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Monotone operators

Def. Set-valued map: R: X — 2%, or view it as a subset of X x X

Def. The set valued operator R C R™ x R" is called monotone if
(R(z) — R(y), z —y) >0, xz,ycR"

Exercise: Verify that for convex f, Vf is a monotone operator.

Exercise: Verify that for convex f, df is a monotone operator.

& Abstraction helps take our linear-algebra intuition to optimization

)
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Resolvents

Aim: Solve generalized equation (inclusion problem):
0 € R(x)
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Resolvents

Aim: Solve generalized equation (inclusion problem):
0 € R(x)

Theorem The solutions to the generalized equation coincide with
fixed-points of the resolvent: z = (I + aR)~!(z)

Proof:
0€R(z) < 0caR(z) <z € (I+aR)(z) < z=(I+aR) ()
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Prox-operators and Resolvents

prox,; = (I + X9f)~!
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Prox-operators and Resolvents

prox,; = (I + X9f)~!

The proximal-point algorithm

min f(x)
2"t = prox,, ;(z*)

" = (I + a0 f) 1 (aF)
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Prox-operators and Resolvents

prox,; = (I + X9f)~!

The proximal-point algorithm

min f(x)
2"t = prox,, ;(z*)

karl — (I_'_Oékaf)fl(mk)

‘ For suitable f, captures numerous algorithms! ‘

Theorem If f admits minimizers, and Zk oy, < 00, then {wk} con-
verges to a minimizer.
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Proximal splitting

min f(z) +g(z)

» Proximal point algorithm directly usually not easy
> Requires computation of: proxy ;) (i.e., (I +A(@f +8g))~")
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Proximal splitting

min f(z) +g(z)

» Proximal point algorithm directly usually not easy
> Requires computation of: proxy ;) (i.e., (I +A(@f +8g))~")

Example:

. n—1
min e — gl + Ml +u > i — il




Proximal splitting

min f(z) +g(z)

» Proximal point algorithm directly usually not easy
> Requires computation of: proxy ;) (i.e., (I +A(@f +8g))~")

Example:

. n—1
min e — gl + Ml +u > i — il

f(z) gz;)

» But good feature: prox; and prox, separately easier
» Can we exploit that?



Proximal splitting — operator notation

0 € df(x)+ dg(x)
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Proximal splitting — operator notation

0 € df(x)+ dg(x)

» If (I +0f+09)~! hard, but (I+9f)~! and (I +39g)~! “easy”
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Proximal splitting — operator notation

| 0 € df(x) + dg(x) |

» If (I+0f+09g)~! hard, but (I +0f)~! and (I +39g)~! “easy”
» For 0 € R(z) we had derived the fixed-point equation

r=(I+A\R) (2)
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Proximal splitting — operator notation

| 0 € df(x) + dg(x) |

» If (I+0f+09g)~! hard, but (I +0f)~! and (I +39g)~! “easy”
» For 0 € R(z) we had derived the fixed-point equation

r=(I+A\R) (2)

» Let us derive a fixed-point equation that “splits” the operators!
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Proximal splitting

0 € Of(x)+ dg(x)
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Proximal splitting

0 € Of(x)+ dg(x)

2r €

(I +0f)(x) + (I + dg)(x)

/10



Proximal splitting

0 € 9Jf(x)+ 9g(x)
2 € (I+09f)(x)+ (I+9g)(x)

Key idea: new variable!
z € (I +9g)(x)



Proximal splitting

0 € 9Jf(x)+ 9g(x)
2 € (I+09f)(x)+ (I+9g)(x)

Key idea: new variable!
z € (I +9g)(x)

20—z € (I +0f)(x)



Proximal splitting

0 € 9Jf(x)+ 9g(x)
2 € (I+09f)(x)+ (I+9g)(x)

Key idea: new variable!
z € (I +9g)(x)

2 —z€ (I+0f)(x) = x€ (IT+0f) (22— 2)



Proximal splitting

0 € 9Jf(x)+ 9g(x)
2 € (I+09f)(x)+ (I+9g)(x)

Key idea: new variable!
z € (I +9g)(x)

2 —z€ (I+0f)(x) = x€ (IT+0f) (22— 2)

» Not quite a fixed-point equation yet



Proximal splitting

0 € 9Jf(x)+ 9g(x)
2 € (I+09f)(x)+ (I+9g)(x)

Key idea: new variable!
z€ (I+0g)(z)
2 —z€ (I+0f)(x) = x€ (IT+0f) (22— 2)

» Not quite a fixed-point equation yet
» We need another idea



Proximal splitting

0 € 9Jf(x)+ 9g(x)
2 € (I+09f)(x)+ (I+9g)(x)

Key idea: new variable!
z € (I +9g)(x)

2 —z€ (I+0f)(x) = x€ (IT+0f) (22— 2)

» Not quite a fixed-point equation yet
» We need another idea

» Reflection operator:

Ry(z) := 2prox(r) — x
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Douglas-Rachford splitting

z € (I +0g)(z), x = proxs(z),
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Douglas-Rachford splitting

z€ (I +0g)(x), x=proxs(z), Ry(z)=2z—=2

» Here is a simple derivation
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Douglas-Rachford splitting

z € (I +09g)(r), x=proxs(z),
» Here is a simple derivation
0 € Of(x)+9dg(z)

20 € (I4+09f)(x)+ (I +9g)(x)
20—z € (I+09f)(x)

Ry(z) =2z — z
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Douglas-Rachford splitting

z€ (I +0g)(x), x=proxs(z), Ry(z)=2z—=2

» Here is a simple derivation

0 € Of(x)+9dg(z)
20 € (I4+09f)(x)+ (I +9g)(x)
2e—z € (I+0f)(x)
Ry(2) = (I+0f)(x) = z=proxp(Ry(z))
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Douglas-Rachford splitting

z€ (I +0g)(x), x=proxs(z), Ry(z)=2z—=2

» Here is a simple derivation

0

2z

20 — z
Ry(2)

I m m m

of(x) + 9g(x)

(I +0f)(x) + (I +9g)(x)

(I +0f)(z)

(I+0f)(x) = x=proxs(Ry(z))
20 — Ry(z) = 2pr0xf(Rg(z)) — Ry(2) =
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Douglas-Rachford splitting

z€ (I +0g)(x), x=proxs(z), Ry(z)=2z—=2

» Here is a simple derivation

0 € Of(x)+0g(x)
20 € (I4+09f)(x)+ (I +9g)(x)
20—z € (I+09f)(x)
Ry(2) = (I+0f)(x) = z=proxp(Ry(z))

N
Il

2z — Ry(z) = 2prox;(Ry(z)) — Ry(2) = Rp(Ry(2))

optimality condition

T = prox,(z)

0e 8f($) + 89(3?) At {z = Rf(Rg<Z)>




Douglas-Rachford method

DR method: given 20, iterate for k > 0

aF = prox, (%)

oF = proxf(2xk — 29

L= ok ’Yk(vk — xk)
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Douglas-Rachford method

DR method: given 20, iterate for k > 0

aF = prox, (z")

oF = proxf(2xk — 29

zk-i—l _ zk + ’Yk(vk - xk)

Theorem If f + g admits minimizers, and (7;) satisfy
Yk € [072]7 Zkf)/k(2_’7/€) = 00,

then the DR-iterations z* converge to a minimizer.
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