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Outline

— Convex analysis, optimality

— First-order methods

— Proximal methods, operator splitting

— Stochastic optimization, incremental methods
— Nonconvex models, algorithms

— Geometric optimization
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Challenge - volume of convex sets

Recall polar of convex set C defined as
Co={y|vxeC(x,y) <1}.
(“Dual” set; e.g., polar of r-sphere is 1/r-sphere)
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Challenge - volume of convex sets

Recall polar of convex set C defined as
Co={y|vxeC(x,y) <1}.
(“Dual” set; e.g., polar of r-sphere is 1/r-sphere)

Mahler Volume. Let C be a symmetric convex body centered

at0. Let V(C) := [, dx be its volume; its Mahler volume is

M(C) := V(C)V(C°).
Challenge 1. Upper bound on M achieved by Euclidean ball.
Conjecture. M(C) > ‘,‘7—? for n-dimensional sets.

Open since 1939! (known as Mahler’s conjecture)

[T. Tao, Blog entry]
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Recap
gradient descent
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Gradient-descent

Assumption: Lipschitz continuous gradient; denoted f € C/
IVI(x) — VI(y)ll2 < Lllx = yll2

& Gradient vectors of closeby points are close to each other
& Obijective function has “bounded curvature”
& Speed at which gradient varies is bounded

Lemma (Descent). Let f € C/. Then,

f(y) < f(x) + (VE(x), y — x) + 5y — xII3

Theorem Let f € C] and {x} be sequence generated as above,
with o = 1/L. Then, f(x¥*1) — f(x*) = O(1/k).
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Descent lemma — corollaries

Cor. 11ffe C/,and 0 < ayx < 2/L, then f(x**1) < f(xk)

FOHT) < () + (VAR X — xK) + ST — XM
a2l
= F(X) = ag V(XY + S5 V(X)) 15
= f(x) = ax(1 = FL)IVAX)3
Thus, if ax < 2/L we have descent. Minimize over oy to get
best bound: this yields oy = 1/L
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Descent lemma — corollaries

Cor. 11ffe C/,and 0 < ayx < 2/L, then f(x**1) < f(xk)

FOHT) < () + (VAR X — xK) + ST — XM
a2l
= F(X) = ag V(XY + S5 V(X)) 15
= f(x) = ax(1 = FL)IVAX)3
Thus, if ax < 2/L we have descent. Minimize over oy to get
best bound: this yields oy = 1/L

Cor. 21f f € C], then

(F(x) = f(y), x — y) > [||VH(x) = VI(y)|®
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Linear convergence

Assumption: Strong convexity; denote f SZ,H

f(x) > f(y) + (VI(y), x = y) + 5] x — y3

e Setting ax = 2/(i + L) yields linear rate (1 > 0)
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Strongly convex - linear rate

Theorem. |If f € SZ’#, 0 < a < 2/(L+ p), then the gradient

method generates a sequence {x" } that satisfies

" 2apuL )" "
I = w1 < (1= 227 ) 0 - e

Moreover, if « = 2/(L + 1) then

2k
fuﬂ—ﬁ<LCJ1)uﬂ—fﬁ,

—2\k+1

where k = L/p is the condition number.

(Proof: see slides of Lecture 1)
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Nonsmooth problems
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Subgradient method

min f(x)

XK — Xk g”

where g € 9f(x¥) is any subgradient
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Subgradient method

min f(x)

XK — Xk g”

where gk € 9f(x¥) is any subgradient

» Method generates sequence {x*},_

» Does this sequence converge to an optimal solution x*?
» If yes, then how fast?

» Typically easier to bound f(x*) — f(x*)
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Example

min [ Ax — b||3 + Al|x||4
XK+ = xK — oy (AT(AxK — b) + Asgn(x¥))

10°

e
.
A Sash e}
Sttt ae e, O
TV

0 20 40 60 80 100
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Example — different impl.

min  3(|Ax — bl|3 + Al|x||4
XK1 = xK — o (AT (AxK — b) + Asgn(x¥))

10°
10"k
10° : ‘ : : :
0 20 40 60 80 100
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Subgradient method - stepsizes

» Constant Setay =a >0, fork >0
» Scaled constant oy = o/||g|2 (|x**1 — xK|2 = a)
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Subgradient method - stepsizes

Constant Setay =a >0, fork >0
Scaled constant o, = o/|| gl (IX*T! — x¥|l2 = «)
Square summable but not summable

2 _
Sof<oo, Y ax=o
Diminishing scalar
IIII;nozk:O, Zkak:oo

Adaptive stepsizes (not covered)

Not a descent method! .
Work with best ¥ so far: f% = ming<j< f’

min
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Convergence rates

» Let ¢(x) = |x|for x e R
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Convergence rates

» Let ¢(x) = |x|for x € R

» Subgradient method x**+' = xk

— axgk, where gk € 9|xX|.
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Convergence rates

» Let ¢(x) = |x|for x € R

» Subgradient method x*+' = x

1
k+2

kK — axgh, where gk € 9|xX|.

(optimal step), then

0 _ _ 1
vV k+1

:

|xK| =
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v

v

Convergence rates

Let ¢(x) = |x| for x € R

Subgradient method x*+1 = x

0 _ _ 1 1
If x _1andak_\/m+ o
1

VE+1
Thus, O(g—z) iterations are needed to obtain e-accuracy.

This behavior typical for the subgradient method which
exhibits O(1/vk) convergence in general

kK — axgh, where gk € 9|xX|.

(optimal step), then

:

|xK| =
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Convergence analysis

Assumptions
» Min is attained: * := infy f(x) > —oo, with f(x*) = f*
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Convergence analysis

Assumptions
» Min is attained: f* := infx f(x) > —o0o, with f(x*) = f*
» Bounded subgradients: ||g||> < G for all g € of
» Bounded domain: || x° — x*||» < R

Convergence results for: f& = ming<;< f'
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values

Kk+1

2
XK X3 = X — gk — X3
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values

k+1

2 K Kk 2
[|x x|z =[x —akg® —x*|3

I = X3 + g 1" (13 — 2(ang”, x* — x*)
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values

k
It — x5

since f* = f(x*)

Suvrit Sra (MIT)

IN

XK — axg® — x*|3

IX = x*[15 + a1 g"|15 — 2(akg”, X — x*)
k * k k %
I = x*|[5 + ollg*|I5 — 2ck (F(x) — ),

FXH) + (g, x* = x¥)

Convex, nonconvex, and geometric optim.
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values

k k k
X = X g~ X3
= X = x*|13 + afllg"|3 - 2(akg”, x* — x7)

<X = x5 + gl g"I15 — 20k (F(XF) — 1),

[1x

since f* = f(x*) > f(x¥) + (g¥, x* — x¥)

Apply same argument to || x* — x*||3 recursively
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values

k k k
X = X g~ X3
K K
= X = x*|13 + afllg"|3 - 2(akg”, x* — x7)

<X = x5 + gl g"I15 — 20k (F(XF) — 1),

[1x

since f* = f(x*) > f(x¥) + (g¥, x* — x¥)

Apply same argument to || x* — x*||3 recursively

k+1 2 *
It x| < X~ B3 gk 323 a(r-r).
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Subgradient method - convergence

Lyapunov function: Distance to x*, not function values

k k k
X = X g~ X3

= |IX* = x*|5 + afllg"|I3 — 2(akg", x* — x*)
<X = x5 + gl g"I15 — 20k (F(XF) — 1),

[1x

since f* = f(x*) > f(x¥) + (g¥, x* — x¥)

Apply same argument to || x* — x*||3 recursively

k+1 2 *
It x| < X~ B3 gk 323 a(r-r).

Now use our convenient assumptions!
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Subgradient method - convergence

||xk+1—x*||§§R2+GZZ_ 22 aq(ft = ).

» To get a bound on the last term, simply notlce (fort < k)
fl>ft >tk since fL. := min f(x’'
min = ‘min I min OSI!SI (X)
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Subgradient method - convergence

||xk+1—x*||§gR2+GZZ_ 22 aq(ft = ).

» To get a bound on the last term, simply notlce (fort < k)
fl>ft >tk nce fL. := min f(x’'
min = ‘min SI ce min 0§I!§t (X)

» Plugging this in yields the bound

k

2Zt 1 fl—f*) > 2(fk — f*)zt:1 .
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Subgradient method - convergence

||xk+1—x*||§§R2+GZZ_ 22 aq(ft = ).
» To get a bound on the last term, simply notlce (fort < k)
fi>fl >k flin = min f(x'
min = ‘min Slnce min Orgl!gt (X)
» Plugging this in yields the bound
K

2Zt 1 fl—f*) > 2(fk — f*)ZH .

» So that we finally have

k k
Kbl 2 32 2 K
O0< X =x*2 < R*+ G Et:1a,—2(f

min f*) Zt:1 ot
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Subgradient method - convergence

||xk+1—x*||§§R2+GZZ_ 22 aq(ft = ).
» To get a bound on the last term, simply notlce (fort < k)
fi>fl >k flin = min f(x'
min = ‘min Slnce min Orgl!gt (X)
» Plugging this in yields the bound
K

2Zt 1 fl—f*) > 2(fk — f*)ZH .

» So that we finally have

* k * k
0< ||Xk+1 —X ”2 < R2 + GZ Zt71 2(frﬁm —f )Zt:1 at

fk _ f* < F]’2+sz2;(:1 Oé?
min o 23 g at
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Subgradient method - convergence

» Suppose we want f&._

— f* < ¢, how big should k be?
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Subgradient method - convergence

» Suppose we want f. — f* < e, how big should k be?

» Optimize the bound for a;: want

fk

3k
min_fS 3
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Subgradient method - convergence

» Suppose we want f. — f* < e, how big should k be?

» Optimize the bound for a;: want
k
R? + G*Y i of
k
2 Zt:1 at

fk

3k
min_f <
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Subgradient method - convergence

vy

v

Suppose we want K. — f* <, how big should k be?

Optimize the bound for a;: want

R2+ G2Yf of

fk

L=< < ¢
min = > 2?21 ar
For fixed k: best possible stepsize is constant a
R? + G?ka? < N R
2ka =€ “= GVk

k. — f* < RG/Vk.
For accuracy ¢, we need at least (RG/¢)? = O(1/¢?) steps
(quite slow)

Then, after k steps X
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Subgradient method — Exercise 1

Support vector machines

> LetD:={(x,y) | xi € R", y; € {£1}}
» We wish to find w € R" and b € R such that

. m

min Zlwlz+C> . max[0,1— y(w'x +b)]
» Derive and implement a subgradient method
» Plot evolution of objective function
>
>

Experiment with different values of C > 0
Plot and keep track of X, := ming<;<x f(x?)
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Exercise 2 — Geometric median

Geometric median / Fermat-Weber

e Let A€ R™" be a matrix

Let f(x) = X, 1x — ailp

Implement different subgradient methods to minimize f
Compare against CVX (interior point)
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Exercise 3 — Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

A
FdE

at
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Exercise 3 — Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

ft—f*
ap = ———-
1913
» Motivation: recall bound and minimize RHS:
X = x*[12 < [[x" = Xx*|P = 204(f' = ) + oZ | 9")1?

» Let’s plug in a4:

(ft _ f*)2

||Xt+1 - X*HZ < HXI - X*HZ v =)
19¢]12
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Exercise 3 — Polyak’s stepsize

(ft _ f*)z

||Xt+1 _X*||2 < ”Xt _X*HZ ="y
19¢112
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Exercise 3 — Polyak’s stepsize

ft —f* 2
Ittt = < gt —xee = E2 P
19t
» Observation 1 || x! — x*|| decreases
» Recursion:
k . f*
D i i
< ||ng
» Now use ||g!|| < G

Z(ff > < RPG

» Observation 2 f! — f*
» for accuracy ¢, need k = (RG/<)?
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Nonsmooth complexity

Theorem Let B = {x | |[x — x°||> < D}. Assume, x* € B. There
exists a convex function f in C2(B) (with L > 0), such that for
0 < k < n-1, the lower-bound

F(x9) — F(x) > 5D,

holds for any algorithm that generates x* by combining the pre-
vious iterates and subgradients.

(See [Nemirovski-Yudin 1983, Nesterov 2003])
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Nonsmooth complexity

Theorem Let B = {x | |[x — x°||> < D}. Assume, x* € B. There
exists a convex function f in C2(B) (with L > 0), such that for
0 < k < n-1, the lower-bound

k) — F(x) > e,

holds for any algorithm that generates x* by combining the pre-
vious iterates and subgradients.

(See [Nemirovski-Yudin 1983, Nesterov 2003])

\ Can we do better?
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Composite objectives

Frequently nonsmooth problems take the form

‘ minimize f(x) := ¢(x) +r ‘

(e U+r€ \/
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Composite objectives

Frequently nonsmooth problems take the form

‘ minimize f(x) := ¢(x) + r(x ‘

(e U+r€ \/

Example: ¢(x) = 5||Ax — b||? and r(x) = \||x||

\ Lasso, L1-LS, compressed sensing \

Example: ¢(x) : Logistic loss, and r(x) = Al|x||1

\ L1-Logistic regression, sparse LR \
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Composite objective minimization

‘ minimize f(x) := ¢(x) + r(x) ‘

subgradient: xt1 = xk — ok gk, gk € af(x¥)

subgradient: converges slowly at rate O(1/vk)

\ but: f is smooth plus nonsmooth \

\ we should exploit: smoothness of ¢ for better method! \
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Proximal Gradient Method

min  f(x) xe X

Suvrit Sra (MIT)

Projected gradient
X < Px(x —aVif(x))

Convex, nonconvex, and geometric optim.
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Proximal Gradient Method

‘ min  f(x) xeX

Projected gradient
X < Px(x —aVif(x))

min  f(x) + h(x)

Proximal gradient
X <= ProxX,n(x — aVf(x))

prox,, denotes Euclidean proximity operator for h
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Proximity operator

Projection

Px(y) :=argmin  J||x — y|5 + 1x(x)
XeRN
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Proximity operator

Projection
Px(y):=argmin  3|x - y|§ + Lx(x)
XeRN
Proximity: Replace 1y by a closed convex function

prox,(y) := argmin % x — y|| + r(x)
X€ER"
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Prox operators — Exercise 1

Example: Let r(x) = ||x||1. Solve prox,,(y).

: 1 2
min  5|x + Alx]1-
ma slx =yl X114

Hint 1: The above problem decomposes into n independent
subproblems of the form

: 1 2
5(X — A x|.
min (0 —y)? + Alx

Hint 2: Consider the two cases: either x =0 or x # 0

Aka: Soft-thresholding operator \
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Prox operators — Exercise 2

Moreau Decomposition
» Aim: Compute prox, y
» Sometimes it is easier to compute prox,. y

r*(u) == supu’x — r(x)

» Moreau decomposition: y = prox, y + prox,. y
(Hint: Consider min 3||x — y|[3 + r(x); introduce z = x; duality)
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Prox operators — Challenge

Inf-norm prox: Develop an O(n) algorithm to solve

min - 3llx = y[I® + Al xlo
L1-TV: Develop an O(n) algorithm to solve

n—1

, 2

min - 311X = y12 + A X — X
P
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Prox operators — Explore

» Let (X, d) be a reasonable metric space.
» Study the generalized prox operator

i1 g2
)r(Ty)rgzd (X, y) + Ar(x).

(Example: consider vector spaces, manifolds, etc.)
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VIF(x*)+9oh(x*)
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VIF(x*)+9oh(x*)
0 € aVf(x*)+ adh(x¥)
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VIF(x*)+9oh(x*)
0 € aVf(x")+ adh(x¥)
x* € aVF(x*)+ (I+ adh)(x*)
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0 € VIF(x*)+9oh(x*)
0 € aVf(x*)+ adh(x¥)
x* € aVF(x*)+ (I+ adh)(x*)
x* —aVi(x*) € (I+ adh)(x*)
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0
0

*

X
x* —aVi(x®)

*

X

m M M M

VI(x*) + 0h(x™)

aVi(x*) + adh(x™)
aVi(x*) + (I + adh)(x¥)
(I'+ a0h)(x*)

(I 4+ adh) 1 (x* — aVF(x*))
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0
0

*

X
x* —aVi(x®)

*

X

*

X

m M M M

VI(x*) + 0h(x™)

aVi(x*) + adh(x™)
aVi(x*) + (I + adh)(x¥)
(I + a0h)(x*)

(I 4+ adh)~ ' (x* — aVF(x*))
prox, ,(x* — aVIF(x*))
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Where does it come from?

min f(x) + h(x)

Lemma x* = prox,,(x* — aVf(x*)), Va > 0

0
0

*

X
x* —aVi(x®)

*

X

*

X

m M M M

VI(x*) + 0h(x™)

aVi(x*) + adh(x™)
aVi(x*) + (I + adh)(x¥)
(I + a0h)(x*)

(I 4+ adh)~ ' (x* — aVF(x*))
prox, ,(x* — aVIF(x*))

Above fixed-point eqn suggests iteration

Xk41 = ProX,, n(Xk — axVI(xk))
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Why does it work?

Xky1 = ProXg, p(Xk — ax V(X))
X1 = Xk_akGak(Xk)-

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. L [T 33/80



Why does it work?

Xky1 = ProXg, p(Xk — ax V(X))
X1 = Xk_akGak(Xk)-

Gradient mapping: the “gradient-like object”

G (X) = &(x _ Pop(x — aVi(x)))

Mimic proof of x < x — aVf(x) ‘

» Our lemma shows: G,(x) = 0 if and only if x is optimal
» So G, analogous to Vf

» If x locally optimal, then G,(x) = 0 (nonconvex f)

» Analysis yields O(1/k) convergence
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Convergence analysis: descent

F(y) < F(x) + (VI(x), y = x) + 5lly — x|I2
Let y = x — aG,(x), then

a2
(y) < 1(x) — a{VF(x). Go0) + ST 1 Galx) B

Corollary. Soif 0 < a < 1/L, we have

F(y) < f(x) — a({VI(x), Ga(X)) + %IIGa(X)IIS-

Lemma Let y = x — aG,(x). Then, for any z we have

f(y) + h(y) < £(2) + h(2) + (Ga(x), X — 2) = §[|Ga(X)]3.

Exercise: Prove! (hint: f, h are convex, G, (x) — Vf(x) € dh(y))
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Convergence analysis

We've actually shown x’ = x — aG,(x) is a descent method.
Write ¢ = f + h; plug in z = x to obtain

o(x') < 6(x) — 3 Ga(X)II5.

Exercise: Why this inequality suffices to show convergence.
Use z = x* in corollary to obtain progress in terms of iterates:

$(x') =" < (Ga(x), x = x*) — 5| Ga(x)II3

1 *

= 5 [2(aGa(x). x = X) = [aGa(x)I3]
1 [ * *

= 5o |Ix=x"IB = lIx = x* = aGa (x)|}}
1 [ * *

= oo |Ix=xIB =X = x"|3].
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Convergence rate

Set x < Xk, X' < X1, and a« = 1/L. Then add

k+1 L k+1 > >
ST 000 -0 < 53 [l x 1B~ 1xie — xIE]
L 2 2
= &I =X B = lxes = xI3]
< slx Xz

Since ¢(x) is a decreasing sequence, it follows that

This is the well-known O(1/k) rate.
But for C] convex functions, optimal rate is O(1/k?)
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Faster methods™
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Optimal gradient methods

& Efficiency estimates for the gradient method:

2L)x° — x*|13

fecC]: f(xk) — F < A
2k
fes! . foky = < L (B2 0 - w2,
Ly =2 L+H 2
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Optimal gradient methods

& Efficiency estimates for the gradient method:

2L)x° — x*|13

fecC]: f(xk) — F < A
2k
fes! . foky = < L (B2 0 - w2,
Ly =2 L+H 2

& Lower complexity bounds:

3L[IX° — x*|I3

fFeCl: )~ 1) = oy
2k
fSL,u : f(Xk) —f(x*) > 5 (W) ||X0 —X ||g
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Optimal gradient methods

& Subgradient method upper and lower bounds
f(x*) — f(x) < O(1/Vk)
f( )_f(X)—2(1+\/7)

& Composite objective problems: proximal gradient gives
same bounds as gradient methods.
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Optimal Proximal Gradient

min ¢(x) = f(x) + h(x)
Let X0 = y° € dom h. For k > 1:
XK = prox,, n(y* ' — akVI(y< )

K=1  k_ k-t
k+2(X X

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009).
Simplified analysis: Tseng (2008).

yi =X+
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Optimal Proximal Gradient

min ¢(x) = f(x) + h(x)
Let X0 = y° € dom h. For k > 1:

XK = prox, n(y* ' — ax V()

k=1« ki
k+2(X X

Framework due to: Nesterov (1983, 2004); also Beck, Teboulle (2009).
Simplified analysis: Tseng (2008).

yi =X+

e Uses extra “memory” for interpolation
e Same computational cost as ordinary prox-grad
e Convergence rate theoretically optimal

2L

(k+1)2HX —X HZ

$(xF) — ¢* <
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The operator view
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Set-valued mappings

Think of 0f as a set-valued map

of = x = Of(x).
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Set-valued mappings

Think of 0f as a set-valued map
of = x =2 9f(x).

Relation R is a subset of R x R”
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Set-valued mappings

Think of 0f as a set-valued map
of = x =2 9f(x).

Relation R is a subset of R” x R"
Empty relation: ()
Identity: /:= {(x,x) | x € R"}
Zero: 0:= {(x,0) | x € R"}

We will write R(x) to mean {y | (x,y) € R}.

>
>

>

» Subdifferential: of := {(x,9) | x € R",g € 9f(x)}
>

>

Example: 9f(x) = {g | (x,9) € Of}
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Why this notation?

» Goal: solve generalized equation 0 € R(x)
» Thatis, find x € R” such that (x,0) € R
» Example: Say R = 0f, then goal

0 € R(x) & 0 € 9f(x),

means we want to find an x that minimizes f.
» Helps succinctly write / analyze problems and algorithms
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
» Any monotonically nondecreasing function T : R — R
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
» Any monotonically nondecreasing function T : R — R
» Projection and proximity operators
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Which operators are “easier”?

Def. The set valued operator R C R” x R” is called monotone if

<R(X)_R(y)’x_y>207 vaERn'

Examples:
» Any positive semidefinite matrix (Ax — Ay, x —y) >0
» The subdifferential of of a convex function (verify!)
» Any monotonically nondecreasing function T : R — R
» Projection and proximity operators

\ Generalize notion of monotonicity to vectors \

& Abstraction takes linear-algebra intuition to optimization

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. IIIII [F— 44/80



Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x) +» 0 € aR(x)
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Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x) +» 0 € aR(x) <» x € (I+aR)(x)

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. L [T 45/80



Importance of resolvent operators

Aim: solve generalized equation

0 € R(x)

Theorem The solutions to the generalized equation coincide with
points that satisfy the resolvent equation x = (/ + aR)~'(x)

Proof:

0 € R(x) < 0 € aR(x) < x € (I+aR)(x) < x = (I+aR)~(x)
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).

» Suppose (/ + Adh)~" is single valued

> Then, x = (I + \0h) ' (y) = y € (I + Adh)(x)
» Thatis, y € x + Adh(x)

» Equivalently, x — y + Adh(x) >0
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Rederiving proximal-gradient

Theorem Let h be a closed convex function, and A > 0, then

(14 X0h) 71 (y) = proxyu(y).

» Suppose (/ + Adh)~" is single valued

» Then, x = (I + ) 0h)"(y) = y € (I + \oh)(x)

» Thatis, y € x + Adh(x)

» Equivalently, x — y + Adh(x) >0

» Nothing other than optimality condition for prox-operator

proxXyp(y) = y + argmin 31X = ylI3 + Ah(x)
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More proximal splitting

((x) + f(x) + h(x)

» Direct use of prox-grad not easy
» Requires computation of: prox, s (i.e., (/ + A(9f + 9h))~")
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More proximal splitting

((x) + f(x) + h(x)

» Direct use of prox-grad not easy
» Requires computation of: prox, s (i.e., (/ + A(9f + 9h))~")

Example:

: 1 . 2 n—1 ‘ .
min  3|[x y||2+)\||X||2~|—uZi:1 |Xi 41 X','

f(x) h(x)
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More proximal splitting

((x) + f(x) + h(x)

» Direct use of prox-grad not easy
» Requires computation of: prox, s (i.e., (/ + A(9f + 9h))~")

Example:

: 1 . 2 n—1 ‘ .
min  3|[x y||24')\||X||2*|'MZI.:1 |Xi 41 X','

f(x) h(x)

» But good feature: prox; and prox, separately easier
» Can we exploit that?

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. IIIII [F— 47 /80



Proximal splitting — operator notation

> I (I + 8f + 0h)~" hard, but (/ + 8f)~! and (I + 0h)~" “easy’

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. i wessensses wae ot rernoonr 48 / 80



Proximal splitting — operator notation

» If (/1 + 0f +0h)~" hard, but (/ + 0f)~" and (/ + 0h)~" “easy”
» Let us derive a fixed-point equation that “splits” the operators
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Proximal splitting — operator notation

» If (/1 + 0f +0h)~" hard, but (/ + 0f)~" and (/ + 0h)~" “easy”
» Let us derive a fixed-point equation that “splits” the operators

Assume we are solving

min  f(x) + h(x),

where both f and h are convex but potentially nondifferentiable.
Notice: We implicitly assumed: o(f + h) = of + oh.
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Proximal splitting

0 € Jf(x)+ 0h(x)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim.

I ncaresms 49/ 80



Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x — z € (I1+ of)(x)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x —ze (I+9f)(x) = xec(I+af)"(2x - z)
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x —ze (I+9f)(x) = xec(I+af)"(2x - z)

» Not a fixed-point equation yet
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Proximal splitting

0 € Jf(x)+ 0h(x)
2x € (I+0f)(x)+ (I+0h)(x)

Key idea of splitting: new variable!
z e (I+0h)(x) = x = proxu(2)

2x —ze (I+9f)(x) = xec(I+af)"(2x - z)

» Not a fixed-point equation yet
» We need one more idea
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Douglas-Rachford splitting

Reflection operator

Ry(z) :=2prox,(z) — z
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Douglas-Rachford splitting

Reflection operator
Ry(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z)
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Douglas-Rachford splitting

Reflection operator
Ry(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)
2x € (I+af)(x)+ (I+99)(x)
2x—z € (I+0fH)(x)
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+of)(x)+ (I+09)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+9f)(x)+ (I+099)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
but R(z) = 2x—z =
z = 2x— Ry(2)
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+of)(x)+ (I+09)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
but R(z) = 2x—z =
z = 2x— Ry(2)
z = 2prox¢(Rn(z)) — Rn(z) =
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Douglas-Rachford splitting

Reflection operator
Ru(z) :=2prox,(z) — z
Douglas-Rachford method
ze (I+0h)(x), x=prox,(z) = Ru(z)=2x—-2z
0 € Of(x)+9g(x)

2x € (I+af)(x)+ (I+09)(x)
2x —z € (14 0f)(x)
x = proxq(Rn(z))
but R(z) = 2x—z =
z = 2x— Ry(2)
z = 2prox¢(Rn(2)) — Rn(z) = Ri(Rr(2))

‘ Finally, z is on both sides of the egn ‘
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Douglas-Rachford method

X = prox,(z)

0 € 0f(x) + 0h(x) & {z = Ri(Ry(2))

DR method: given zy, iterate for k > 0

Xk = Proxy(zx)
Vi = Proxs(2xx — Zx)

Zyp1 = Zg + yr(Vk — Xk)

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. L [T 51/80



Douglas-Rachford method

X = prox,(z)

0 € 0f(x) + 0h(x) & {z = Ri(Ry(2))

DR method: given zy, iterate for k > 0
Xk = Prox(zx)
Vi = Proxs(2xx — Zx)

Zi1 = Zk + YV — Xk)

Theorem If f + h admits minimizers, and () satisfy

Yk € [0,2], ka(2—7k)=00,

then the DR-iterates v, and x, converge to a minimizer.
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Douglas-Rachford method

For v« = 1, we have

Zk41 = Zk + Vik — Xk
Zk11 = Z + Proxg(2 proxp(zx) — zx) — Proxu(zx)
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Douglas-Rachford method

For v« = 1, we have

Zk41 = Zk + Vik — Xk
Zk11 = Z + Proxg(2 proxp(zx) — zx) — Proxu(zx)

Dropping superscripts, writing P = prox, we have

zZ+ 1z
T =1+ Ps2P,— 1) — Py
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Douglas-Rachford method

For v« = 1, we have

Zk41 = Zk + Vik — Xk
Zk11 = Z + Proxg(2 proxp(zx) — zx) — Proxu(zx)

Dropping superscripts, writing P = prox, we have

zZ+ 1z
T =1+ Ps2P,— 1) — Py

Lemma DR can be written as: z « %(R,«F?h + 1)z, where Ry de-
notes the reflection operator 2P; — | (similarly Rp).
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Challenge

Develop generalization of DR to 3 functions.

Partial solutions: Borwein 2013; see this webpage!
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https://carma.newcastle.edu.au/DRmethods/

Other methods

ADMM (DR on dual: nontrivial theorem)
Proximal-Dykstra

Proximal methods for fy + £, +--- + f,
Peaceman-Rachford

Proximal quasi-Newton, Newton
Nonconvex proximal methods
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Large-scale problems

(Bonus material)
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Large-scale ML

Regularized Empirical Risk Minimization

N r
min zﬁ(y,, w' X))+ Ar(w).
=
This is the f(w) + r(w) “composite objective” form we saw.
(e.g., regression, logistic regression, lasso, CRFs, etc.)

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. L [T 56 /80



Large-scale ML

Regularized Empirical Risk Minimization

N r
min n;e(y;, w' X))+ Ar(w).
=
This is the f(w) + r(w) “composite objective” form we saw.
(e.g., regression, logistic regression, lasso, CRFs, etc.)
m training data: (x;,y;) € R? x Y (i.i.d.)
m |arge-scale ML: Both d and n are large:

» d: dimension of each input sample
» n: number of training data points / samples

m Assume training data “sparse”; so total datasize <« adn.
m Running time O(#nnz)
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Regularized Risk Minimization

Empirical: F(w) = 17 0(y;, wTx;) + Ar(w)
Generalization: F(w) = E, ,[((y, w"x)] + Ar(w)
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Regularized Risk Minimization

Empirical: F(w) = 17 0(y;, wTx;) + Ar(w)
Generalization: F(w) = E, ,[((y, w"x)] + Ar(w)
Single pass through data for F(w) by sampling n iid points

Multiple passes if only minimizing empirical cost ﬁ(W)
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Stochastic optimization

Minxex F(X) := Ee[f(x, )]
(f: loss; x: parameters; £: data samples)

Setup
1. X c RY compact convex set
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Stochastic optimization

Minxex F(X) := Ee[f(x, )]
(f: loss; x: parameters; £: data samples)

Setup
1. X c RY compact convex set
2. ¢ r.v. with distribution P on Q c R?
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Stochastic optimization

Minxex F(X) := Ee[f(x, )]
(f: loss; x: parameters; £: data samples)

Setup

1. X c RY compact convex set

2. ¢ r.v. with distribution P on Q c R?
3. The expectation

Ec[f(x, )] = Jq f(x,£)dP(¢)

is well-defined and finite valued for every x € X.
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Stochastic optimization

Minxex F(X) := Ee[f(x, )]
(f: loss; x: parameters; £: data samples)

Setup

1. X c RY compact convex set

2. ¢ r.v. with distribution P on Q c R?
3. The expectation

Ec[f(x, )] = Jq f(x,£)dP(¢)

is well-defined and finite valued for every x € X.
4. Forevery ¢ € Q, f(+,£) is convex
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Stochastic optimization

Assumption 1: Possible to generate iid samples &1, &o, . . .
Assumption 2: Oracle yields stochastic gradient g(x, ¢), i.e.,

G(x) == E[g(x,£)] st G(x) € dF(x).
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Stochastic optimization

Assumption 1: Possible to generate iid samples &1, &o, . . .
Assumption 2: Oracle yields stochastic gradient g(x, ¢), i.e.,

G(x) == E[g(x,£)] st G(x) € dF(x).

Theorem Let ¢ € Q; If (-, &) is convex, and F(-) is finite valued in
a neighborhood of x, then

OF(x) = E[0xf(x,&)]
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Stochastic optimization

Assumption 1: Possible to generate iid samples &1, &o, . . .
Assumption 2: Oracle yields stochastic gradient g(x, ¢), i.e.,

G(x) == E[g(x,£)] st G(x) € dF(x).

Theorem Let ¢ € Q; If (-, &) is convex, and F(-) is finite valued in
a neighborhood of x, then

OF(x) = E[0xf(x,&)]
» So g(x,w) € Okf(x,w) is a stochastic subgradient.
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Stochastic optimization methods

& Stochastic Approximation (SA) / Stochastic gradient (SGD)
» Sample ¢ iid
» Generate stochastic subgradient g(x, &)
» Use that in a subgradient method
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Stochastic optimization methods

& Stochastic Approximation (SA) / Stochastic gradient (SGD)
» Sample ¢ iid
» Generate stochastic subgradient g(x, &)
» Use that in a subgradient method

& Sample average approximation (SAA)

» Generate niid samples, {1, ..., &n

» Consider empirical objective F, := n=13", f(x, &)

» SAA refers to creation of this sample average problem
» Minimizing F, still needs to be done!
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Stochastic gradient

SA or stochastic (sub)-gradient

> Letxge X
» Fork >0

o Sample &x; compute g(xk, &k) using oracle
o Update xx.1 = Px(Xk — axg(X«, k), where ax > 0

We’ll simply write

Xk+1 = P (X — o)

?

Q..
@ Does this work?

=
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SGD convergence

» X, depends onrvs &1, ..., &k_1, SO itself random

» Of course, x; does not depend on &

» Subgradient method analysis hinges upon: ||xx — x*||?
» Stochastic subgradient hinges upon: E[||xx — x*||?]

Denote: Ry := || xx — x*||? and ry := E[Rk] = E[||xx — x*||?]
Bounding Ry

[ Xk1 — X153 = || Pr (X — Qi) — P (x*)||3
< lxk — x* — awgkli3

Rk + o |9klI5 — 20k ( Gk, Xk — X*).

R+
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SGD convergence

Rii1 < Rk + of]|gkl13 — 2ak(gk, Xk — X*)

» Assume: ||gk|lo < Mon X
» Taking expectation:
Mkt < Mk + agMP — 20 E[(gi, Xk — X*)].

» We need to now get a handle on the last term
» Since x is independent of &, we have

E[<Xk - X, g(Xk>£k)>] = E{E[<Xk - X7, g(kafk» ‘ f[1..(k—1)]]}
= E{(x — X", E[90%, &) | &1k }
= E[(xx — x*, Gx)], Gk € O0F(xk).
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SGD convergence

It remains to bound: E[(xx — x*, Gk)] ‘

» Since Fis cvx, F(x) > F(xx) + (Gk, x — x¢) forany x € X.
» Thus, in particular

2akE[F(x7) = F(X)] = 20kE[{Gk, X — Xk)]
Plug this bound back into the rx, 1 inequality:

eyt < e+ agM? — 204E[(G, Xk — x*)]
2akE[<Gk, X — X*>] < Tk — Tk akMz
<

2ayE[F(xi) — F(x™)] Tk — Tkt + axMP.

\ We’ve bounded the expected progress; What now? \
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SGD convergence

2akE[F(xk) — F(X*)] < 1k — Tyt + axMP.

Sumupoveri=1,..., k,toobtain

IN

S @aEF() ~ ) < Ay + MY o

< n+ M2 Z,‘a’?'

A

Divide both sides by } *; a;, so
» Sety; = Ok”

i i

» Thus,~ >0and ) ;v =1

2 2
n—+ M3 a;

E[30i(FO0) = FOey)] = T3
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v

SGD convergence

But we wish to say something about x,
Since v; > 0 and 3_¥~, = 1, and we have ~;F(x;)
Easier to talk about averaged

Xk = Z:( ViXi-

f(xk) < >_;7iF(x;) due to convexity
So we finally obtain the inequality
cht M? Zia/?'

E[F() — F(x)] < g
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SGD convergence

& Let Dy := maxyex || X — x*||2 (act. only need || x; — x*|| < Dy)
& Assume «; = « is a constant. Observe that
D/?\, + M2ka?

E[F (%) — FO)] < =42

& Minimize rhs over a > 0; thus E[F(Xx) — F(x*)] < %

& If k is not fixed in advance, then choose

6Dy
=

We showed O(1/v/k) rate

i=1,2,...

Q;j
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Smooth stochastic optimization

Theorem Let f(x, &) be C] convex. Let e := VF(xx) — g satisfy
E[ex] = 0. Let ||x; — x*|| < D. Also, let o; = 1/(L + n;). Then,

k

i=1

* 2 k ; 2
F(Xie1) — F(x*)] < 2+ 577 Elaltl,

El -
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Smooth stochastic optimization

Theorem Let f(x, &) be C] convex. Let e := VF(xx) — g satisfy
E[ex] = 0. Let ||x; — x*|| < D. Also, let o; = 1/(L + n;). Then,

D? llei|
El g F i) = | <om+ Z, 1 n

Plugging in average xx = R ZH Xi+1 we get

E[F(Xx) — F(x* ]<2ak+kzl1 ?7
» Using a; = L + n; where n; < 1/v/k we obtain
E[F(X) — F(x")] = O(*%) + O(22)

where ¢ bounds the variance E[||e,-\|2]

Minimax optimal
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Stochastic optimization — strongly convex

Theorem Suppose f(x, {) are convex and F(x) is u-strongly con-
vex. Let xi := Zf‘;& 0;x;, where 6; = % we obtain
2M?
E[F(Xk) — F(x*)] € ——.

(Lacoste-Julien, Schmidt, Bach (2012))
With uniform averaging X = 1} > Xi, we get O(log k/k).
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SGD convergence summary

Cvx Class Rate Iterate | Minimax
Cc? 1/Vk X Yes
C? logk/Vk | xx No
C] 1/Vk Xk Yes
SP (logk)/k | Xk, Xk No
SZ 1/k Xic, Xk Yes
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Extensions

m Proximal stochastic gradient

X1 = ProX,, n[Xk — e g(X, )]

(Xiao 2010; Hu et al. 2009)
Accelerated versions also possible
(Ghadimi, Lan (2013))

m Related methods:

m Regularized dual averaging (Nesterov, 2009; Xiao 2010)
m Stochastic mirror-prox (Nemirovski et al. 2009)
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Finite-sum problems

min Zf

xERd

Suvrit Sra (MIT) Convex, nonconvex, and geometric optim. " ssssscnssts msssectrecmoosy 72/ 80



Finite-sum problems

xERd

min  f(x) = lzn: fi(x).
i=1

Gradient / subgradient methods

Xkr1 = Xk — o VIE(X)
X1 = Xk —o9(Xk), 9 € If(xk)
X1 = pI’OXakr(Xk — OZKVf(Xk))
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Stochastic gradient

At iteration k, we randomly pick an integer
i(k) e {1,2,...,m}

Xk+1 = Xk — ok Vi) (Xk)

» The update requires only gradient for ;)

» Uses unbiased estimate E[V ;)] = Vf

» One iteration now n times faster using V£(x)
» But how many iterations do we need?
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Stochastic gradient

Method \ Assumptions Full Stochastic
Subgradient | convex O(1/vk) O(1/Vk)
Subgradient | strongly cvx  O(1/k) O(1/k)

So using stochastic subgradient, solve n times faster.
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Stochastic gradient

Method \ Assumptions Full Stochastic
Subgradient | convex O(1/vk) O(1/Vk)
Subgradient | strongly cvx  O(1/k) O(1/k)

So using stochastic subgradient, solve n times faster.

Method \ Assumptions Full Stochastic
Gradient convex O(1/k) O(1/Vk)
Gradient | strongly cvx  O((1 — u/L)¥)  O(1/k)

— For smooth problems, stochastic gradient needs more iterations
— Widely used in ML, rapid initial convergence
— Several speedup techniques studied, but worst case remains same
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Hybrid methods

» Hybrid of stochastic gradient with full gradient.

Stochastic Average Gradient (SAG) (Le Roux, Schmidt, Bach 2012)
o store the gradients of Vfifori=1,..,n
o Select uniformly at random i(k) € {1,...,n}
o Perform the update

. e
ax Vii(xk) ifi=i(k)

X1 = X = — Zyik yi'= {y.kl—1 otherwise
i=1 ! .
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Hybrid methods

» Hybrid of stochastic gradient with full gradient.

Stochastic Average Gradient (SAG) (Le Roux, Schmidt, Bach 2012)
o store the gradients of Vfifori=1,..,n
o Select uniformly at random i(k) € {1,...,n}
o Perform the update

Vii(xx) ifi=i(k
Xkt = Xk — Zyl i = { _( ¥ (. )

y otherwise.
o Randomized / stochastlc version of incremental gradient method
of Blatt et al (2008)
o Storage overhead; acceptable in some ML settings:
B fi(x) =, xT®(a)), Vi(x) = VI, xTd(a))d(a)
m Store only n scalars (since depends only on x' a))
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Convergence rates

Method | Assumptions Rate
Gradient convex O(1/k)
Gradient strongly cvx O((1 — p/L)<)
Stochastic | strongly cvx  O(1/k)
SAG strongly convex  O((1 — min {£, L1)k)

This speedup also observed in practice
Complicated convergence analysis

Similar rates for many other methods

— stochastic dual coordinate (SDCA); [Shalev-Shwartz, Zhang, 2013]

— stochastic variance reduced gradient (SVRG); [Johnson, Zhang, 2013]
— proximal SVRG [Xiao, Zhang, 2014]

— hybrid of SAG and SVRG, SAGA (also proximal); [Defazio et al, 2014]
— accelerated versions [Lin, Mairal, Harchoui; 2015]

— asynchronous hybrid SVRG [Reddi et al. 2015]

— incremental Newton method, S2SGD and MS2GD, ...
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Incremental Gradient Methods

min F(x) = 137 . fi(x)

The incremental gradient method (IGM)
» Letxg € R"
» Fork>0
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Incremental Gradient Methods

min F(x) = 137 . fi(x)

The incremental gradient method (IGM)
» Letxg € R"
» Fork>0
Pick i(k) € {1,2,..., n} uniformly at random
Xk1 = Xk — Mk Vi) (Xk)
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Incremental Gradient Methods

min F(x) = 137 . fi(x)

The incremental gradient method (IGM)
» Letxg € R"
» Fork>0
Pick i(k) € {1,2,..., n} uniformly at random
Xk1 = Xk — Mk Vi) (Xk)

g = Vfjk may be viewed as a stochastic gradient
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Incremental Gradient Methods

min F(x) = 137 . fi(x)

The incremental gradient method (IGM)
» Letxg € R"
» Fork>0
Pick i(k) € {1,2,..., n} uniformly at random
Xk1 = Xk — Mk Vi) (Xk)

g = Vfix) may be viewed as a stochastic gradient

g := g'"™® + e, where e is mean-zero noise: E[e] = 0
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Incremental Gradient Methods

» Index i(k) chosen uniformly from {1,..., n}
» Thus, in expectation:

Elg] =
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Incremental Gradient Methods

» Index i(k) chosen uniformly from {1,..., n}
» Thus, in expectation:
Elg] = Ei[Vfi(x)]
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Incremental Gradient Methods

» Index i(k) chosen uniformly from {1,..., n}
» Thus, in expectation:

Elg] = EVA()I = FVi(x) =
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Incremental Gradient Methods

» Index i(k) chosen uniformly from {1,... n}
» Thus, in expectation:

Elg] = EVAi()] =) FVHi(x) = VF(x)
» Alternatively, E[g — g'™®] = E[e] = 0.

» We call g an unbiased estimate of the gradient
» Here, we obtained g in a two step process:

o Sample: pick an index i(k) unif. at random
o Oracle: Compute a random gradient based on i(k)
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Incremental Gradient Methods

» Index i(k) chosen uniformly from {1,..., n}
» Thus, in expectation:

Elg) = EVA()] = Y, 1VA(x) = VF(x)

» Alternatively, E[g — g'™®] = E[e] = 0.
We call g an unbiased estimate of the gradient

v

» Here, we obtained g in a two step process:

o Sample: pick an index i(k) unif. at random
o Oracle: Compute a random gradient based on i(k)

» Individual gk values can vary a lot
» Variance (E[||g — g'™¢||?]) influences convergence rate
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Controlling variance

» Instead of using gk = V) (xk), correct it by using true
gradient every m > n steps (recall: F = 137, f(x))
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Controlling variance

» Instead of using gk = V) (xk), correct it by using true
gradient every m > n steps (recall: F = 137, f(x))
» Reduces variance of gx(xk,&k); speeds up convergence
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Controlling variance

» Instead of using gk = V) (xk), correct it by using true
gradient every m > n steps (recall: F = 137, f(x))
» Reduces variance of gx(xk,&k); speeds up convergence

VFE(X) = 5> 6%
X1 = X — Mk[Viigy (Xk) — Vi (X) + VF(X)]

Ik (Xk,Ex)
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Controlling variance

» Instead of using gk = V) (xk), correct it by using true
gradient every m > n steps (recall: F = 137, f(x))
» Reduces variance of gx(xk,&k); speeds up convergence

VFE(X) = 5> 6%
X1 = X — Mk[Viigy (Xk) — Vi (X) + VF(X)]

Ik (Xk,Ex)

» Thus, with { = i(k), E¢[gk|xk] = VF(xk)
But with lower variance!
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Controlling variance

» Instead of using gk = V) (xk), correct it by using true
gradient every m > n steps (recall: F = 137, f(x))
» Reduces variance of gx(xk,&k); speeds up convergence

VFE(X) = 5> 6%
X1 = X — Mk[Viigy (Xk) — Vi (X) + VF(X)]

Ik (Xk,Ex)

» Thus, with { = i(k), E¢[gk|xk] = VF(xk)
But with lower variance!
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SVRG

m Fors>1:
X 4= Xs_1
g+ VF(X) (full gradient computation)
Xo = X; t<+ RAND(1,m) (randomized stopping)

Fork=0,1,...,t—1

m Randomly pick i(k) € [1..m]

B X1 = Xk — (Vo (%) — Vi (X) + 9)
Xs < Xt
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SVRG

m Fors>1:
X 4= Xs_1
g+ VF(X) (full gradient computation)
Xo = X; t<+ RAND(1,m) (randomized stopping)

Fork=0,1,...,t—1

m Randomly pick i(k) € [1..m]

B X1 = Xk — (Vo (%) — Vi (X) + 9)
Xs < Xt

Theorem Assume each fi(x) is smooth, and F(x) strongly-
convex. Then, for sufficiently large n, thereis a < 1 s.t.

E[F(Xs) = F(x")] < o®[F(X0) — F(X")]
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