Convex Optimization

(EE227A: UC Berkeley)

Lecture 12
(Subgradient methods)

28 Feb, 2013

o

Stefanie J. (for Suvrit Sra)



Announcements

» Midterm: final date is 19th March
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Unconstrained convex problem

min, f(x)

How to optimize?
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Unconstrained convex problem

min, f(x)

How to optimize?

Start with some guess 2V set k=0
If 0 € Of(«*), stop; output 2*
Otherwise, generate next guess x*+1
Repeat above procedure

» In reality: we stop in finite time
» Only solve problem approximately
> fab) < fla*) +e

» shorthand f* < f*+¢
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Subgradient method

2HH = gk _ g g

where g* € 0f(2*) is any subgradient
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Subgradient method

2HH = gk _ g g

where g* € 0f(2*) is any subgradient

Stepsize a; > 0 must be chosen

k
» Method generates sequence {:c }kzo
» Does this sequence converge to an optimal solution z*7
» If yes, then how fast?
» What if have constraints: = € C?
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Example

1Az — b3 + All[lx
a® — o (AT (Az® — b) + Asgn(z"))
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Example

min || Az — b3 + Allz|
a* = 2k — a (AT (Az* — b) + Asgn(zh))

2

10
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(More careful implementation)
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Subgradient method — stepsizes

» Constant Set ap = a >0, for k>0
» Scaled constant a; = o/||¢"|2 (||=

k+1

— a2 = a)
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Subgradient method — stepsizes

Constant Set o, = a >0, for k>0

Scaled constant oy, = o/||g"|l2  (||z*! — 2¥||2 = @)

Square summable but not summable

2
o < 00 A = OO
Ek: k ) Ek k

Dlmmlshmg scalar
lim o, = 0 A — OO
k k ’ Zk k

Adaptive stepsizes (not covered)

Not a descent method!
Work with best f* so far: f*

min ‘= MiNg<;<k |
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Convergence analysis

Assumptions
» Min is attained: f* :=inf, f(z) > —oo, with f(z*) = f*
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Convergence analysis

Assumptions
» Min is attained: f* :=inf, f(z) > —oo, with f(z*) = f*
» Bounded subgradients: ||g||2 < G for all g € Of
(f(z) — f(y) = (g¢,  — y); use Cauchy-Schwarz or Holder)
» Bounded domain: [z° — 2*[|s < R

Convergence results for: f*. :=ming<;< f°
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Subgradient method — convergence

Lyapunov function: Distance to z*, not function values
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Subgradient method — convergence

Lyapunov function: Distance to x*, not function values

lz* —2*|F = fa* — arg® — ¥

lz* — 2|3 + agllg" 3 — 2(ang”, 2* —2%)
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Subgradient method — convergence

Lyapunov function: Distance to x*, not function values

= 23 lz* — arg® — |3
lz* — 2|3 + g llg" 3 — 2(ang”, 2* —2%)

¥ — &I + a?llg 3 - 20(f(2*) — £7),

IN

F@®) + (g*, a* —a¥)

A\

since f* = f(z*)
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Subgradient method — convergence

Lyapunov function: Distance to x*, not function values

2 g " —apg® —x

2t — 2|13 l2* — arg® — 2*[|3

= ek — 3+ a2llgM 3 — 2ang®, o — o)
o — 2% 3 + a2 g 13 — 20n(f (") — 1),
. * % k k x _ .k

since f* = f(z*) > f(z") + (¢", x* — ")

Apply same argument to ||z¥ — 2*|3 recursively

IN
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Subgradient method — convergence

Lyapunov function: Distance to x*, not function values

e+ — a3 = [l — apg® — 2”3
= ok = 2* I3+ aZllgF3 — 2oug®, o — o)
ot — 2*[13 + a2llg* 13 — 20 (f(2*) — ),

since f* = f(a*) = f(a*) + (g, ¥ — a¥)

IN

Apply same argument to ||z¥ — 2*|3 recursively

k k
lh ! — a3 < [la® — " 13+3_ ol -2 (s 7).
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Subgradient method — convergence

Lyapunov function: Distance to x*, not function values

= 23 2% — arg® — 2|3

= ot — 2" 3 + a2llg" I3 — 2ang®, o — %)
¥ — &I + a?llg 3 - 20(f(2*) — £7),

IN

since f* = f(a*) = f(a*) + (g, ¥ — a¥)

Apply same argument to ||z¥ — 2*|3 recursively

k k
lh ! — a3 < [la® — " 13+3_ ol -2 (s 7).

Now use our convenient assumptions!
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Subgradient method — convergence

k k
k+1 * ]2 2 2 2 t px
[ B < B2 @Y 0?23 (st - ).
» To get a bound on the last term, simply notice (for ¢ < k)

t t k . t e : ]
f 2 fmin Z fmin since min Or;lzlgtf(xl)
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Subgradient method — convergence

k

k *
|54 B < B2 GEY e 23 s f).

» To get a bound on the last term, simply notice (for ¢ < k)

t t k . t e : ]
f 2 fmin Z fmin since min Or;lzlgtf(xl)

» Plugging this in yields the bound

23 al(f ) 2 2A M~ 1Y e
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Subgradient method — convergence

Hl’k+1 T H2<R2+G227 _2Zt 10415 ft *)

» To get a bound on the last term, simply notice (for ¢ < k)

t t k . t I
f 2 fmin Z fmin since min Orgzlgtf( )

» Plugging this in yields the bound

23 al(f ) 2 2A M~ 1Y e

» So that we finally have
k

k
k+1 * 2 2
0<|le* —a*lp S B2+ G2 Y o = 2Afhi — D,
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Subgradient method — convergence

k k
k 1|2 2 2 2 *
[~ B < R+ @Y 0?23 (st - ).
» To get a bound on the last term, simply notice (for ¢ < k)

t t k . t e : ]
f 2 fmin Z fmin since min Orélzlgtf(xl)

» Plugging this in yields the bound

k t _ p* k. px k
2 ol =) =2 )Y, o
» So that we finally have

k k
k+1 * 2 2 2 k *
0<a*! 2y SR 4 G2y of —2fh— f)Y o

k * R?+G? Zf:1 0‘?
in f < %
min — 9 thl o
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Subgradient method — convergence

k * R*4+G? Zf:l of
min = 25" a

Exercise: Analyze limy_, o f*

min

stepsize that we mentioned.

— f* for the different choices of
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Subgradient method — convergence

k
k S f* < R2+G2kzt:1 af
min — 2 Zt:l o

Exercise: Analyze limy_, o f*

min
stepsize that we mentioned.
Constant step: oy = a; We obtain

— f* for the different choices of

< R? + G?ka?

k_ px
fmm f oka
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Subgradient method — convergence

k
k S f* < R2+G2kzt:1 a?
min — 2 Zt:l o

Exercise: Analyze limy_, o f*

min
stepsize that we mentioned.
Constant step: oy = a; We obtain

— f* for the different choices of

as k — oo.

< R? + G?ka? G2«

k_ px
fmm f oka — 9
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Subgradient method — convergence

k
k S f* < R2+G2kzt:1 a?
min — 2 Zt:l o

Exercise: Analyze limy_, frlflin — f* for the different choices of
stepsize that we mentioned.
Constant step: oy = a; We obtain

< R? + G?ka? G2«

k *
in — — k — oo.
fmln f 2kar 9 as

Square summable, not summable: )", a2 < oo, >, ap = 00
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Subgradient method — convergence

k
k S f* < R2+G2kzt:1 a?
min — 2 Zt:l o

Exercise: Analyze limy_, frlflin — f* for the different choices of
stepsize that we mentioned.

Constant step: oy = a; We obtain

< R? + G?ka? G2«

e — 5 as k — oo.

fom— I

: 2
Square summable, not summable: >~ o < o0, >, ap = 0
As k — oo, numerator < oo but denominator — oo; so fX. — f*
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Subgradient method — convergence

k
k o f* < R2+G2kzt:1 a?
min — 2 Zt:l o

Exercise: Analyze limy,_,o, f*.
stepsize that we mentioned.
Constant step: oy = a; We obtain

— f* for the different choices of

as k — oo.

R? + G?ka? G2«
k. px <

Square summable, not summable: )", a2 < oo, >, ap = 00
As k — 0o, numerator < oo but denominator — co; so fX. — f*

min

In practice, fair bit of stepsize tuning needed, e.g. ay = a/(b+1)
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Subgradient method — convergence

» Suppose we want fr]fnn — f* < e, how big should k be?
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Subgradient method — convergence

» Suppose we want frljlin — f* < e, how big should k be?

» Optimize the bound for ay: want

k
min_f*é €
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Subgradient method — convergence

» Suppose we want frljlin — f* < e, how big should k be?

» Optimize the bound for ay: want

k
Eopra R+ G0 o
min — k =

2> 1
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Subgradient method — convergence

» Suppose we want fllilin — f* < e, how big should k be?

» Optimize the bound for ay: want

k
Eopra R+ G0 o
min — k =

2> 1

» For fixed k: best possible stepsize is constant «

R? + G?ko? R
— <€ = a=

2ka - GVk
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Subgradient method — convergence

Suppose we want fllilin — f* < e, how big should k be?

Optimize the bound for ay: want

k

ko f* < R2 + G2Zt=1 Oé%

min > % =
2> 1

For fixed k: best possible stepsize is constant «

R? + G?ko? R
- <e = a=

2ka - GVk

Then, after k steps fk. — f* < RG/Vk.
For accuracy €, we need at least (RG/¢)? = O(1/€?) steps
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Subgradient method — convergence

v

Suppose we want fllilin — f* < e, how big should k be?

Optimize the bound for ay: want

k

ko f* < R2 + G2Zt=1 Oé%

min > % =
2> 1

For fixed k: best possible stepsize is constant «

R? + G?ko? R
- <e = a=

2ka - GVk

Then, after k steps fk. — f* < RG/Vk.
For accuracy €, we need at least (RG/¢)? = O(1/€?) steps

(quite slow)
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Exercise

v

Support vector machines

Let D := {(xi, %) | v; € R",y; € {£1}}
We wish to find w € R™ and b € R such that

mwil? 2||w||2+C’Z max[0, 1 — y;(w”z; + b)]

)

Derive and implement a subgradient method
Plot evolution of objective function
Experiment with different values of C > 0
Plot and keep track of f. = ming<;<y f(2)
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Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

=

p =
lgt113
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Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

=

ap =
194113

» Motivation: recall bound
2" — 2| < o’ — 2*|* = 204 (f* = f) + of g

and minimize RHS.
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Polyak’s stepsize

» Assume f* is known (or can be estimated). Then use

=

ap =
194113

» Motivation: recall bound
2" — 2| < o’ — 2*|* = 204 (f* = f) + of g

and minimize RHS.

» Let's plug in ay:

t_ f*\2
”xt—i-l _w*HQ < th _$*||2 o (f J;)
gt
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Polyak’s stepsize

t _ px\2
||.’Et+1 —l‘*HQ < ||J,‘t —iIJ*||2 _ (f f2)
e
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Polyak’s stepsize

ft _ f* 2
||1L‘t+1—1‘*||2§||$t—l‘*||2—( 2)
gl

» Observation 1 ||zf — 2*|| decreases
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Polyak’s stepsize

2
||.’L‘t+1 _ x*HQ < ||:Et _ x*HQ _ (ft - f*)
B lge]1?
» Observation 1 ||zf — 2*|| decreases

» Recursion:
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Polyak’s stepsize

2
||.’L‘t+1 _ l‘*||2 < ||LL‘t _ x*HQ _ (ft - f*)
- lgell?
» Observation 1 ||zf — 2*|| decreases

» Recursion:

Z(ft {*)2 < Hflfl—x*”Q < R2

i 17|

» Now use ||¢'|| < G
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Polyak’s stepsize

2
||.’L‘t+1 _ l‘*||2 < ||LL‘t _ x*HQ _ (ft - f*)
- lgell?
» Observation 1 ||zf — 2*|| decreases

» Recursion:

R2

IN

t *) 2
Z(f .’f ) < Hflfl—x*”Q

i 17|

» Now use ||¢'|| < G

» Observation 2 f! — f*
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Polyak’s stepsize

v

v

t _ px\2
||.’L‘t+1 —33‘*||2 < ||ZL‘t _x*HQ _ (f f )

Observation 1 ||z! — 2*|| decreases
Recursion:
t _ f*x)\2
= el
Now use [|¢']| < G

Observation 2 f! — f*
for accuracy ¢, need k = (RG/¢)?

911>

R2

IN

16
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Constrained optimization

min  f(x) st. zelC
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Constrained optimization

min  f(x) st. zelC

m Previously:

t+1 t

o' =2t — g’

m This could be infeasible!
Solution: projection

17 /26



Projected subgradient method

xk—i—l — Pc(CI?k _ Oékgk)

where g% € 9f(z*) is any subgradient
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Projected subgradient method

e )

where g% € 9f(z*) is any subgradient

» Projection closest feasible point

Pe(z) = in ||z — y|?
c(x) argr;lelglliv Y|

(Assume C is closed and convex, then projection is unique)
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Projected subgradient method

mk+1 — PC(ZUk _ akgk)

where g% € 9f(z*) is any subgradient

» Projection closest feasible point

Pe(z) = in ||z — y|?
c(x) arg%gll$ Y|

(Assume C is closed and convex, then projection is unique)

» Great as long as projection is “easy”

» Same questions as before:
m Does it converge?
m For which stepsizes?
m How fast?
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Convergence

Assumptions
» Min is attained: f* :=inf, f(x) > —o0, with f(z*) = f*
» Bounded subgradients: ||g||2 < G for all g € Of
» Bounded domain: [z° — 2*[|s < R

19/26



Convergence

Assumptions
» Min is attained: f* :=inf, f(x) > —o0, with f(z*) = f*
» Bounded subgradients: ||g||2 < G for all g € Of
» Bounded domain: [z° — 2*[|s < R
Analysis
> Let 2/t =2t — augt.
» Then x'™! = Po(2t1).

19/26



Convergence

Assumptions
» Min is attained: f* :=inf, f(x) > —o0, with f(z*) = f*
» Bounded subgradients: ||g||2 < G for all g € Of
» Bounded domain: [z° — 2*[|s < R
Analysis
> Let 2/t =2t — augt.
» Then x'™! = Po(2t1).

» Recall analysis of unconstrained method:
12 = 2% )13 = [|l2* — arg® — 2”3

< la’ = 2|3 + ofllg" 13 — 20 (£ (") — f*)

» Need to relate to ||z/*t! — 2*||2, the rest of the proof is the
same as above.
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Projection Theorem

Let C be nonempty, closed and convex.

m Optimality conditions: y* = P¢(z) iff
(z—y"y—y") <OforallyeC

m The projection is nonexpansive:

|Pe(z) — Pe(2)|| < ||lz—2z||*> forall z,z eR™

20/26



Convergence

» Use nonexpansiveness of projection:

lz* = aeg' — 2|3
< lz* = 213 + afllg" 13 — 20e(f(2") = £7)
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Convergence

» Use nonexpansiveness of projection:
lz+t = 2[5 = [[Pe(z! — cug’) — 2™|I3

< lz’ — aeg' — 2|3
< lz* = 213 + afllg" 13 — 20 (f(z") = £7)

Same convergence results as in unconstrained case:
» within neighborhood of optimal for constant step size

» converges for diminishing non-summable

21/26



Examples

min (| Az —b|j3 + \||z|1
st.xeC
» Nonnegativity x > 0

Fe(z) = [2]+
Update step: ¢! = [2% — o, (AT (A2* — b) + Asgn(a¥))]4
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Examples

min (| Az —b|j3 + \||z|1

st.zeC

» Nonnegativity x > 0

Pe(z) = [2]+

Update step: ¢! = [2% — o, (AT (A2* — b) + Asgn(a¥))]4
> (o-ball ||z] <1

Projection: min ||z — z||? s.t. # <1and 2 > —1

this is separable, so do it coordinate-wise:

Pe(z) = y where y; = sgn(z;) min{|z;|, 1}

Update step:

R = 2k — 0 (AT (AzF — b) 4+ Asgn(a®))

2571 = sgn(zF+) min{|2F+), 1)
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Examples

» Linear equality constraints Az = b (A € R™*™ has rank n)

Pe(z)=2z—AT(AAT) YAz —b)
—(I—AT(ATA)'A)z+ AT(AAT) b
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» Linear equality constraints Az = b (A € R™*™ has rank n)

Pe(z)=2z—AT(AAT) YAz —b)
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Examples

» Linear equality constraints Az = b (A € R™*™ has rank n)

Pe(z)=2z—AT(AAT) YAz —b)
—(I—-AT(ATA) T TA)z+AT(AAT) b

Update step, using Ax? = b:

$t+1 _ Pc(.%‘t _ atgt)

=zl — (I —AT(AAT)TA)g!

» Simplex 2'1=1andz>0
more complex but doable, similarly £1-norm ball
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Some remarks

» Why care?
m simple
m low-memory
m stochastic version possible
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k+1

. 1
M = min(z, ¢*) + —— o — 2|
zeC

20ék

Mirror Descent
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Some remarks

Why care?
m simple
m low-memory
m stochastic version possible

Another perspective

k+1

. 1
M = min(z, ¢*) + —— o — 2|
zeC

QOék

Mirror Descent

Improvements using more information (heavy-ball, filtered
subgradient, . ..)

Don't forget the duall!

m may be more amenable to optimization
m duality gap

24 /26



What we did not cover

& Adaptive stepsize tricks

& Space dilation methods, quasi-Newton style subgrads

& Barrier subgradient method

& Sparse subgradient method

& Ellipsoid method, center of gravity, etc. as subgradient methods

® And many more
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