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Composite objectives
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Composite objectives

Frequently nonsmooth problems take the form

| minimize f(x) := £(x) + r(x) |

te \ /) re \/

Suvrit Sra (MIT) Optimization for ML and beyond: OPTML-++ L [T 4/34



Composite objectives

Frequently nonsmooth problems take the form

| minimize f(x) := £(x) + r(x) |

te \ /) re \/

Example: ¢(x) = %HAX — b||?2 and r(x) = \|| x4

\ Lasso, L1-LS, compressed sensing \
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Composite objectives

Frequently nonsmooth problems take the form

‘ minimize f(x) := ¢(x) + r(x ‘

te \ /) +re v

Example: ¢(x) = %HAX — b||?2 and r(x) = \|| x4

\ Lasso, L1-LS, compressed sensing \

Example: ¢(x) : Logistic loss, and r(x) = A||x||1

\ L1-Logistic regression, sparse LR \
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Composite objective minimization

minimize f(x) := ¢(x) + r(x)

subgradient: xt1 = xk — ok gk, gk € af(x¥)
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Composite objective minimization

minimize f(x) := ¢(x) + r(x)

subgradient: xt1 = xk — ok gk, gk € af(x¥)

subgradient: converges slowly at rate O(1/vk)
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Composite objective minimization

‘ minimize f(x) := ¢(x) + r(x) ‘

subgradient: xt1 = xk — ok gk, gk € af(x¥)

subgradient: converges slowly at rate O(1/vk)

\ but: f is smooth plus nonsmooth \

\ we should exploit: smoothness of ¢ for better method! \
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Proximal Gradient Method

min  f(x) xe X

Suvrit Sra (MIT)

Projected gradient
X < Px(x —aVif(x))
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Proximal Gradient Method

‘ min  f(x) xeX

Projected gradient
X < Px(x —aVif(x))

min  f(x) + h(x)

Proximal gradient
X <= ProxX,n(x — aVf(x))

prox,, denotes Euclidean proximity operator for h
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Proximal Gradient Method

‘ min  f(x) xeX

Projected gradient
X < Px(x —aVif(x))

min  f(x) + h(x)

Proximal gradient
X <= ProxX,n(x — aVf(x))
prox,, denotes Euclidean proximity operator for h

Non-Euclidean prox-operators also studied
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Proximity operator

Projection

Px(y) :=argmin  J||x — y|5 + 1x(x)
XeRN
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Proximity operator

Projection
Px(y):=argmin  3|x - y|§ + Lx(x)
XeRN
Proximity: Replace 1y by a closed convex function

prox,(y) := argmin % x — y|| + r(x)
X€ER"
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Proximity operator

A

| .
r* = Prox,\H.Hly

\j

\/
¢1-norm ball of radius p(\)
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Proximity operators

Example: Let r(x) = ||x||1. Solve prox,,(y).

: 1 2
min  5|x + Alx]1-
ma slx =yl X114

Hint 1: The above problem decomposes into n independent
subproblems of the form

: 1 2
5(X — A x|.
min (0 —y)? + Alx

Hint 2: Consider the two cases: either x =0 or x # 0

Aka: Soft-thresholding operator \
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Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0
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Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VI(x*)+9dh(x")

Suvrit Sra (MIT) Optimization for ML and beyond: OPTML-++ T e sremsn 10734



Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VI(x*)+9dh(x")
0 € aVf(x*)+ adh(x¥)
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Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VIF(x")+ oh(x¥)
0 € aVf(x*)+ adh(x¥)
x* € aVIf(x*)+ (I+ adh)(x*)
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Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VI(x*)+9dh(x")
0 € aVf(x*)+ adh(x¥)
x* e aVf(x*)+ (I + adh)(x¥)
x*—aVf(x*) € (I+ adh)(x")
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Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VI(x*)+9dh(x")
0 € aVf(x*)+ adh(x¥)
x* e aVf(x*)+ (I + adh)(x¥)
x*—aVf(x*) € (I+ adh)(x")

x* (I 4+ adh)™ ' (x* — aVF(x*))
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Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VI(x*)+9dh(x")
0 € aVf(x*)+ adh(x¥)
x* e aVf(x*)+ (I + adh)(x¥)
x*—aVf(x*) € (I+ adh)(x")

x* = (I+adh)™ (x* — aVF(x"))
_ proxah(X*—an(X*))

>
|
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Where does it come from?

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VI(x*)+9dh(x")
0 € aVf(x*)+ adh(x¥)
x* e aVf(x*)+ (I + adh)(x¥)
x*—aVf(x*) € (I+ adh)(x")

x* = (I+adh)™ (x* — aVF(x"))
_ proxah(x*—an(X*))

>
|

Above fixed-point eqn suggests iteration

Xk 1 = ProXe, p(Xk — axVFI(xk))
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Why does it work?

Xkt = ProXy, n(Xk — ok VF(xx))
X1 = Xk—akGak(Xk).
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Why does it work?

Xkt = ProXy, n(Xk — ok VF(xx))
X1 = Xk—akGak(Xk).

Gradient mapping: the “gradient-like object”

GalX) = L (x — Pun(x — aV1(x)))
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Why does it work?

Xky1 = ProXg, n(Xx — ax V(X))
X1 = Xk_akGak(Xk)-

Gradient mapping: the “gradient-like object”

1
Ga(X) = —(x = Pan(x — aV{(x)))

» Our lemma shows: G,(x) = 0 if and only if x is optimal

» So G, analogous to Vf

» If x locally optimal, then G, (x) = 0 (nonconvex f)

» Analysis yields O(1/k) convergence
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Faster methods
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Optimal gradient methods

& Efficiency estimates for the gradient method:

2L)x° — x*|13

fecl: f(xk) — F < A
f 81 . f k —f*<£ L_lu’ 2K 0 2
€Sl M- <E(h) X
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Optimal gradient methods

& Efficiency estimates for the gradient method:

2L)x° — x*|13

fecl: f(xk) — F < A
f 81 . f k —f*<£ L_lu’ 2K 0 2
€Sl M- <E(h) X

& Lower complexity bounds:

3LJIx° — x*|3

fecC]: f(xF) — f(x*) > 320k T 1)2
2k
oo . * 1% ﬂ_\/ﬁ *
fSpe, - f(xF) — f(x*) > 5 (W) [x° — x*||3.
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Optimal gradient methods

& Subgradient method upper and lower bounds
f(x*) — f(x) < O(1/Vk)
f( )_f(X)—z-H_\/i)

& Composite objective problems: proximal gradient gives
same bounds as gradient methods.
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Optimal gradient method - rate

Theorem Let {x*} be sequence generated by OptGrad. If ag >

Vv i/L, then

f(x¥) — f(x*) < ¢y min {(1 - \@k’ (Z\fLiLCsz} |

where constants ¢y, ¢ depend on «y, L, p.
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Optimal Proximal Gradient

min ¢(x) = f(x) + h(x)
Let X0 = y9 € dom h. For k > 1:
XK = prox, n(y*' — aVI(y "))

k=1 k_ k-t
k+2(x X

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009).
Simplified analysis: Tseng (2008).

yE =X +
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Optimal Proximal Gradient

min ¢(x) = f(x) + h(x)
Let X0 = y9 € dom h. For k > 1:
XK = prox, n(y*' — aVI(y "))

k=1« k-1
k+2(x X

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009).
Simplified analysis: Tseng (2008).

yE =X +

e Uses extra “memory” for interpolation
e Same computational cost as ordinary prox-grad
e Convergence rate theoretically optimal
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Optimal Proximal Gradient

min ¢(x) = f(x) + h(x)
Let X0 = y9 € dom h. For k > 1:
XK = prox, n(y*' — aVI(y "))

k=1« k-1
k+2(x X

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009).
Simplified analysis: Tseng (2008).

yE =X +

e Uses extra “memory” for interpolation
e Same computational cost as ordinary prox-grad
e Convergence rate theoretically optimal
2L
k * 0 %2
X)) — " < ——||x” — x*||5.
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The operator view
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Set-valued mappings

Think of 0f as a set-valued map

of = x = Of(x).
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Set-valued mappings

Think of 0f as a set-valued map
of = x =2 9f(x).

Relation R is a subset of R x R”
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Set-valued mappings

Think of 0f as a set-valued map
of = x =2 9f(x).

Relation R is a subset of R” x R"

» Empty relation: ()

» Identity: /.= {(x,x) | x € R"}

» Zero: 0:={(x,0) | x e R}

» Subdifferential: of := {(x,9) | x € R",g € 9f(x)}
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Set-valued mappings

Think of 0f as a set-valued map
of = x =2 9f(x).

Relation R is a subset of R” x R"
Empty relation: ()
Identity: /:= {(x,x) | x € R"}
Zero: 0:= {(x,0) | x € R"}

We will write R(x) to mean {y | (x,y) € R}.

>
>

>

» Subdifferential: of := {(x,9) | x € R",g € 9f(x)}
>

>

Example: 9f(x) = {g | (x,9) € Of}
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Why this notation?

» Goal: solve generalized equation 0 € R(x)
» Thatis, find x € R” such that (x,0) € R
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Why this notation?

» Goal: solve generalized equation 0 € R(x)
» Thatis, find x € R” such that (x,0) € R
» Example: Say R = 0f, then goal

0 € R(x) & 0 € 9f(x),

means we want to find an x that minimizes f.
» Helps succinctly write / analyze problems and algorithms
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Working with operators

» Inverse: R~ :={(y,x) | (x,y) € R}
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Working with operators

» Inverse: R~ :={(y,x) | (x,y) € R}
» Addition: R+ S :={(x,y+2)| (x,¥) € R (x,z) € S}
» Example: I+ R:={(x,x+Yy) | (x,y) € R}
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Working with operators

» Inverse: R~ := {(y,x) | (x,y) € R}

» Addition: R+ S := {(x,y + 2) | (x,y) € R,(x,2) € S}
» Example: I+ R:={(x,x+y) | (x,y) € R}

» Scaling: AR = {(x,\y) | (x,y) € R}
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Working with operators

Inverse: R~" := {(y,x) | (x,y) € R}

Addition: R+ S:={(x,y +2) | (x,¥) € R,(x,z) € S}
Example: I+ R:= {(x,x +y) | (x,y) € R}

Scaling: AR = {(x,\y) | (x,y) € R}

Resolvent: For relation R with parameter A € R

S:=(I+\R)""
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Working with operators

vVvyyvyyvyy

Inverse: R~" := {(y,x) | (x,y) € R}

Addition: R+ S :={(x,y +2) | (x,¥) € R,(x,2) € S}
Example: I+ R:= {(x,x +y) | (x,y) € R}

Scaling: AR = {(x,\y) | (x,y) € R}

Resolvent: For relation R with parameter A € R

S:=(I+\R)""

I+ AR ={(x,x+Ay)|(x,y) € R}
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vVvyyvyyvyy

v

Working with operators

Inverse: R~" := {(y,x) | (x,y) € R}

Addition: R+ S :={(x,y +2) | (x,¥) € R,(x,2) € S}
Example: I+ R:= {(x,x +y) | (x,y) € R}

Scaling: AR = {(x,\y) | (x,y) € R}

Resolvent: For relation R with parameter A € R

S:=(I+\R)""

I+ AR ={(x,x+Ay)|(x,y) € R}
S={(x+y.x)|(x,y) € R}
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Which operators are “easier”?
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
» Any monotonically nondecreasing function T : R — R
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
» Any monotonically nondecreasing function T : R — R
» Projection and proximity operators
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
» Any monotonically nondecreasing function T : R — R
» Projection and proximity operators

\ Generalize notion of monotonicity to vectors \

& Abstraction takes linear-algebra intuition to optimization
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x) +» 0 € aR(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x) +» 0 € aR(x) <» x € (I+aR)(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x) < 0 € aR(x) < x € (I+aR)(x) < x = (I+aR)~(x)
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).

» Suppose (/ + Adh)~" is single valued
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).

» Suppose (/ + Adh)~" is single valued
» Then, x = (I +X0h)~'(y) = y € (I + \dh)(x)
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).

» Suppose (/ + Adh)~" is single valued
» Then, x = (I +X0h)~'(y) = y € (I + \dh)(x)
» Thatis, y € x + Adoh(x)
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).

» Suppose (/ + Adh)~" is single valued

» Then, x = (I + \0h) ' (y) = y € (I + A9h)(x)
» Thatis, y € x + Adh(x)

» Equivalently, x — y + XAdh(x) > 0
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).

» Suppose (/ + Adh)~" is single valued

» Then, x = (I + ) 0h)~(y) = y € (I + \oh)(x)

» Thatis, y € x + Adh(x)

» Equivalently, x — y + XAdh(x) > 0

» Nothing other than optimality condition for prox-operator

proxXyp(y) = y + argmin 31X = yII3 + Ah(x)
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More proximal splitting

((x) + f(x) + h(x)

» Direct use of prox-grad not easy
» Requires computation of: prox, s (i.e., (/ + A(9f + 9h))~")
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More proximal splitting

((x) + f(x) + h(x)

» Direct use of prox-grad not easy
» Requires computation of: prox, s (i.e., (/ + A(9f + 9h))~")

Example:

: 1 . 2 n—1 ‘ .
min  3|[x y||2+)\||X||2~|—uZi:1 |Xi 41 X','

f(x) h(x)
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More proximal splitting

((x) + f(x) + h(x)

» Direct use of prox-grad not easy
» Requires computation of: prox, s (i.e., (/ + A(9f + 9h))~")

Example:

: 1 . 2 n—1 ‘ .
min  3|[x y||24')\||X||2*|'MZI.:1 |Xi 41 X','

f(x) h(x)

» But good feature: prox; and prox, separately easier
» Can we exploit that?
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Proximal splitting — operator notation

> I (I + 8f + 0h)~" hard, but (/ + 8f)~! and (I + 0h)~" “easy’
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Proximal splitting — operator notation

» If (/1 + 0f +0h)~" hard, but (/ + 0f)~" and (/ + 0h)~" “easy”
» Let us derive a fixed-point equation that “splits” the operators
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Proximal splitting — operator notation

» If (/1 + 0f +0h)~" hard, but (/ + 0f)~" and (/ + 0h)~" “easy”
» Let us derive a fixed-point equation that “splits” the operators

Assume we are solving

min  f(x) + h(x),

where both f and h are convex but potentially nondifferentiable.
Notice: We implicitly assumed: o(f + h) = of + oh.
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Proximal splitting

0 € Jf(x)+ 0h(x)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x — z € (I1+ of)(x)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x —ze (I+9f)(x) = xec(I+af)"(2x - z)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x —ze (I+9f)(x) = xec(I+af)"(2x - z)

» Not a fixed-point equation yet
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x —ze (I+9f)(x) = xec(I+af)"(2x - z)

» Not a fixed-point equation yet
» We need one more idea
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Douglas-Rachford splitting

Reflection operator

Ry(z) :=2prox,(z) — z
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Douglas-Rachford splitting

Reflection operator
Ry(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z)
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Douglas-Rachford splitting

Reflection operator
Ry(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)
2x € (I+af)(x)+ (I+99)(x)
2x—z € (I+0fH)(x)
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+of)(x)+ (I+09)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+9f)(x)+ (I+099)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
but R(z) = 2x—z =
z = 2x— Ry(2)
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+of)(x)+ (I+09)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
but R(z) = 2x—z =
z = 2x— Ry(2)
z = 2prox¢(Rn(z)) — Rn(z) =
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+af)(x)+ (I+09)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
but R(z) = 2x—z =
z = 2x— Ry(2)
z = 2prox¢(Rn(2)) — Rn(z) = Ri(Rr(2))

‘ Finally, z is on both sides of the egn ‘
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Douglas-Rachford method

X = prox,(z)

0 € 0f(x) + 0h(x) & {z = Ri(Ry(2))

DR method: given zy, iterate for k > 0

Xk = Proxy(zx)
Vi = Proxs(2xx — Zx)

Zyp1 = Zg + yr(Vk — Xk)
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Douglas-Rachford method

X = prox,(z)

0 € 0f(x) + 0h(x) & {z = Ri(Ry(2))

DR method: given zy, iterate for k > 0
Xk = Prox(zx)
Vi = Proxs(2xx — Zx)

Zi1 = Zk + YV — Xk)

Theorem If f + h admits minimizers, and () satisfy

Yk € [0,2], ka(2—7k)=00,

then the DR-iterates v, and x, converge to a minimizer.
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Douglas-Rachford method

For v« = 1, we have

Zk41 = Zk + Vik — Xk
Zk11 = Z + Proxg(2 proxp(zx) — zx) — Proxu(zx)
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Douglas-Rachford method

For v« = 1, we have

Zk41 = Zk + Vik — Xk
Zk11 = Z + Proxg(2 proxp(zx) — zx) — Proxu(zx)

Dropping superscripts, writing P = prox, we have

zZ+ 1z
T =1+ Ps2P,— 1) — Py
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Douglas-Rachford method

For v« = 1, we have

Zk41 = Zk + Vik — Xk
Zk11 = Z + Proxg(2 proxp(zx) — zx) — Proxu(zx)

Dropping superscripts, writing P = prox, we have

zZ+ 1z
T =1+ Ps2P,— 1) — Py

Lemma DR can be written as: z « %(R,«F?h + 1)z, where Ry de-
notes the reflection operator 2P; — | (similarly Rp).

Exercise: Prove this claim.
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Other methods

ADMM (DR on dual: nontrivial theorem)
Proximal-Dykstra

Proximal methods for fy + £, +--- + f,
Peaceman-Rachford

Proximal quasi-Newton, Newton
Ultimately, proximal-point method
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ADMM

Let us see separable objective with constraints

Suvrit Sra (MIT) Optimization for ML and beyond: OPTML++ | L [T 31/34



ADMM

Let us see separable objective with constraints

min f(x) 4+ g(2)
st. Ax+Bz=c.
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ADMM

Let us see separable objective with constraints

min f(x) 4+ g(2)
st. Ax+Bz=c.

» Objective function separated into x and z variables
» The constraint prevents a trivial decoupling

Suvrit Sra (MIT) Optimization for ML and beyond: OPTML-++ L [T 31/34



ADMM

Let us see separable objective with constraints

min f(x) 4+ g(2)
st. Ax+Bz=c.

» Objective function separated into x and z variables
» The constraint prevents a trivial decoupling
» Introduce augmented lagrangian (AL)

Ly(x,2,y) = f(x)+9(2)+yT (Ax+Bz—c)+5||Ax + Bz — c|3
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ADMM

Let us see separable objective with constraints

min f(x) 4+ g(2)
st. Ax+Bz=c.

» Objective function separated into x and z variables
» The constraint prevents a trivial decoupling
» Introduce augmented lagrangian (AL)

Ly(x,2,y) = f(x)+9(2)+yT (Ax+Bz—c)+5||Ax + Bz — c|3

» Now, a Gauss-Seidel style update to the AL

Suvrit Sra (MIT) Optimization for ML and beyond: OPTML-++ L [T 31/34



ADMM

Let us see separable objective with constraints

min f(x) 4+ g(2)
st. Ax+Bz=c.

» Objective function separated into x and z variables
» The constraint prevents a trivial decoupling
» Introduce augmented lagrangian (AL)

Ly(x,2,y) = f(x)+9(2)+yT (Ax+Bz—c)+5||Ax + Bz — c|3

» Now, a Gauss-Seidel style update to the AL

X1 = argmin, L,(x, Z, Yk)
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ADMM

Let us see separable objective with constraints

min f(x) 4+ g(2)
st. Ax+Bz=c.

» Objective function separated into x and z variables
» The constraint prevents a trivial decoupling
» Introduce augmented lagrangian (AL)

Ly(x,2,y) = f(x)+9(2)+yT (Ax+Bz—c)+5||Ax + Bz — c|3

» Now, a Gauss-Seidel style update to the AL

Xk-|—1 = argm|nx Lp(X; Zk’yk)
Zk+1 = argminz Lp(Xk+1aZ’yk)
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ADMM

Let us see separable objective with constraints

min f(x) 4+ g(2)
st. Ax+Bz=c.

» Objective function separated into x and z variables
» The constraint prevents a trivial decoupling
» Introduce augmented lagrangian (AL)

Ly(x,2,y) = f(x)+9(2)+yT (Ax+Bz—c)+5||Ax + Bz — c|3

» Now, a Gauss-Seidel style update to the AL

Xk-|—1 = argm|nx Lp(X; Zk’yk)
Zk+1 = argminz Lp(Xk+1aZ’yk)
Yk+1 = Yk + p(AXk+1 + sz+1 - C)
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ADMM - scaled version

» The AL is

Ly(X, 2.y) = f(x)+9(2)+y (Ax+Bz—c)+§||Ax + Bz — c||3
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ADMM - scaled version

» The AL is
Ly(x,z,y) = f(x)+9(2)+y T (Ax+Bz—c)+5|Ax + Bz — |3
» Combine linear and quadratic terms in L,, so we have
L,(x,2,y) = f(x) + g(2) + 5| Ax + Bz — ¢ + d||3 + constants

where we use dx = (1/p)yk as a new variable.
» Exercise: Verify above algebra.
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ADMM - scaled version

» The AL is
Ly(x,z,y) = f(x)+9(2)+y T (Ax+Bz—c)+5|Ax + Bz — |3
» Combine linear and quadratic terms in L,, so we have
L,(x,2,y) = f(x) + g(2) + 5| Ax + Bz — ¢ + d||3 + constants

where we use dx = (1/p)yk as a new variable.
» Exercise: Verify above algebra.

Scaled ADMM

Xer1 = argmin, f(x) + §[|Ax + Bzx — ¢ + d||3
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ADMM - scaled version

» The AL is
Ly(x,z,y) = f(x)+9(2)+y T (Ax+Bz—c)+5|Ax + Bz — |3
» Combine linear and quadratic terms in L,, so we have
L,(x,2,y) = f(x) + g(2) + 5| Ax + Bz — ¢ + d||3 + constants

where we use dx = (1/p)yk as a new variable.
» Exercise: Verify above algebra.

Scaled ADMM
Xer1 = argmin, f(x) + §[|Ax + Bzx — ¢ + d||3
Zkyy = argmin, g(z) + §||Axkr1 + Bz —c+ dil|3
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ADMM - scaled version

» The AL is
Ly(x,z,y) = f(x)+9(2)+y T (Ax+Bz—c)+5|Ax + Bz — |3
» Combine linear and quadratic terms in L,, so we have
L,(x,2,y) = f(x) + g(2) + 5| Ax + Bz — ¢ + d||3 + constants

where we use dx = (1/p)yk as a new variable.
» Exercise: Verify above algebra.

Scaled ADMM
Xer1 = argmin, f(x) + §[|Ax + Bzx — ¢ + d||3
Zkyy = argmin, g(z) + §||Axkr1 + Bz —c+ dil|3
Ok+1 = Ok + (Axkqt + Bzxyq — ©)
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ADMM - convergence

Theorem Say f, g are convex, and Ly (ordinary Lagrangian) has
a saddle-point. Then, ADMM converges, and feasible iterates
Ax, + Bz — ¢ — 0. Also, objective function approaches (primal)
optimal value: f(xx) + g(zx) — f(x*) + g(z*)
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ADMM - convergence

Theorem Say f, g are convex, and Ly (ordinary Lagrangian) has
a saddle-point. Then, ADMM converges, and feasible iterates
Ax, + Bz — ¢ — 0. Also, objective function approaches (primal)
optimal value: f(xx) + g(zx) — f(x*) + g(z*)

Selecting p is still an art! \
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ADMM - constrained optimization

min  f(x) st xeX.
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ADMM - constrained optimization

min  f(x) st xeX.

ADMM form
min  f(x) 4+ 1x(2)
st.x—z=0.
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ADMM - constrained optimization

min  f(x) st xeX.

ADMM form
min  f(x) 4+ 1x(2)
st.x—z=0.

ADMM iterations (scaled)

Xkp1 = argminf(x) + §|x — zx + dk||3
Zky1 = Pa(Xkp1 + dk)

Notice x update is proximity operator of f(x); z update is
proximity operator of 1.
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