jegelka,Sra 2016)

|S| = k
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Sampling: from fixed-cardinality to general SR
V

<latexit sha1_base64="0mWsPF5SvefKUF93elLIWW/42x8=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ7UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AsrOM2g==</latexit><latexit sha1_base64="0mWsPF5SvefKUF93elLIWW/42x8=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ7UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AsrOM2g==</latexit><latexit sha1_base64="0mWsPF5SvefKUF93elLIWW/42x8=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ7UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AsrOM2g==</latexit><latexit sha1_base64="0mWsPF5SvefKUF93elLIWW/42x8=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjrWZ7UK64VXchsg5eDhXI1RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYsyhphNrPFovOyIV1hiSMlX3SkIX7eyKjkdbTKLCdETVjvVqbm//VeqkJb/yMyyQ1KNnyozAVxMRkfjUZcoXMiKkFyhS3uxI2pooyY7Mp2RC81ZPXoX1V9Sw3ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9yPn8AsrOM2g==</latexit>

Vnew = V [ V 0
<latexit sha1_base64="KrkqoX7tOAUpzpoKf1gSE/0J134=">AAACA3icbZA9SwNBEIb34leMX1E7bRaDaBXuRNBGCNpYRjCXQBLC3maSLNnbO3bn1HAEbPwrNhaK2Pon7Pw3bj4KTXxh4eGdGWbnDWIpDLrut5NZWFxaXsmu5tbWNza38ts7vokSzaHCIxnpWsAMSKGgggIl1GINLAwkVIP+1ahevQNtRKRucRBDM2RdJTqCM7RWK7/nt9IGwgOmCu6HQ3pBfdrgSUz9o1a+4Bbdseg8eFMokKnKrfxXox3xJASFXDJj6p4bYzNlGgWXMMw1EgMx433WhbpFxUIwzXR8w5AeWqdNO5G2TyEdu78nUhYaMwgD2xky7JnZ2sj8r1ZPsHPeTIWKEwTFJ4s6iaQY0VEgtC00cJQDC4xrYf9KeY9pxtHGlrMheLMnz4N/UvQs35wWSpfTOLJknxyQY+KRM1Ii16RMKoSTR/JMXsmb8+S8OO/Ox6Q140xndskfOZ8/0MqW8w==</latexit><latexit sha1_base64="KrkqoX7tOAUpzpoKf1gSE/0J134=">AAACA3icbZA9SwNBEIb34leMX1E7bRaDaBXuRNBGCNpYRjCXQBLC3maSLNnbO3bn1HAEbPwrNhaK2Pon7Pw3bj4KTXxh4eGdGWbnDWIpDLrut5NZWFxaXsmu5tbWNza38ts7vokSzaHCIxnpWsAMSKGgggIl1GINLAwkVIP+1ahevQNtRKRucRBDM2RdJTqCM7RWK7/nt9IGwgOmCu6HQ3pBfdrgSUz9o1a+4Bbdseg8eFMokKnKrfxXox3xJASFXDJj6p4bYzNlGgWXMMw1EgMx433WhbpFxUIwzXR8w5AeWqdNO5G2TyEdu78nUhYaMwgD2xky7JnZ2sj8r1ZPsHPeTIWKEwTFJ4s6iaQY0VEgtC00cJQDC4xrYf9KeY9pxtHGlrMheLMnz4N/UvQs35wWSpfTOLJknxyQY+KRM1Ii16RMKoSTR/JMXsmb8+S8OO/Ox6Q140xndskfOZ8/0MqW8w==</latexit><latexit sha1_base64="KrkqoX7tOAUpzpoKf1gSE/0J134=">AAACA3icbZA9SwNBEIb34leMX1E7bRaDaBXuRNBGCNpYRjCXQBLC3maSLNnbO3bn1HAEbPwrNhaK2Pon7Pw3bj4KTXxh4eGdGWbnDWIpDLrut5NZWFxaXsmu5tbWNza38ts7vokSzaHCIxnpWsAMSKGgggIl1GINLAwkVIP+1ahevQNtRKRucRBDM2RdJTqCM7RWK7/nt9IGwgOmCu6HQ3pBfdrgSUz9o1a+4Bbdseg8eFMokKnKrfxXox3xJASFXDJj6p4bYzNlGgWXMMw1EgMx433WhbpFxUIwzXR8w5AeWqdNO5G2TyEdu78nUhYaMwgD2xky7JnZ2sj8r1ZPsHPeTIWKEwTFJ4s6iaQY0VEgtC00cJQDC4xrYf9KeY9pxtHGlrMheLMnz4N/UvQs35wWSpfTOLJknxyQY+KRM1Ii16RMKoSTR/JMXsmb8+S8OO/Ox6Q140xndskfOZ8/0MqW8w==</latexit><latexit sha1_base64="KrkqoX7tOAUpzpoKf1gSE/0J134=">AAACA3icbZA9SwNBEIb34leMX1E7bRaDaBXuRNBGCNpYRjCXQBLC3maSLNnbO3bn1HAEbPwrNhaK2Pon7Pw3bj4KTXxh4eGdGWbnDWIpDLrut5NZWFxaXsmu5tbWNza38ts7vokSzaHCIxnpWsAMSKGgggIl1GINLAwkVIP+1ahevQNtRKRucRBDM2RdJTqCM7RWK7/nt9IGwgOmCu6HQ3pBfdrgSUz9o1a+4Bbdseg8eFMokKnKrfxXox3xJASFXDJj6p4bYzNlGgWXMMw1EgMx433WhbpFxUIwzXR8w5AeWqdNO5G2TyEdu78nUhYaMwgD2xky7JnZ2sj8r1ZPsHPeTIWKEwTFJ4s6iaQY0VEgtC00cJQDC4xrYf9KeY9pxtHGlrMheLMnz4N/UvQs35wWSpfTOLJknxyQY+KRM1Ii16RMKoSTR/JMXsmb8+S8OO/Ox6Q140xndskfOZ8/0MqW8w==</latexit>

V 0
<latexit sha1_base64="aqk3OGxntCRUrRWYRjrZay3tirM=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSKeix6MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kPrvF+uuFV3LrIKXg4VyNXol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+abTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY2GXCFzIiJBcoUt7sSNqKKMmPDKdkQvOWTV6F1WfUs39cq9Zs8jiKcwClcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+yPn8ARMYjQs=</latexit><latexit sha1_base64="aqk3OGxntCRUrRWYRjrZay3tirM=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSKeix6MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kPrvF+uuFV3LrIKXg4VyNXol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+abTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY2GXCFzIiJBcoUt7sSNqKKMmPDKdkQvOWTV6F1WfUs39cq9Zs8jiKcwClcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+yPn8ARMYjQs=</latexit><latexit sha1_base64="aqk3OGxntCRUrRWYRjrZay3tirM=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSKeix6MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kPrvF+uuFV3LrIKXg4VyNXol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+abTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY2GXCFzIiJBcoUt7sSNqKKMmPDKdkQvOWTV6F1WfUs39cq9Zs8jiKcwClcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+yPn8ARMYjQs=</latexit><latexit sha1_base64="aqk3OGxntCRUrRWYRjrZay3tirM=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF9FQSKeix6MVjFfsBbSib7aRdutmE3Y1QQv+BFw+KePUfefPfuG1z0NYXFh7emWFn3iARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e2s3n5CpXksH80kQT+iQ8lDzqix1kPrvF+uuFV3LrIKXg4VyNXol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+abTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY2GXCFzIiJBcoUt7sSNqKKMmPDKdkQvOWTV6F1WfUs39cq9Zs8jiKcwClcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+yPn8ARMYjQs=</latexit>

T ⇢ Vnew
<latexit sha1_base64="ubRDvvbofdTSlM0RGvQC3JAOjhI=">AAACKnicbVDLSgMxFM34rPVVdekmWAQXUmZE0GXVjcsKthU6Q8mkt20wkxmSO2oZ5nvc+CtuulCKWz/EtLag1QOBw7nnPnLCRAqDrjtyFhaXlldWC2vF9Y3Nre3Szm7DxKnmUOexjPVdyAxIoaCOAiXcJRpYFEpohvdX43rzAbQRsbrFQQJBxHpKdAVnaKV26SLzJ0NauhcGmVdxJzh250l+S32ThgaQNtqZj/CEmYLHPM/bpfLMRP+S2cQymaLWLg39TszTCBRyyYxpeW6CQcY0Ci4hL/qpgYTxe9aDlqWKRWCCbHJlTg+t0qHdWNunkE7Unx0Zi4wZRKF1Rgz7Zr42Fv+rtVLsngeZUEmKoPj3om4qKcZ0nBvtCA0c5cASxrWwt1LeZ5pxtOkWbQje/Jf/ksZJxbP85rRcvZzGUSD75IAcEY+ckSq5JjVSJ5w8k1fyRt6dF2fojJyPb+uCM+3ZI7/gfH4B5dij/A==</latexit><latexit sha1_base64="ubRDvvbofdTSlM0RGvQC3JAOjhI=">AAACKnicbVDLSgMxFM34rPVVdekmWAQXUmZE0GXVjcsKthU6Q8mkt20wkxmSO2oZ5nvc+CtuulCKWz/EtLag1QOBw7nnPnLCRAqDrjtyFhaXlldWC2vF9Y3Nre3Szm7DxKnmUOexjPVdyAxIoaCOAiXcJRpYFEpohvdX43rzAbQRsbrFQQJBxHpKdAVnaKV26SLzJ0NauhcGmVdxJzh250l+S32ThgaQNtqZj/CEmYLHPM/bpfLMRP+S2cQymaLWLg39TszTCBRyyYxpeW6CQcY0Ci4hL/qpgYTxe9aDlqWKRWCCbHJlTg+t0qHdWNunkE7Unx0Zi4wZRKF1Rgz7Zr42Fv+rtVLsngeZUEmKoPj3om4qKcZ0nBvtCA0c5cASxrWwt1LeZ5pxtOkWbQje/Jf/ksZJxbP85rRcvZzGUSD75IAcEY+ckSq5JjVSJ5w8k1fyRt6dF2fojJyPb+uCM+3ZI7/gfH4B5dij/A==</latexit><latexit sha1_base64="ubRDvvbofdTSlM0RGvQC3JAOjhI=">AAACKnicbVDLSgMxFM34rPVVdekmWAQXUmZE0GXVjcsKthU6Q8mkt20wkxmSO2oZ5nvc+CtuulCKWz/EtLag1QOBw7nnPnLCRAqDrjtyFhaXlldWC2vF9Y3Nre3Szm7DxKnmUOexjPVdyAxIoaCOAiXcJRpYFEpohvdX43rzAbQRsbrFQQJBxHpKdAVnaKV26SLzJ0NauhcGmVdxJzh250l+S32ThgaQNtqZj/CEmYLHPM/bpfLMRP+S2cQymaLWLg39TszTCBRyyYxpeW6CQcY0Ci4hL/qpgYTxe9aDlqWKRWCCbHJlTg+t0qHdWNunkE7Unx0Zi4wZRKF1Rgz7Zr42Fv+rtVLsngeZUEmKoPj3om4qKcZ0nBvtCA0c5cASxrWwt1LeZ5pxtOkWbQje/Jf/ksZJxbP85rRcvZzGUSD75IAcEY+ckSq5JjVSJ5w8k1fyRt6dF2fojJyPb+uCM+3ZI7/gfH4B5dij/A==</latexit><latexit sha1_base64="ubRDvvbofdTSlM0RGvQC3JAOjhI=">AAACKnicbVDLSgMxFM34rPVVdekmWAQXUmZE0GXVjcsKthU6Q8mkt20wkxmSO2oZ5nvc+CtuulCKWz/EtLag1QOBw7nnPnLCRAqDrjtyFhaXlldWC2vF9Y3Nre3Szm7DxKnmUOexjPVdyAxIoaCOAiXcJRpYFEpohvdX43rzAbQRsbrFQQJBxHpKdAVnaKV26SLzJ0NauhcGmVdxJzh250l+S32ThgaQNtqZj/CEmYLHPM/bpfLMRP+S2cQymaLWLg39TszTCBRyyYxpeW6CQcY0Ci4hL/qpgYTxe9aDlqWKRWCCbHJlTg+t0qHdWNunkE7Unx0Zi4wZRKF1Rgz7Zr42Fv+rtVLsngeZUEmKoPj3om4qKcZ0nBvtCA0c5cASxrWwt1LeZ5pxtOkWbQje/Jf/ksZJxbP85rRcvZzGUSD75IAcEY+ckSq5JjVSJ5w8k1fyRt6dF2fojJyPb+uCM+3ZI7/gfH4B5dij/A==</latexit>

• sample n out of 2n, but use only T \ V
<latexit sha1_base64="mhcQaGwES4U/b9OG/Hxlkh4lRa4=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQr+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4/t5vf3EtRGxauA04X5Eh0qEglG0VqdBeowmpNUvV9yquxBZBy+HCuSq98tfvUHM0ogrZJIa0/XcBP2MahRM8lmplxqeUDamQ961qGjEjZ8t9p2RC+sMSBhr+xSShft7IqORMdMosJ0RxZFZrc3N/2rdFMNbPxMqSZErtvwoTCXBmMyPJwOhOUM5tUCZFnZXwkZUU4Y2opINwVs9eR1aV1XP8uN1pXaXx1GEMziHS/DgBmrwAHVoAgMJz/AKb87EeXHenY9la8HJZ07hj5zPH/xsj0Q=</latexit><latexit sha1_base64="mhcQaGwES4U/b9OG/Hxlkh4lRa4=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQr+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4/t5vf3EtRGxauA04X5Eh0qEglG0VqdBeowmpNUvV9yquxBZBy+HCuSq98tfvUHM0ogrZJIa0/XcBP2MahRM8lmplxqeUDamQ961qGjEjZ8t9p2RC+sMSBhr+xSShft7IqORMdMosJ0RxZFZrc3N/2rdFMNbPxMqSZErtvwoTCXBmMyPJwOhOUM5tUCZFnZXwkZUU4Y2opINwVs9eR1aV1XP8uN1pXaXx1GEMziHS/DgBmrwAHVoAgMJz/AKb87EeXHenY9la8HJZ07hj5zPH/xsj0Q=</latexit><latexit sha1_base64="mhcQaGwES4U/b9OG/Hxlkh4lRa4=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQr+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4/t5vf3EtRGxauA04X5Eh0qEglG0VqdBeowmpNUvV9yquxBZBy+HCuSq98tfvUHM0ogrZJIa0/XcBP2MahRM8lmplxqeUDamQ961qGjEjZ8t9p2RC+sMSBhr+xSShft7IqORMdMosJ0RxZFZrc3N/2rdFMNbPxMqSZErtvwoTCXBmMyPJwOhOUM5tUCZFnZXwkZUU4Y2opINwVs9eR1aV1XP8uN1pXaXx1GEMziHS/DgBmrwAHVoAgMJz/AKb87EeXHenY9la8HJZ07hj5zPH/xsj0Q=</latexit><latexit sha1_base64="mhcQaGwES4U/b9OG/Hxlkh4lRa4=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQr+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPWFhYd3ZtiZN0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H4/t5vf3EtRGxauA04X5Eh0qEglG0VqdBeowmpNUvV9yquxBZBy+HCuSq98tfvUHM0ogrZJIa0/XcBP2MahRM8lmplxqeUDamQ961qGjEjZ8t9p2RC+sMSBhr+xSShft7IqORMdMosJ0RxZFZrc3N/2rdFMNbPxMqSZErtvwoTCXBmMyPJwOhOUM5tUCZFnZXwkZUU4Y2opINwVs9eR1aV1XP8uN1pXaXx1GEMziHS/DgBmrwAHVoAgMJz/AKb87EeXHenY9la8HJZ07hj5zPH/xsj0Q=</latexit>

• extend measure to “shadow set”
• Key: measure on 2n is Strongly Rayleigh by  

closedness properties of real stable polynomials 
(“symmetric homogenization”)

(Li, Jegelka, Sra 2016)
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Sampling

✦  generic method: MCMC;  
   different algorithms for special cases (DPP, dual volume)

✦ Accelerating each iteration of DPP-MCMC: lazy  
computations with Gauss quadrature (Li,Sra,Jegelka 2016)

✦ SR sufficient for fast mixing but not necessary: e.g.,  
complete log concavity (Anari,Liu,Gharan,Vinzant 2018)

✦  Sampling log-submodular distributions (negative  
 lattice condition) (Rebeschini,Karbasi 2015, Gotovos,Hassani, 
  Krause 2018, Gotovos,Hassani,Krause,Jegelka 2018)

✦  Continuous DPP sampling  
   (Affandi,Fox,Taskar 2013, Gharan,Rezaei 2018, …)
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