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6.881

foundations first-order methods  nonconvex focus other topics

1. GradDesc, SGD, Subgradient method

2. Accelerated gradient, mirror descent

3. Faster stochastic methods, variance reduction
4. Franke-Wolfe (projection free) methods

5. Operator splitting methods

6. Coordinate descent, BCD, Altmin

7. CCCP, EM method, and related ideas

-
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First-order methods

xr <—x —nglx
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First-order methods
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First-order methods

Vi(z)
GD

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7) II|" 3



First-order methods

SGD
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First-order methods

Vf(z)
GD Elg(z)] = Vf(x)
SGD g(x) € 0f (x)
Subgrad
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Gradient Descent
x < x —nVf(x)
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Descent methods

\J
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Descent methods

» Suppose we have a vector x € R” for which Vf(x) # 0
» Consider updating x using

x(n) = x + nd,
where direction d € R" obtuse to Vf(x), i.e.,

(Vf(x), d) < 0.
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Descent methods

» Suppose we have a vector x € R” for which Vf(x) # 0
» Consider updating x using

x(n) = x +nd,
where direction d € R" obtuse to Vf(x), i.e.,
(Vf(x), d) <0.
» Again, we have the Taylor expansion
flx(m) = f(x) +0(Vf(x), d) +o(n),

where (Vf(x), d) dominates o(n) for small n
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Descent methods

» Suppose we have a vector x € R” for which Vf(x) # 0
» Consider updating x using

x(n) = x + nd,
where direction d € R" obtuse to Vf(x), i.e.,
(Vf(x), d) <0.
» Again, we have the Taylor expansion
fx(n) = f(x) +0(Vf(x), d) + o(n),

where (Vf(x), d) dominates o(n) for small n
» Since d is obtuse to Vf(x), this implies f(x(n)) < f(x)
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Descent methods
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Descent methods
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Descent metho

V/(z)

ds
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Descent metho

ds
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Gradient-based methods

Start with some guess xY;
Foreachk=0,1,...

m X Xk opdt

m Stop somehow (e.g., if | Vf(x**1)|| < ¢)
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Gradient based methods

X =xk L pdt, k=0,1,...
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G@dient baseq{nethods

=¥k 4ndt, k=0,1,. ..

m stepsize 1 > 0, usually ensures f(x*+1) < f(xF)
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Gradient based methods

X =xk L pdt, k=0,1,...

m stepsize 1 > 0, usually ensures f(x*+1) < f(xF)

m Descent direction d* satisfies

(VF(F), d*) <0
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Gradient based methods

X =xk L pdt, k=0,1,...

m stepsize 1 > 0, usually ensures f(x*+1) < f(xF)

m Descent direction d* satisfies

(VF(F), d*) <0

Numerous ways to select 7 and d¥
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Gradient based methods

X =xk L pdt, k=0,1,...

m stepsize 1 > 0, usually ensures f(x*+1) < f(xF)

m Descent direction d* satisfies

(VF(F), d*) <0

Numerous ways to select 7 and d¥

Many methods seek monotonic descent

FOEE) <f(H)
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Gradient methods — direction

X =xk pdt, k=0,1,...

» Different choices of direction d*

Scaled gradient: d* = —D*Vf(x¥), D = 0
Newton’s method: (D* = [V2f(xF)]~1)
Quasi-Newton: D = [V2f(x*)] 7!
Steepest descent: D =

o

o

o

(@]

-1
Diagonally scaled: D* diagonal with D ~ (C{gg?)

O

Discretized Newton: D* = [H(x*)]~!, H via finite-diff.

O
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Gradient methods — direction

X =xk pdt, k=0,1,...

» Different choices of direction d*

Scaled gradient: d* = —D*Vf(x¥), D = 0
Newton’s method: (D* = [V2f(xF)]~1)
Quasi-Newton: D = [V2f(x*)] 7!
Steepest descent: D =

o

o

o

(@]

-1
Diagonally scaled: D* diagonal with D ~ (?ngz ))

O

Discretized Newton: DF = [H(x¥)]~1, H via finite-diff.
o .

Exercise: Verify that (Vf(x), d*) < 0 for above choices

O
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Stepsize selection

» Constant: 7y = 1/L (for suitable value of L)
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Stepsize selection

» Constant: 7y = 1/L (for suitable value of L)
» Diminishing: ny — 0but ), n = oo.
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Stepsize selection

» Constant: 7y = 1/L (for suitable value of L)

» Diminishing: ny — 0but ), n = oo.
Exercise: Prove that the latter condition ensures that {xk}
does not converge to nonstationary points.
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Stepsize selection

» Constant: 7y = 1/L (for suitable value of L)

» Diminishing: ny — 0Obut ), m = oo
Exercise: Prove that the latter condition ensures that {x*}
does not converge to nonstationary points.
Sketch: Say, ¥ — %; then for sufficiently large m and n, (m > n)

m—1
MM x " A — E me | VF(X)

k=n

The sum can be made arbitrarily large, contradicting nonstationarity of x

"
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Stepsize selection*

» Exact: 7 := argmin f(x* 4 nd®)
n>0
» Limited min: 7 = argminf (x* + nd")
0<n<s

» Armijo-rule. Given fixed scalars, s, 5,0 with 0 < 5 < 1 and
0 < 0 <1 (chosen experimentally). Set

n = B"s,
where we try s form = 0,1,. .. until sufficient descent
FX) = fx + B"sd") > —a"s(VF(+), d*)

If (Vf(xF), d¥) < 0, stepsize guaranteed to exist
Usually, o small € [107°,0.1], while 3 from 1/2 to 1/10
depending on how confident we are about initial stepsize s.
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Barzilai-Borwein step-size*

m Stepsize computation can be expensive
m Convergence analysis depends on monotonic descent
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Barzilai-Borwein step-size*

m Stepsize computation can be expensive

m Convergence analysis depends on monotonic descent
m Give up search for stepsizes

m Use constants or closed-form formulae for stepsizes

m Don’t insist on monotonic descent?

® (e.g., diminishing stepsizes non-monotonic descent)
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Barzilai-Borwein step-size*

m Stepsize computation can be expensive

m Convergence analysis depends on monotonic descent
m Give up search for stepsizes

m Use constants or closed-form formulae for stepsizes

m Don’t insist on monotonic descent?

® (e.g., diminishing stepsizes non-monotonic descent)

Barzilai & Borwein stepsizes
L = 5k —fVF(E), k=0,1,...
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Barzilai-Borwein step-size*

m Stepsize computation can be expensive

m Convergence analysis depends on monotonic descent
m Give up search for stepsizes

m Use constants or closed-form formulae for stepsizes

m Don’t insist on monotonic descent?

® (e.g., diminishing stepsizes non-monotonic descent)

Barzilai & Borwein stepsizes
L = 5k —fVF(E), k=0,1,...

(uk, o) k|12
k T e—— k T e—
T T R o)

uk _ xk - xkfl’ ZJk _ Vf(xk) - vf(xkfl)
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Exercise

-1 1

& f(x) = 3|IDTx = b||5 = 3(IID"x[|3 + [1b]|3 — 2(D"x, b))
& Notice that Vf(x) = D(DTx — b)
& Try different choices of b, and different initial vectors x

& Exercise: Experiment to see how large n must be before gradi-
ent method starts outperforming CVX

& Exercise: Minimize f(x) for large n; e.g., n = 10°, n = 107

& Exercise: Repeat same exercise with constraints: x; € [—1, 1].
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Convergence

(remarks)
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Gradient descent — convergence

Assumption: Lipschitz continuous gradient; denoted f € C}

IVf(x) = VF(y)ll2 < Lllx — yll2

-
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Gradient descent — convergence

Assumption: Lipschitz continuous gradient; denoted f € C}
IVf(x) = VF(y)ll2 < Llx —yll2

& Gradient vectors of closeby points are close to each other

& Objective function has “bounded curvature”
& Speed at which gradient varies is bounded
& Exercise: If f € C] is twice diff. then || V?f(x)» < L.
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Gradient descent — convergence

Convergence of gradient norm

Theorem. Letf € Cl. |Vf(xf)|2 = 0ask — o
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Gradient descent — convergence

Convergence of gradient norm

Theorem. Letf € Cl. |Vf(xf)|2 = 0ask — o

Theorem. Let f € C}. minj<g<7 ||Vf(x")||]2 = O(1/T)

-
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Gradient descent — convergence

Convergence of gradient norm

Theorem. Letf € C}. |[Vf(x})|2 = Oask — oo

Theorem. Let f € C}. minj<g<7 ||Vf(x")||]2 = O(1/T)

Convergence rate: function suboptimality

Theorem. Let f € C! be convex; let {x*} be generated as
above, with 1, = 1/L. Then, f(xT*1) — f(x*) = O(1/T).

-
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Gradient descent — convergence

Convergence of gradient norm

Theorem. Letf € C}. |[Vf(x})|2 = Oask — oo

Theorem. Let f € C}. minj<g<7 ||Vf(x")||]2 = O(1/T)

Convergence rate: function suboptimality

Theorem. Let f € C! be convex; let {x*} be generated as
above, with 1, = 1/L. Then, f(xT*1) — f(x*) = O(1/T).

Theorem. If f € S|, 1 = F;, and {x*} generated by GD.

* L (k-1 2T 0 * . :
Then, f(xT) — f* < & <m) |0 — x*||3, where k := L/u is

the condition number.

-
Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7) II|"

17



Proof

(sketches)

-
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Key result: The Descent Lemma

Lemma (Descent lemma). Let f € C{. Then,

f) <fy) + (Vf(y), x —y) + 52— yll3

-
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Key result: The Descent Lemma

Lemma (Descent lemma). Let f € C%‘ Then,

f) <fy) + (Vf(y), x —y) + 52— yll3

fx)=f(y) + f;(Vf(zt), x — y)dt. E

Adding and subtracting (Vf(y), x — y) we obtain :
F(x) = F) = (@), =) = |Jo{f @) = V@), x — y)at

SNV (z0) = V@), x — y)ldt i

<
< JHIVF(z) = V) llallx — ylldt
< L)t —yl3dt

2
zlx —yl2.
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Descent lemma - corollary

Coroll. 11ff € C}, and 0 < 7 < 2/L, then f(xF1) < f(x¥)

-
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Descent lemma — corollary

Coroll. 11ff € C}, and 0 < 7 < 2/L, then f(xF1) < f(x¥)

| FEY < FEN) + (TFE), H )+ L |
| = A — el VFEIE + V) |
| = f) =0 - ZDIVFE)IB |
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Descent lemma — corollary

Coroll. 11ff € C}, and 0 < 7 < 2/L, then f(xF1) < f(x¥)

| FEHY <)+ (T, 2 ) 1 L -
| = A — el VFEIE + V)

FO) = m(1 = FD)IVFEI13

Alternative bigger picture

Minimize global upper bound:

FO0) < fy) + (V) x —y) + 5llx — y]?
f(x) < F(x,y), where F(x,x) = f(x)




Convergence of gradient norm

» We showed that
FOEO) = = S IVFEN 5,
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Convergence of gradient norm

» We showed that
FOEO) = = S IVFEN 5,

» Sum up above inequalities for k = 0,1,..., T to obtain

ZIIVf E < fQ0) —fGT

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7)

21



Convergence of gradient norm

» We showed that
FOEO) = = S IVFEN 5,

» Sum up above inequalities for k = 0,1,..., T to obtain

ZIIVf WE < fQ0) —fOT) < fOO) - f
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Convergence of gradient norm

» We showed that
FOEO) = = S IVFEN 5,

» Sum up above inequalities for k = 0,1,..., T to obtain

ZIIVf WE < fQ0) —fOT) < fOO) - f

» We assume f * > —o00, so rhs is some fixed positive constant
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Convergence of gradient norm

» We showed that
FOEO) = = S IVFEN 5,

» Sum up above inequalities for k = 0,1,..., T to obtain
Z IVFEOIE < fOO) —fT) < fO0) —f~.

» We assume f * > —o00, so rhs is some fixed positive constant
» Thus, as k — oo, lhs must converge; thus
IVF ()2 =0 as k— oc.
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Convergence of gradient norm

» We showed that
FOEO) = = S IVFEN 5,

» Sum up above inequalities for k = 0,1,..., T to obtain
Z IVFEOIE < fOO) —fT) < fO0) —f~.

» We assume f * > —o00, so rhs is some fixed positive constant
» Thus, as k — oo, lhs must converge; thus
IVF ()2 =0 as k— oc.

v

Jmin [VFG)I? < iy o VA s0 O(L) for V| < &

» Notice, we did not require f to be convex ...
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Convergence rate — strongly convex

Theorem. If f € Si,u, 0 < n < 2/(L+ p), then the gradient

method generates a sequence {x*} that satisfies

2nuL \*

k *112 N 0 *
x—x7<1——— x° —x*||2.
= xlg < (1= 220 ) 10 -l
Moreover, if n = 2/(L + p) then

k * L (k-1 % 0 *12
e -p <2 (S2) 0 -xlE

where k := L/ is the condition number.
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Convergence — strongly convex case

Assumption: Strong convexity; denote f € S! u

f) > fy) + (Vf(y), x—y) + 5lx — vl

-
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Convergence — strongly convex case

Assumption: Strong convexity; denote f Si u
fO) 2 fy) + (Vf(y), x—y) + 5l — vl

Descent lemma convex corollary

Corollary 2. If f is a convex function € C}, then

IVf(x) = V)3 < (Vf(x) = V), x —y),

Exercise: Prove Cor. 2. (Hint: Consider ¢(y) = f(y) — (Vf(x0), ¥))-

-
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Convergence — strongly convex case

Assumption: Strong convexity; denote f € S}ﬂ i
fO) 2 fy) + (Vf(y), x—y) + 5l — vl

Descent lemma convex corollary

Corollary 2. If f is a convex function € C}, then

IVf(x) = V)3 < (Vf(x) = V), x —y),

Exercise: Prove Cor. 2. (Hint: Consider ¢(y) = f(y) — (Vf(x0), ¥))-

Valuable refinement for the strongly convex case. ..

-
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Convergence — strongly convex case

Corollary 2. If f is a convex function € C}, then

£V () = VEW)I3 < (Vf(x) = Vf (). x - y),
Thm 2. Suppose f € Si} Then for any x y €R"
(V) = Vi) x=w 2 7 || -yl oIV - Vi)l
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Convergence — strongly convex case

Corollary 2. If f is a convex function € C! then
HIVF(x) = VW)l < (Vf(x) = Vf(y), x - y),
Thm 2. Suppose f € S} .- Then, for any x,y € R"

(VF) = V), ¥ =) = L7 = yIB o+ = IVF ) — Tl

» Consider the convex function ¢(x) = f(x) — &||x[3

-
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Convergence — strongly convex case

Corollary 2. If f is a convex function € C! then
HIVF(x) = VW)l < (Vf(x) = Vf(y), x - y),
Thm 2. Suppose f € S} .- Then, for any x,y € R"

(VF) = V), ¥ =) = L7 = yIB o+ = IVF ) — Tl

» Consider the convex function ¢(x) = f(x) — &||x[3

» If = L, then immediate from strong convexity and Cor. 2
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Convergence — strongly convex case

Corollary 2. If f is a convex function € C! then
HIVF(x) = VW)l < (Vf(x) = Vf(y), x - y),
Thm 2. Suppose f € S} .- Then, for any x,y € R"

(VF) = V), ¥ =) = L7 = yIB o+ = IVF ) — Tl

» Consider the convex function ¢(x) = f(x) — &||x[3
» If = L, then immediate from strong convexity and Cor. 2

» If u <L, then ¢ € CL“; now invoke Cor. 2

(Vo) = Vo), x —y) = T [Vo() - Vo)l

-
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Convergence — strongly convex case

Corollary 2. If f is a convex function € C! then
HIVF(x) = VW)l < (Vf(x) = Vf(y), x - y),
Thm 2. Suppose f € S} .- Then, for any x,y € R"

(VF) = V), ¥ =) = L7 = yIB o+ = IVF ) — Tl

» Consider the convex function ¢(x) = f(x) — 4||x[|2
» If = L, then immediate from strong convexity and Cor. 2

» If u <L, then ¢ € CL“; now invoke Cor. 2

(Vo) = Vo), x —y) = T [Vo() - Vo)l

‘ Let’s put this to use now.... ‘

-
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Convergence rate — strongly convex

Theorem. If f € Si,#, 0 < n < 2/(L+ p), then the gradient

method generates a sequence {x*} that satisfies

k
2nuL
I = x*|13 < (1 - AH‘L> %% — x*||2.

Moreover, if n = 2/(L + p) then

. L (r—1 .
s -5 <5 (5) 10 -vIB

where k := L/ is the condition number.
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Strongly convex — rate

» Key idea: Analyze r; = ||x* — x* | recursively; consider thus,

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7) II|" 26



Strongly convex — rate

» Key idea: Analyze r; = ||x* — x* | recursively; consider thus,

2 k * k112
feyr = [ =x" = V9|2
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Strongly convex — rate

» Key idea: Analyze r; = ||x* — x* | recursively; consider thus,

2 k *
e = I —x V3

= g —2p(Vf(x"), ¥ — %) + (| VF ()13
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Strongly convex — rate

» Key idea: Analyze r; = ||x* — x* | recursively; consider thus,

ey = I —x = nVF()3
= g —2p(Vf(x"), ¥ — %) + (| VF ()13
= g —2p(Vf(x) — VF(x"), ¥ = x*) + 72| VF ()3
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Strongly convex — rate

» Key idea: Analyze r; = ||x* — x* | recursively; consider thus,

i = I =2 =V
= 1z = 2{Vf("), & = x*) + 2| VF ()3
= 1 = 20(Vf(x") = VF(x"), o —x) + | Vf ()13

2nuLl\ 5 2 ey (12
1 === —
( M+L)rk+77 U MJFL) IVf (x%)I2
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Strongly convex — rate

» Key idea: Analyze r; = ||x* — x* | recursively; consider thus,

e = I —x" —nVFEh)|3
= 2—2n<Vf< ), o —x%) +n2||Vf( )13
= 2= 2(VF() = VF(x"), & — x*) + 2| V()3

(1 2nul )rk+77<77_> IVf(*)|13

where we used Thm. 2 with Vf(x*) = 0 for last inequality.
Exercise: Complete the proof of the theorem now.

Suvrit Sra (suvrit@mit.edu)
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let 7y := ||x¥ — x*||2 (distance to optimum)
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

*x Letm=1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let 7y := ||x¥ — x*||2 (distance to optimum)

Lemma Distance to min shrinks monotonically; 7,1 < 7

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7) IIIH 27



Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let r := ||x¥ — x*||2 (distance to optimum)

’ Lemma Distance to min shrinks monotonically; 7,11 < 7 ‘

Proof. Descent lemma implies that: f(x*1) < f(x*) — ||¢*|13
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let r := ||x¥ — x*||2 (distance to optimum)

’ Lemma Distance to min shrinks monotonically; 7,11 < 7 ‘

Proof. Descent lemma implies that: f(x*1) < f(x*) — ||¢*|13

Consider, riH =[] — x*[|Z = ||xF — x* — g3
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let r := ||x¥ — x*||2 (distance to optimum)

’ Lemma Distance to min shrinks monotonically; 7,11 < 7 ‘

Proof. Descent lemma implies that: f(x*1) < f(x*) — ||¢*|13
Consider, 1 ; = [k — x| = ||k — x* — gk

2 2 20k 2 k

fiyr = et mllgtlla — 2 (gF, & —x*)
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let r := ||x¥ — x*||2 (distance to optimum)

’ Lemma Distance to min shrinks monotonically; 7,11 < 7 ‘

Proof. Descent lemma implies that: f(x¥1) < f(x¥) — %LHg"H%
Consider, r%H =[] — x*[|Z = ||xF — x* — g3
e = e+ mlgtl3 - 2me(e, o —x*)
= i +llgtlz - 2mlgt g% o —x7) asgt =0
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let r := ||x¥ — x*||2 (distance to optimum)

’ Lemma Distance to min shrinks monotonically; 7,11 < 7 ‘

Proof. Descent lemma implies that: f(x*1) < f(x*) — ||¢*|13
Consider, 72 | =[x+ — x*[|3 = [|x* — x* — g3
e = 1 H0elghl3 — 2mdsh, o —x7)
= i+ lgtIE - 2m(gt - g%, 1 —x%) asgt =0
N8R — 8"~ g7lF (Coroll. 2, pg. 24)

IN
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let r := ||x¥ — x*||2 (distance to optimum)

’ Lemma Distance to min shrinks monotonically; 7,11 < 7 ‘

Proof. Descent lemma implies that: f(x*1) < f(x*) — ||¢*|13
Consider, 72 | =[x+ — x*[|3 = [|x* — x* — g3
e = 1 H0elghl3 — 2mdsh, o —x7)
= i+ lgtIE - 2m(gt - g%, 1 —x%) asgt =0
< n+ntlghlE - g ~glF  (Coroll. 2, pg. 24)
= g — (7 —m)lg"l3.
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Convergence rate — (weakly) convex

* Want to prove the well-known O(1/T) rate

* Letn, =1/L
* Shorthand notation ¢ = Vf(x"), ¢* = Vf(x*)
* Let r := ||x¥ — x*||2 (distance to optimum)

’ Lemma Distance to min shrinks monotonically; 7,11 < 7 ‘

Proof. Descent lemma implies that: f(x*1) < f(x*) — ||¢*|13
Consider, 72 | =[x+ — x*[|3 = [|x* — x* — g3
e = 1 H0elghl3 — 2mdsh, o —x7)
= i+ lgtIE - 2m(gt - g%, 1 —x%) asgt =0
< n+ntlghlE - g ~glF  (Coroll. 2, pg. 24)
= g — (7 —m)lg"l3.

Since 7 < 2/L, it follows that ry 1 < 1y
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Convergence rate

Lemma Let A; := f(x¥) — f(x*). Then, A < Ap(1— )

"
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Convergence rate

Lemma Let A; := f(x¥) — f(x*). Then, A < Ap(1— )

cvx f

fOR) —f) = A < (g5 —x)

"
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Convergence rate

Lemma Let A; := f(x¥) — f(x*). Then, A < Ap(1— )

cvx f
fE) £ =8 < @t ox) S Pt -2
N——

Tk

"
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Convergence rate

Lemma Let Ay := f(x*) — f(x*). Then, A1 < Ax(1 — By)

cvx f
fE) £ =8 < @t ox) S Pt -2
———

Tk

That is, Hngz > Ay /1.
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Convergence rate

Lemma Let Ay := f(x*) — f(x*). Then, A1 < Ax(1 — By)

cvx f
fE) £ =8 < @t ox) S Pt -2
———

Tk

That is, ||g¥||2 > Ax/7k. In particular, since 7, < 7y, we have

Ay
0
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Convergence rate

Lemma Let Ay := f(x*) — f(x*). Then, A1 < Ax(1 — By)

cvx f
fE) £ =8 < @t ox) S Pt -2
———

Tk

That is, ||g¥||2 > Ax/7k. In particular, since 7, < 7y, we have

A
k k
0

‘ Now we have a bound on the gradient norm...
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Convergence rate

Recall f(x*+1) < f(xF) — i |g¥(13; subtracting f* from both sides

AR A
JAVERILVAVIES fré = Ak(l - ﬁ)
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Convergence rate

Recall f(x*+1) < f(xF) — i |g¥(13; subtracting f* from both sides
2

A
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Convergence rate

Recall f(x*+1) < f(xF) — i |g¥(13; subtracting f* from both sides

2

A

But we want to bound: f(xT+1) — f(x*) ‘
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Convergence rate

Recall f(x*+1) < f(xF) — i |g¥(13; subtracting f* from both sides

2

A

‘ But we want to bound: f(xT+1) — f(x*) ‘

1 N 1
Ak ZLT(Z)'

App1 < Ap(1 = By) — (1 + Br) =

Agyr — Ak

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7) II|"

29



Convergence rate

Recall f(x*+1) < f(xF) — i |g¥(13; subtracting f* from both sides

2

A

‘ But we want to bound: f(xT+1) — f(x*) ‘

1 1

k+1 > k( 61() Ak + 2LT(2)

1+
Agyr — Ak( Bi) =

» Sum both sides over k = 0, ..., T (telescoping) to obtain

1 S i_i_T—l—l
AT—i—l - Ay ZLT(Z)
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Convergence rate

1 1 T+1
>
AT—{-l — Ay + 2L1’(2)

a—
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Convergence rate

1 1 T+1
> — 4
Aryr — Ao 2Lrg

» Rearrange to conclude

2LAgr?
Ty _ g+ <2070
f)—f =202 1 TA,
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Convergence rate

1 1 T+1
>+
AT+1 AO 2L1’0

» Rearrange to conclude

2L A2
fo)=f = 202 + TAy

» Use descent lemma to bound A < (L/2)||x? — x*||3; simplify

0 _ (2
o) () < 2202 — o),

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7) IIIH

30



SGD
X4 X—ng

-
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Why SGD?

Regularized Empirical Risk Minimization

. 1¢
min Z Oy, xTa;) + r(x).
i=1

(e.g., logistic regression, deep learning, SVMs, etc.)
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Why SGD?

Regularized Empirical Risk Minimization

. 1¢
min Z Oy, xTa;) + r(x).
i=1

(e.g., logistic regression, deep learning, SVMs, etc.)

m training data: (a;,y;) € R? x Y (i.i.d.)
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Why SGD?

Regularized Empirical Risk Minimization

X

. 1¢
min Z; Oy, xTa;) + r(x).
1=

(e.g., logistic regression, deep learning, SVMs, etc.)
m training data: (a;,y;) € R x Y (i.i.d.)
m large-scale ML: Both d and 7 are large:

» d: dimension of each input sample
» 7n: number of training data points / samples

m Assume training data “sparse”; so total datasize < dn.

® Running time O(#nnz)
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Finite-sum problems

min - f (x) =

a—
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Finite-sum problems

a—
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Finite-sum problems

Gradient / subgradient methods

Xer1 = X — M Vf(xk)
X1 = X —mg(xx), &€ If(x)

If n is large, each iteration above is expensive
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Stochastic gradients

At iteration k, we randomly pick an integer
i(k) e {1,2,...,n}

X1 = Xk — Nk Vi (%)

» The update requires only gradient for f;)

» Uses unbiased estimate E[Vf;)] = Vf

» One iteration now 7 times faster using Vf (x)

» Can such a method work? If so, how fast? Why?
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Intuition - (Bertsekas)

» Assume all variables involved are scalars.

min  f(x) 22 (a;x — b;)?
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Intuition — (Bertsekas)

» Assume all variables involved are scalars.

min  f(x) ZZ (a;x — b;)?

» Solving f’(x) = 0 we obtain
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Intuition — (Bertsekas)

» Assume all variables involved are scalars.

min  f(x) ZZ (a;x — b;)?

» Solving f’(x) = 0 we obtain
DY az‘i’i
2.8

» Minimum of a single f;(x) = 1 (a;x — b;)*is x7 = b;/u;
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Intuition — (Bertsekas)

» Assume all variables involved are scalars.

min  f(x) ZZ (aix—b

» Solving f’(x) = 0 we obtain
DY az‘l;i
2.8

» Minimum of a single f;(x) = 1 (a;x — b;)*is x7 = b;/u;

» Notice now that

*

x* € [min; x], max; x;] =: R

(Use: > aib; = > a2(bi/a;))
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Intuition - (Bertsekas)

» Assume all variables involved are scalars.
min  f(x) =1

» Notice: x* € [min; x}, max; x}] =: R

’ (aix — b;)?

i=1
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Intuition — (Bertsekas)

» Assume all variables involved are scalars.

min  f(x) ZZ (aix—b

» Notice: x* € [min, x}, max; x}] =: R
» If we have a scalar x that lies outside R?
» We see that

vfl (x) = aj(ax — b;)

f(x) = aj(aix —b
i
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Intuition - (Bertsekas)

» Assume all variables involved are scalars.

min  f(x) ZZ (aix —b

» Notice: x* € [min, x}, max; x}] =: R
» If we have a scalar x that lies outside R?
» We see that

vfl (x) = aj(ax — b;)

f(x) = aj(aix —b
i

» Vfi(x) has same sign as Vf(x). So using Vf;(x) instead of
Vf(x) also ensures progress.
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v

Intuition - (Bertsekas)

Assume all variables involved are scalars.

min  f(x) ZZ (aix —b

Notice: x* € [min; x}, max; x| =: R
If we have a scalar x that lies outside R?
We see that

vfl (x) = aj(ax — b;)

f(x) = aj(aix —b
i

Vfi(x) has same sign as Vf(x). So using Vf;(x) instead of
Vf(x) also ensures progress.

But once inside region R, no guarantee that SGD will make
progress towards optimum.
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SGD: two variants

min ; 37, /(%)

-
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SGD: two variants

min 1 37 £(x)

e Start with feasible x;
e Fork=0,1,...,
m Option 1: Randomly pick an index i (with
replacement)
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SGD: two variants

min 1 37 £(x)

e Start with feasible x
e Fork=0,1,...,
m Option 1: Randomly pick an index i (with
replacement)
m Option 2: Pick index i without replacement
m Use g = Vfi(x) as the “stochastic gradient”
m Update x31 = X — Mgk
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SGD: two variants

min 1 37 £(x)

e Start with feasible x
e Fork=0,1,...,
m Option 1: Randomly pick an index i (with
replacement)
m Option 2: Pick index i without replacement
m Use g = Vfi(x) as the “stochastic gradient”
| Update Xi+1 = Xk — MkSk

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (03/11/21; Lecture 7)

37



SGD: mini-batches

mln f(x) Zfl

Idea: Use a mini-batch of stochastic gradients

Xkl = Z Vi;(xk)

]GI

a—
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SGD: mini-batches

mln f(x) Zfl

Idea: Use a mini-batch of stochastic gradients

Xkl = Xk — |I | ZVf] Xk)

jElk

m Iteration k samples set I, and uses |I;| stochastic gradients

m Increases parallelism, reduces communication

. Explore Large mini-batches not that “favorable” for DNNS. Gi
' ' (also known as: “large-batch training”)
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SGD: some theoretical challenges

X1 = X — T Vi (Xk)
» Proving that it “works”

» Theoretical results lagging behind practice (without
replacement SGD widely used, most published theory
studies with replacement)
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SGD: some theoretical challenges

X1 = X — T Vi (Xk)
» Proving that it “works”

» Theoretical results lagging behind practice (without
replacement SGD widely used, most published theory
studies with replacement)

] i Explore: Why does SGD work so well for neural networks? ;

i (i.e., why does it deliver such low training losses despite non- ;
E convexiity, and how does it influence generalization behavior E
' of neural networks?) !
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SGD for empirical risk / finite sums

min f(x) zijﬁ

xeR4

— Iteration: x*+1 — iy (% )
e Sampling with replacement i(k) ~ Unif({1,...,n})
e Polyak-Ruppert averaging: X; = kj%l Z;‘:O x/

— Convergence rate if each f; convex L-smooth, and f is
p-strongly-convex:

) ) 0(1/v/F) if e = 1/(LVK)
E[f (i) —f(x7)] < { O(L/ (k) = O(r/k) i Zi = 1/(uk)
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SGD vs GD (strongly convex case)

-
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SGD vs GD (strongly convex case)

» Batch GD:
— Linear (e.g., exponential) convergence rate in O(e~*/*)
— Iteration complexity is linear in n (O(nlog 1/¢))
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SGD vs GD (strongly convex case)

» Batch GD:

— Linear (e.g., exponential) convergence rate in O(e~*/*)
— Iteration complexity is linear in n (O(nlog 1/¢))
» SGD:
— Sampling with replacement: i(k) random element of {1, ...,n}
— Convergence rate O(r/k)
— Iteration complexity independent of n (O(1/£?))
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Convergence

(some theory)

-
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SGD: nonconvex (smooth) case

f() = 5 32 fi(x) and x4 = x — iV, (x)

-
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SGD: nonconvex (smooth) case

fx) = 37 fi(x) and xpq = x5 — 0V, ()
m Assumption 1: L-smooth components f; € C}
m Assumption 2: Unbiased gradients E[Vf; (x) — Vf(x)] =0
m Assumption 3: Bounded noise: E[||Vf, (x) — Vf(x)|]?] = o?
m Assumption 4: Bounded gradient: ||Vf;(x)|| < G
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SGD: nonconvex (smooth) case

fx) = 3 Xifilx) and x1 = xp — Vi (1)
m Assumption 1: L-smooth components f; € C}
m Assumption 2: Unbiased gradients E[Vf; (x) — Vf(x)] =
m Assumption 3: Bounded noise: E[||Vf, (x) — Vf(x)|]?] =
m Assumption 4: Bounded gradient: ||Vf;(x)|| < G

Theorem. Under above assumptions, for suitable stepsize
SGD satisfies

T *
r Y Ever < g (P T,

for some constant c; hence miny E[|| V£ (x¢)||?] = O(1/VT).
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SGD: nonconvex (smooth) case




SGD: nonconvex (smooth) case

Elf (xx41)] < E[f(x)] + E[(VF(xx), —mVfi, (x6)) + Sllm Vi (x0) )]
< Elf(x)] - mE[IVF (x0) ] + G



SGD: nonconvex (smooth) case

E[f(karl)] < E[f(xk)] ot E[(Vf(xk), —'r]kaik(xk» + %”’r]kvﬁk(xk)Hz]
< Elf(x0)] — mE[IVfGx0)I] + “gG2

Rearranging the terms above we obtain

| E[IVFIP] < %E[f(xk) ~fl)] + G,



SGD: nonconvex (smooth) case

E[f(karl)] < E[f(xk)] ot E[(Vf(xk), —'r]kaik(xk» + %”’r]kvﬁk(xk)Hz]
< Elf(x0)] — mE[IVfGx0)I] + “gG2

Rearranging the terms above we obtain

Choose 7, = ﬁ for some constant ¢ and sum over k = 0 to T — 1 to obtain

| WWWM?S%Wm%ﬂmM+%%
E Lc E

1 & 1 D
T ; [I1V7F (i) 1] < ?E[f(xl) —flxr1)] + ﬁc
1 (f(a) —f(x") | Le
S‘?( : +?d>
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SGD: convex case

» minyer f(x) 1= E[F(x,§)]

-
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SGD: convex case

miney f(x) := E[F(x,¢)]
Let & denote the randomness at step k

X depends on rvs &1, . . ., §_1, so itself random

>

>

>

» Of course, x; does not depend on &

» SGD analysis hinges upon: E[||x; — x*||?]
>

SGD iteration: xj1 <= Px(xx — mgk) (Px: projection)
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SGD: convex case

miney f(x) := E[F(x,¢)]
Let & denote the randomness at step k

X depends on rvs &1, . . ., §_1, so itself random

>

>

>

» Of course, x; does not depend on &

» SGD analysis hinges upon: E[||x; — x*||?]
>

SGD iteration: xj1 <= Px(xx — mgk) (Px: projection)

Denote: Ry := ||xx — x*||> and 7 := E[Ry] = E[||xx — x*||?]
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>
>
>
>
| 2

SGD: convex case

miney f(x) := E[F(x,¢)]
Let & denote the randomness at step k

X depends on rvs &1, . ..

Of course, x; does not depend on &

SGD analysis hinges upon: E[||x; — x*||?]

,&k_1, so itself random

SGD iteration: xj1 <= Px(xx — mgk) (Px: projection)

Denote: Ry := ||xx — x*||> and 7 := E[Ry] = E[||xx — x*||?]

Bounding Ry 1

Ry41

<

Suvrit Sra (suvrit@mit.edu)

X1 — x*[|3 = |Px(xx — mgk) — Pa(x)|3

e — x* — mgxll3
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SGD: convex case

miney f(x) := E[F(x,¢)]
Let & denote the randomness at step k

X depends on rvs &1, . ..

Of course, x; does not depend on &

SGD analysis hinges upon: E[||x; — x*||?]

,&k_1, so itself random

SGD iteration: xj1 <= Px(xx — mgk) (Px: projection)

Denote: Ry := ||xx — x*||> and 7 := E[Ry] = E[||xx — x*||?]

Bounding Ry 1

Ry41

<

Suvrit Sra (suvrit@mit.edu)

X1 — x*[|3 = |Px(xx — mgk) — Pa(x)|3

ok — x* — gl
R + m71Igkl5 — 2 (S, xe — x*).
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(03/11/21; Lecture 7)
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SGD - analysis for strongly cvx

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

-
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SGD - analysis for strongly cvx

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: ||gi|l2 < G, and take expectation:
Tir1 < 1%+ eGP — 2mE[(gk, x — X)),

Unbiasedness E[gx] = Vf(xx) and p-strong convexity give

Meer < 1+ 0 G2 — 20E[f (xi0) — f(x*) + & [l — x[|?].
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SGD - analysis for strongly cvx

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: ||gi|l2 < G, and take expectation:
Tes1 < 1%+ 10G” — 2kE (g, X6 — x7)].

Unbiasedness E[gx] = Vf(xx) and p-strong convexity give
Terr < e+ ngG? — 20E[f () — () + Gl — |17

Rearranging and dividing by 27, we get

-1
o G o 1
Elf (o) —f(x")] < =5~ + k 5 Tk g Tk
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SGD - analysis for strongly cvx

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: ||gi|l2 < G, and take expectation:
Tes1 < 1%+ 10G” — 2kE (g, X6 — x7)].

Unbiasedness E[gx] = Vf(xx) and p-strong convexity give
Terr < e+ ngG? — 20E[f () — () + Gl — |17

Rearranging and dividing by 27, we get

-1
o G o 1
Elf (o) —f(x")] < =5~ + k 5 Tk g Tk

Put n, = 1/p:k, and telescope (and one more trick...)
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SGD - analysis for strongly cvx

2 k—
B () — )] < o + - B )

Using convexity, observe that

T

(Y x) ) <23 Elf() — Fx°)

Using (), after telescoping, clearing junk Verify! we get

We've obtained the rate O( G;f% )
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SGD - exercise

' Exercise: Suppose f; is convex and f(x) is p-strongly convex.

| Let X := S5, 0ix;, where 0; = % we obtain

| e |
E E[f (xi) — f(x")] < k1) E

E_Question: What if we want to not use averaged iterates?
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SGD: weakly convex case

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

"
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SGD: weakly convex case

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: |[gi|l2 < G on compact set X
» Taking expectation:
Mep1 < i+ ngMP — 206E((gr, 1 — ).
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SGD: weakly convex case

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: |[gi|l2 < G on compact set X
» Taking expectation:
Mep1 < i+ ngMP — 206E((gr, 1 — ).

» We need to now get a handle on the last term
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SGD: weakly convex case

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: |[gi|l2 < G on compact set X
» Taking expectation:
Mep1 < i+ ngMP — 206E((gr, 1 — ).

» We need to now get a handle on the last term

» Since x; is independent of &, we have

E[(xx — x*, g(x, &))] =
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SGD: weakly convex case

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: |[gi|l2 < G on compact set X
» Taking expectation:
Mep1 < i+ ngMP — 206E((gr, 1 — ).

» We need to now get a handle on the last term

» Since x; is independent of &, we have

El(xx — ", §(v, &))] = E{E[{ — ", g(x, &) | €yl }
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SGD: weakly convex case

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: |[gi|l2 < G on compact set X
» Taking expectation:
Mep1 < i+ ngMP — 206E((gr, 1 — ).

» We need to now get a handle on the last term

» Since x; is independent of &, we have

E[(v — ", g(x, &) = E{E[(x — ", gk, &) | ..ie-1y)]}
E {(xx — ", E[g(x, &) | €ne—1y)) }
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SGD: weakly convex case

Rit1 < R+ nglIgkll3 — 2mi(gk, xx — x¥)

» Assume: |[gi|l2 < G on compact set X
» Taking expectation:
Mep1 < i+ ngMP — 206E((gr, 1 — ).

» We need to now get a handle on the last term

» Since x; is independent of &, we have

E[(v — ", g(x, &) = E{E[(x — ", gk, &) | ..ie-1y)]}
E {(xx — ", E[g(x, &) | €ne—1y)) }
E[(xk —x*, GK)], Gk € OF (x).
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SGD: weakly convex case

It remains to bound: E[{x; — x*, Gy)]

-
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SGD: weakly convex case

It remains to bound: E[{x; — x*, Gy)]

» Since F is cvx, F(x) > F(xx) + (Gg, x — x) for any x € X.

-
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SGD: weakly convex case

‘ It remains to bound: E[{x; — x*, Gy)] ‘

» Since F is cvx, F(x) > F(xx) + (Gg, x — x) for any x € X.

» Thus, in particular

2iE[F(x*) — F(xe)] = 2mE[(Gy, X — x¢)]
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SGD: weakly convex case

‘ It remains to bound: E[{x; — x*, Gy)] ‘

» Since F is cvx, F(x) > F(xx) + (Gg, x — x) for any x € X.

» Thus, in particular
2ikE[F(x") — F(x)] = 2mE[(Gy, 2 — x1)]
Plug this bound back into the 71 inequality:

M < 1+ M = 20E[(Gy, xi — x*)]
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SGD: weakly convex case

‘ It remains to bound: E[{x; — x*, Gy)] ‘

» Since F is cvx, F(x) > F(xx) + (Gg, x — x) for any x € X.

» Thus, in particular
2ikE[F(x") — F(x)] = 2mE[(Gy, 2 — x1)]
Plug this bound back into the 71 inequality:

M < 1+ M = 20E[(Gy, xi — x*)]
2kE[(Gr, 3 — X)) < 1 — Pepr + M2
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SGD: weakly convex case

‘ It remains to bound: E[{x; — x*, Gy)] ‘

» Since F is cvx, F(x) > F(xx) + (Gg, x — x) for any x € X.

» Thus, in particular
2ikE[F(x") — F(x)] = 2mE[(Gy, 2 — x1)]
Plug this bound back into the 71 inequality:

re + meM? — 2 E[(Gy, xp — x¥)]
1y — Trp1 + M2
1% — Tepr + M2

Tk1
2ikE[(Gg, 2 — x7)]
2mE[F (x) — F(x¥)]

INIA TN
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SGD: weakly convex case

‘ It remains to bound: E[{x; — x*, Gy)] ‘

» Since F is cvx, F(x) > F(xx) + (Gg, x — x) for any x € X.

» Thus, in particular
2ikE[F(x") — F(x)] = 2mE[(Gy, 2 — x1)]
Plug this bound back into the 71 inequality:

re + meM? — 2 E[(Gy, xp — x¥)]
1y — Trp1 + M2
1% — Tepr + M2

Tk1
2ikE[(Gg, 2 — x7)]
2mE[F (x) — F(x¥)]

INIA TN

‘ We’ve bounded the expected progress; What now? ‘
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SGD: weakly convex case

20kE[F(xi) — F(x*)] < 1 — g + mieM2.

-
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SGD: weakly convex case

20kE[F(xi) — F(x*)] < 1 = riga + M.
Sum up overi =1,...,k, to obtain

k

Yo CnElF() —f()]) < n—rga+ MY
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SGD: weakly convex case

20kE[F(xi) — F(x*)] < 1 = riga + M.
Sum up overi =1,...,k, to obtain

k

S CoElF(x) — £ )

IN

=Ty + ]\/I2 Zi ?71'2
1+ M? Zimz-

IN
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SGD: weakly convex case

20kE[F(xi) — F(x*)] < 1 = riga + M.
Sum up overi =1,...,k, to obtain

k

S CoElF(x) — £ )

IN

1 —Teg1 + ]\/I2 Zi ?71'2
r+M? Zimz-

IN

Divide both sides by >, n;, so
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SGD: weakly convex case

20kE[F(xi) — F(x*)] < 1 = riga + M.
Sum up overi =1,...,k, to obtain

k

S CoElF(x) — £ )

IN

1 —Teg1 + ]\/I2 Zi ?71'2
1+ M? Zimz-

IN

Divide both sides by >, n;, so
» Sety; = &

i Mi

» Thus,v; >0and ) ;v =1
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SGD: weakly convex case

20kE[F(xi) — F(x*)] < 1 = riga + M.
Sum up overi =1,...,k, to obtain

k

Yo CnElF() —f()]) < n—rga+ MY
< n+ M? Zi 771-2.

Divide both sides by >, n;, so
» Sety; = &

i Mi

» Thus,v; >0and ) ;v =1

7’1 +M2 Zl 7712

[ D2 ilPl) — FG) | < 3
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SGD: weakly convex case

» Bound looks similar to bound in subgradient method
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SGD: weakly convex case

» Bound looks similar to bound in subgradient method

» But we wish to say something about x
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SGD: weakly convex case

» Bound looks similar to bound in subgradient method

» But we wish to say something about x

» Since v; > 0 and Zf ~vi = 1, and we have ~;F(x;)
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SGD: weakly convex case

» Bound looks similar to bound in subgradient method

» But we wish to say something about x
» Since v; > 0 and Zf ~vi = 1, and we have ~;F(x;)
» Easier to talk about averaged

_ k
X = Zi ViXi-
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SGD: weakly convex case

» Bound looks similar to bound in subgradient method

» But we wish to say something about x
» Since v; > 0 and Zf ~vi = 1, and we have ~;F(x;)
» Easier to talk about averaged

_ k
X = Zi ViXi-

» f(xx) <> ;viF(x;) due to convexity
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SGD: weakly convex case

» Bound looks similar to bound in subgradient method
» But we wish to say something about x

» Since v; > 0 and Zf ~vi = 1, and we have ~;F(x;)

» Easier to talk about averaged

_ k
X = Zi ViXi-

» f(xx) <> ;viF(x;) due to convexity
So we finally obtain the inequality

" MRS P
E[F(x) — F(x")] < WZA;HZ’
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SGD: weakly convex case

& Let Dy := maxycx |[|x — x*||2 (act. only need ||x; — x*|| < Dy)

& Assume 7; = 7 is a constant. Observe that

< D3 + M?kn?

E[F(x) — F() <~

& Minimize the rhs over n > 0 to obtain
E[F(%) — F(x*)] < P2

N3
& If k is not fixed in advance, then choose
0D )
= —— i=12, ...
T’l M\/Z

& Analyze E[F(X;) — F(x*)] with this choice of stepsize
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SGD: weakly convex case

& Let Dy := maxycx |[|x — x*||2 (act. only need ||x; — x*|| < Dy)

& Assume 7; = 7 is a constant. Observe that

< D3 + M?kn?

E[F(x) — F() <~

& Minimize the rhs over n > 0 to obtain
E[F(%) — F(x*)] < P2

N3
& If k is not fixed in advance, then choose
0D )
= —— i=12, ...
T’l M\/Z

& Analyze E[F(X;) — F(x*)] with this choice of stepsize

We showed O(1/Vk) rate
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SGD: weakly convex and smooth

' Exercise: Assuming the cost (and component functions) are
i L-smooth and convex, study the convergence rate of SGD.
E Hint: Use bounded noise: E[||Vf, (x) — Vf(x)|]*] = o?
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