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Organizational

> > >

Project team lists due by end of Feb
Project suggestions out in a few days

Purely theoretical projects

Algorithms for particular problem classes

Application centric (engg., sig. proc., ML, etc.)
Systems centric (software, distributed, parallel algos)

Initial proposal by 14th March

Project midpoint review: 16th April

Project final paper, presentations: Finals week
Midterm: 21st March (1.5 hours, in class)

Email me any concerns, doubts, questions, feedback

N
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Recap

(@]

(@]

@]

O

Lz, A v) = f(z)+ 22 Nifi(x) + 52, vihi(2)

g\, v) :=inf, L(x,\, V)

d* :==supg(\,v) < p*:=inf, f(x) st. ze€ X (weak duality)
Slater’s constraint qualification ensures d* = p* (strong duality)

31



Example: regularized optimization

;gﬁ( f(z)+r(Az) st. Az e ).
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Example: regularized optimization

;161;1‘( f(z)+r(Az) st. Az e ).

Dual problem

igi A (—ATw) + 7 (u).
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Example: regularized optimization

;gﬁc f(z)+r(Az) st. Az e ).

Dual problem

ig} F(—ATu) + 7 (u).

» Introduce new variable z = Ax

inf t. = Ax.
ot flx) +r(2), st. 2z x
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Example: regularized optimization

;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

ig} F(—ATu) + 7 (u).

» Introduce new variable z = Ax

inf t.
<2 f(z)+r(z), s

» The (partial)-Lagrangian is
L(z, z;u) i= f(z) +r(2) +u’ (Az - 2),

z = Ax.

reEX,z€Y;
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Example: regularized optimization

;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

ﬁg; F(—ATu) + 7 (u).

» Introduce new variable z = Ax

z = Ax.

reEX,z€Y;

inf .
pef o f@)4r(2) s
» The (partial)-Lagrangian is
L(z, z;u) i= f(z) +r(2) +u’ (Az - 2),
» Associated dual function
g(u) ;== inf L(z,z;u).

rzeX,ze)
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Regularized optimization
;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

: * T *
;25 fH(=A%y) +r(y).

The infimum above can be rearranged as follows

gly) = inf f(z)+yTAz+ inf r(z) —y’2
reX z€eY
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Regularized optimization

;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

: * T *
;25 fH(=A%y) +r(y).

The infimum above can be rearranged as follows
gly) = inf f(z)+yTAz+ inf r(z) —y’2
reX z€eY
= —sup {—xTATy — f(z)} —sup {zTy —r(2)}
xeX z€Y

= —f*(—ATy) —r*(y) styel.
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Regularized optimization

;Iel/fy f(z)+r(Az) st. Az e ).

Dual problem

: * T *
;g fH(=A%y) +r(y).

The infimum above can be rearranged as follows
gly) = inf f(z)+yTAz+ inf r(z) —y’2
reX z€eY
= —sup {—xTATy — f(z)} —sup {zTy —r(2)}
xeX z€Y
= —f(-ATy) —r(y) styel.
Dual problem computes sup,,cy g(u); so equivalently,

. * T *
ng) [r(=ATy) +r*(y).
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Regularized optimization

ira}f {f(z) +r(Ax)}

Strong duality
= sup { 1(

Ty)+r*(y)}
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Regularized optimization

Strong duality
ira}f{f(m)—i—r(Aa: —sup{ F(=ATy) +r(y)}

m 'sup’ attained at some y, and

m 'inf’ attained at some x
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Regularized optimization

Strong duality
ira}f{f(ac)—i—r(Aa: —sup{ F(=ATy) +r(y)}

m 'sup’ attained at some y, and

m 'inf’ attained at some x

Ensured, if either of the following conditions holds:
m Jx € ri(dom f) such that Az € ri(domr)
m Jy € ri(dom 7*) such that ATy € ri(dom f*)

6
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Example: norm regularized problems

min  f(z) + || Az]|
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Example: norm regularized problems

min  f(z) + || Az]|

Dual problem

min - f*(=ATy) st fyl. < 1.

/31



Example: norm regularized problems

min  f(z) + || Az]|

Dual problem
min - f*(=ATy) st fyl. < 1.

Say ||7]l« < 1, such that ATy € ri(dom f*), then we have strong
duality (e.g., for instance 0 € ri(dom f*))
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Dual via Fenchel conjugates

min f(z)

s.t. fi(z) <0,Ax =b.

L(z,\v) = +Z/\f’ T(Az —b)

/31



Dual via Fenchel conjugates

min f(z)

s.t. fi(z) <0,Ax =b.

L(z,\v) = )+ Z Aifi(zx T(Az —b)

g\, v) = inf/L(x, )\ V)
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Dual via Fenchel conjugates

min f(x) s.t. fi(z) <0,Ax =b.
L(z,\v) = —1—2/\ fi(z (Az —b)
g\ v) = ugfﬁ(x, )\, v)

g\v) = —vTb+infal ATy 4 F(x)
T



Dual via Fenchel conjugates

min f(x) s.t. fi(z) <0,Ax =b.

L(z,\v) = )+ Z Aifi(zx T(Az —b)
g\, v) = inf/L(x, )\ V)
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F(x) = f0($)+z)\¢fi($)



Dual via Fenchel conjugates

min f(x) s.t. fi(z) <0,Ax =b.

L(z,\v) = )+ Z Aifi(zx T(Az —b)
g\, v) = inf/L(x, )\ V)
g\v) = —vTb+infal ATy 4 F(x)
T

F(x) = f0($)+z)\¢fi($)

g\ v) = —vTb—sup (x, —ATv) — F(2)

T



Dual via Fenchel conjugates

min f(x) s.t. fi(z) <0,Ax =b.

Lz, v)
g\, v)
g\ v)

F(x)
g(\v)
g(Av)

)+ Z Aifi(zx Az —b)
inf £(z, )\, v)
—Th+ inf T ATy + F(x)
) + Z Aifi()
—vTh— S;p (x, —ATv) — F(x)

T

—vTh — F*(—=ATw).

‘ Not so usefull F* hard to compute. ‘




Dual via Fenchel conjugates

O Introduce new variables!
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Dual via Fenchel conjugates

0 Introduce new variables!

min f(z) s.t. fi(zi) <0,Ax =b

T =2,1=1,...,m.
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Dual via Fenchel conjugates

Q Introduce new variables!
min f(x) s.t. fi(zi) <0,Ax =b
T =2,1=1,...,m.

,C(I, Tiz, )‘7 v, ﬂ-i)

= F@) + Y Nifilw) + T (Ar = b) + Y wl (@i - 2)
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Dual via Fenchel conjugates

O Introduce new variables!
min f(x) s.t. fi(zi) <0,Ax =b
T =2,1=1,...,m.
L(x,ziz, A\, v, ;)
= f(x) + ZZ Nifi(xi) + v (Az —b) + Zl 7l(x; — 2)
g\ v,m) = inf L(x, 2,2, \v,m)

T,xi,%2
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Dual via Fenchel conjugates

O Introduce new variables!
min f(x) s.t. fi(zi) <0,Ax =b
T =2,1=1,...,m.
L(x,ziz, A\, v, ;)
= f(x) + ZZ Nifi(xi) + v (Az —b) + Zl 7l(x; — 2)
g\ v,m) = inf L(x, 2,2, \v,m)

T,xi,%2

= b+ inf f(z) + v Az + inle —nlz

+ ZZ iglif il + Nifi()
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Dual via Fenchel conjugates

Introduce new variables!

min f(x) s.t. fi(zi) <0,Ax =b

T =2,1=1,...,m.

~

L(x,ziz, A\, v, ;)
= F@) + Y Nifilw) + T (Ar = b) + Y wl (@i - 2)
g(A, v, 7TZ') = inf ﬁ(x, Zi, 2, )\7 v, 7rz~)

= b+ inf f(z) + v Az + inle —nlz
+ ZZ inf m} xi + Aifi(i)

_ {—uTb — [(=ATY) = S () (=m) i =0

—00 otherwise.

31



Example

Exercise: Derive the Lagrangian dual in terms of Fenchel
conjugates for the following linearly constrained problem:

min  f(z) st Az <b, Czx=d.

Hint: No need to introduce extra variables.
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Example: variable splitting

min  f(z) + g(z)
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Example: variable splitting

min  f(z) + g(z)

Exercise: Fill in the details for the following steps

rélizn flx)+g(z) st. z==2

)
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Example: variable splitting

min  f(z) + g(z)

Exercise: Fill in the details for the following steps

rélizn flx)+g(z) st. z==2

)

L(z,z,v) = f(z) + g(2) + v1 (z — 2)
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Example: variable splitting

min  f(z) + g(z)

Exercise: Fill in the details for the following steps

rélizn flx)+g(z) st. z==2

)

L(z,z,v) = f(x) + g(2) + v (z — 2)
g(v) = iwanL(:c, Z,V)

)

11/31



Conic duality



LP Duality

» Consider linear program
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LP Duality

» Consider linear program

min 'z Ax <b.

» Corresponding dual is

max b'A  ATA+e¢=0, A>0.
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LP Duality

» Consider linear program

min 'z Ax <b.

» Corresponding dual is

max b'A  ATA+e¢=0, A>0.

» LP duality facts:
m If either p* or d* finite, then p* = d*, and both primal, dual
problem have optimal solutions
m If p* = —o0, then d* = —oo (follows from weak-duality)
m If d* = oo, then p* = co (again, weak-duality)
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max b'A  ATA+e¢=0, A>0.

» LP duality facts:
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problem have optimal solutions
m If p* = —o0, then d* = —oo (follows from weak-duality)
m If d* = oo, then p* = co (again, weak-duality)

Proof: See lecture notes.
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LP Duality

» Consider linear program

min 'z Ax <b.

» Corresponding dual is

max b'A  ATA+e¢=0, A>0.

» LP duality facts:
m If either p* or d* finite, then p* = d*, and both primal, dual
problem have optimal solutions
m If p* = —o0, then d* = —oo (follows from weak-duality)
m If d* = oo, then p* = co (again, weak-duality)

Proof: See lecture notes.

If LP is feasible, strong duality holds. ‘
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SOCP Duality

» Consider SOCP
min  fTx |Aix 4+ billa <cfx+d;y, i=1,...,m.
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SOCP Duality

» Consider SOCP
min  fTx |Aiz +billa <claxtdy, i=1,....,m.
» Lagrangian (ordinary)
Ll = T2+ Nl Az +billz — c x + dy)
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SOCP Duality

» Consider SOCP
min  fTx |Aix 4+ billa <cfx+d;y, i=1,...,m.
» Lagrangian (ordinary)
Ll = T2+ Nl Az +billz — c x + dy)
> Recall that ||z]|2 = sup {u”z | ||ul]s < 1}.
Ailldiz + billz = maxy, (Niug)” (Aiz + b;) Juill2 < 1
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SOCP Duality

» Consider SOCP
min  fTx |Aix 4+ billa <cfx+d;y, i=1,...,m.
» Lagrangian (ordinary)
Ll = T2+ Nl Az +billz — c x + dy)
> Recall that ||z]|2 = sup {u”z | ||ul]s < 1}.
Ailldiz + billz = maxy, (Niug)” (Aiz + b;) Juill2 < 1
= max,, viT(Ai:v + b;) lvill2 < A

» Thus, with vy,..., v, also as dual variables we have
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SOCP Duality

» Consider SOCP
min  fTx |Aix 4+ billa <cfx+d;y, i=1,...,m.
» Lagrangian (ordinary)
Ll = T2+ Nl Az +billz — c x + dy)
> Recall that ||z]|2 = sup {u”z | ||ul]s < 1}.
Ailldiz + billz = maxy, (Niug)” (Aiz + b;) Juill2 < 1

= maxy, ’UlT(Al.’L‘ + bl) HUZ'HQ <\

» Thus, with vy,..., v, also as dual variables we have

p* =inf sup fo—i—Z (Ax + by) Z.)\i(c?m—{—di)
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SOCP Duality

» The dual problem is

d* = sup mff x—l—z (Aiz + b;) ZA)\i(ciTx—i—di)

AV15-00,Um

s.t. ||UZ||2 <X, 1=1,....,m.
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SOCP Duality

» The dual problem is

d* = sup 1nff x—l—z (Aiz + b;) ZA)\i(ciTx—i—di)

AV15-00,Um

s.t. ||UZ”2 <X, 1=1,....,m.

» Inner minimization over x very easy (unconstrained)
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SOCP Duality

» The dual problem is

d* = sup 1nff x—l—z (Asx + b;) ZA)\i(ciTx—i—di)

AV15-00,Um

s.t. ||UZ”2 <X, 1=1,....,m.

» Inner minimization over x very easy (unconstrained)
> f—FZiAvai — ;=0
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SOCP Duality

» The dual problem is

d* = sup 1nff x—l—z (Asx + b;) ZA)\i(ciTx—i—di)

AV15-00,Um

s.t. ||UZ”2 <X, 1=1,....,m.

» Inner minimization over x very easy (unconstrained)
| 2 f—FZiAvai —Xci =0
» Dual problem becomes

d* = sup —ATd+Z vl b

AU1,e0Um

s.t. f+ ZZ AzTUZ —Xic; =0, ”’UlHQ <N, 1=1,...

» Also an SOCP, like the primal
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SOCP Duality

v

v

The dual problem is

d* = sup 1nff x—l—z (Asx + b;) ZA)\i(ciTx—i—di)

AV15-00,Um

s.t. ||UZ”2 <X, 1=1,....,m.

Inner minimization over x very easy (unconstrained)
f+ Zl Avai — ;=0
Dual problem becomes

d* = sup —ATd+Z vl b

AU1,e0Um

s.t. f—i—ZiAzTUi—)\ici:O, ”’UlHQ <X, 1=1,...,m.

Also an SOCP, like the primal
Apply Slater to obtain a condition for strong duality.
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SDP duality

» SDP primal form

p*=minTr(CX), st Tr(AX)=0b;, i=1,...,m, X>0.
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SDP duality

» SDP primal form

p*=minTr(CX), st Tr(AX)=0b;, i=1,...,m, X>0.

» How to handle the matrix constraint X > 07

» Introduce conic Lagrangian
LX,v,Y)=Te(CX)+ Y vi(Tr(A4X) - b;) — Tr(Y X)

where we have a matrix dual variable Y > 0.
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SDP duality

» SDP primal form

p*=minTr(CX), st Tr(AX)=0b;, i=1,...,m, X>0.

» How to handle the matrix constraint X > 07

» Introduce conic Lagrangian
LX,v,Y)=Te(CX)+ Y vi(Tr(A4X) - b;) — Tr(Y X)

where we have a matrix dual variable Y > 0.
» Note: Tr(Y X) > 0; so p* > sup,, y L(X,r,Y) for any feasible X
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SDP duality

» SDP primal form
p*=minTr(CX), st Tr(AX)=0b;, i=1,...,m, X>0.

» How to handle the matrix constraint X > 07

» Introduce conic Lagrangian
LX,v,Y)=Te(CX)+ Y vi(Tr(A4X) - b;) — Tr(Y X)

where we have a matrix dual variable Y > 0.
» Note: Tr(Y X) > 0; so p* > sup,, y L(X,r,Y) for any feasible X
» As before, p* > d* := sup,,y»(infx L(X,1,Y)
» Simplifying inf x £, we obtain dual function

bTI/ I'FC— oI/,L'AZ'—Y:O,
S ¥) = { >

—oo otherwise.

16 /31



SDP Duality

Dual problem

T
t. _ AL — —
VI}I}]/H;(O b'v st. C E iVZA, Y>>0
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SDP Duality

Dual problem

T
t. _ AL — —
VI}I}]/H;(O b'v st. C E iVZA, Y>>0

T
max b'v st ZZ v;A; < C.
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SDP Duality

Dual problem

Vv st C— A=Y >0
mey Vvt O-) ndi=Yr

max Vv st ZiViAiﬁC-

This is the conic form we saw in Lecture 5!
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SDP Duality

Dual problem

T
t. _ AL — —
Vrgl/ag(o b'v st C E iVZAZ Y -0

T
max b'v st Z, v;A; < C.

\ This is the conic form we saw in Lecture 5! \

» Weak-duality: Tr(CX) > v7b for any feasible pair (X, v)
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SDP Duality

Dual problem

I t. C— A=Y >0
Vrﬂl/at)% v s Zi% i -

max Vv st ZiViAiﬁC-

\ This is the conic form we saw in Lecture 5! \

» Weak-duality: Tr(CX) > v7b for any feasible pair (X, v)
» Strong-duality: If primal strictly feasible,
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SDP Duality

Dual problem

Vv st C— A=Y =0
mey Vvt O-) ndi=Yr

max Vv st ZiViAiﬁC-

\ This is the conic form we saw in Lecture 5! \

» Weak-duality: Tr(CX) > v7'b for any feasible pair (X,v)
» Strong-duality: If primal strictly feasible, X > 0 such that
Tr(A;X) =b;, fori=1,...,m, we have strong duality.
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SDP Duality

Dual problem

Vv st C— A=Y =0
mey Vvt O-) ndi=Yr

max Vv st ZiViAiﬁC-

\ This is the conic form we saw in Lecture 5! \

» Weak-duality: Tr(CX) > v7b for any feasible pair (X, v)

» Strong-duality: If primal strictly feasible, X > 0 such that
Tr(A;X) =b;, fori=1,...,m, we have strong duality.

» Alternatively, if dual strictly feasible, we have strong duality.
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SDP Duality

Dual problem

T
.t —E A=Y >
g/ag) b'v st. C vidi =0

max Vv st ZiViAiﬁC-

\ This is the conic form we saw in Lecture 5! \

» Weak-duality: Tr(CX) > v7b for any feasible pair (X, v)

» Strong-duality: If primal strictly feasible, X > 0 such that
Tr(A;X) =b;, fori=1,...,m, we have strong duality.

» Alternatively, if dual strictly feasible, we have strong duality.

» But, contrary to LPs, feasibility alone does not suffice!
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Example: failure of strong duality

Primal problem

zo+1 0 O
p" =min o9 0 1 xo| > 0.
0 zo 0
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Example: failure of strong duality

Primal problem

zo+1 0 O
p* =min x9 0 r1 wo| = 0.
0 zo 0
Any primal feasible requires {xl x2] = 0;
x9 O
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Example: failure of strong duality

Primal problem

zo+1 0 O
p" =min o9 0 1 xo| > 0.
0 zo 0

Any primal feasible requires {xl 2
zo O

]io;xlzoandxggo.
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Example: failure of strong duality

Primal problem

zo+1 0 O
p" =min o9 0 1 xo| > 0.
0 zo 0
1 T2

Any primal feasible requires {
zo O

Thus, we have xo = 0, whereby p* = 0.

Primal obj: Tr(CX) with ca3 = ¢332 = 1/2 (rest zeros).

]io;xlzoandxggo.
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Example: failure of strong duality

Primal problem

zo+1 0 O
p" =min o9 0 1 xo| > 0.
0 zo 0

1 T2
zo O
Thus, we have xo = 0, whereby p* = 0.

Any primal feasible requires {

Primal obj: Tr(CX) with ca3 = ¢332 = 1/2 (rest zeros).
Lagrangian: Tr([C — X]TY)

]io;xlzoandxggo.

18 /31



Example: failure of strong duality

Tr([C - X]TY) = —(z2 + 1)y11 — z1Y22 + T2 — 2x2Y03

= —Y11 — T1Y22 + T2 — T2y11 — 2T2Y23.

Dual function

g(Y) = inf Tr([C—X]TY) =

—y11 Y22 = 0,1 —y11 —2y23 =0
X0

—oo  otherwise.
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Example: failure of strong duality

Tr([C - X]TY) = —(z2 + 1)y11 — z1Y22 + T2 — 2x2Y03

= —Y11 — T1Y22 + T2 — T2y11 — 2T2Y23.

Dual function

g(Y) = inf Tr([C—X]TY) =

—y11 Y22 = 0,1 —y11 —2y23 =0
X0

—oo  otherwise.

Dual SDP

d* = max —yi1, Y2 = 0, 1 —y11 —2y23 = 0.
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Example: failure of strong duality

Tr([C - X]TY) = —(z2 + 1)y11 — z1Y22 + T2 — 2x2Y03

= —Y11 — T1Y22 + T2 — T2y11 — 2T2Y23.

Dual function

— —0.1— s — 0
g(Y) = inf ”ﬁ([C_X]Ty) :{ Yy y22 =0, Y11 Y23

X>0 —oo  otherwise.
Dual SDP
d* = max —y11, Y22 =0, 1 —y11 —2ys3 =0.

Y>>0

» Any feasible Y satisfies, y23 = 0 (since y22 = 0)
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Example: failure of strong duality

Tr([C - X]TY) = —(z2 + 1)y11 — z1Y22 + T2 — 2x2Y03

= —Y11 — T1Y22 + T2 — T2y11 — 2T2Y23.

Dual function

— —0.1— s — 0
g(Y) = inf ”ﬁ([C_X]Ty) :{ Yy y22 =0, Y11 Y23

X>0 —oo  otherwise.
Dual SDP
d* = max —y11, Y22 =0, 1 —y11 —2ys3 =0.

Y>>0

» Any feasible Y satisfies, y23 = 0 (since y22 = 0)
» Thusy;;1 =1,s0d" = —1.
» duality gap: p* —d* =1

19/31



Optimality conditions



Optimality conditions

min  fo(x) filz) <0, i=1,...,m.
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» Recall: (Vfo(z*), z —x*) > 0 for all feasible z € X
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» Recall: (Vfo(z*), z —x*) > 0 for all feasible z € X
» Can we simplify this using Lagrangian?
» g(\) =inf, Lz, \) == fo(z) + >, Nifi(x)
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» Recall: (Vfo(z*), z —x*) > 0 for all feasible z € X
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> g(\) =infy L(z, ) :== fo(z) + >, Nifi(x)

‘ Assume strong duality and that both p* and d* attained!
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Optimality conditions

min  fo(z) filz) <0, i=1,...,m.
» Recall: (Vfo(z*), z —x*) > 0 for all feasible z € X
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min  fo(z) filz) <0, i=1,...,m.
» Recall: (Vfo(z*), z —x*) > 0 for all feasible z € X
» Can we simplify this using Lagrangian?
> g(\) =infy L(z, ) :== fo(z) + >, Nifi(x)

‘ Assume strong duality and that both p* and d* attained!

Thus, there exists a pair (z*, \*) such that

p' = fola®) = d" = g(A") = min L(z,X") < L(z", \Y)
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Optimality conditions

min  fo(z) file) <0, i=1,...,m.
» Recall: (Vfo(z*), z —x*) > 0 for all feasible z € X
» Can we simplify this using Lagrangian?

> g(\) =inf, L(z,N) := fo(z) + >, Nifi(z)

‘ Assume strong duality and that both p* and d* attained! ‘

Thus, there exists a pair (z*, \*) such that

p* = fo(z¥) =d" = g(\*) = mxinﬁ(:n,)\*) < L(x*,\*) < fo(z®) =p*

» Thus, equalities hold in above chain.

x* € argmin, L(x, \*),
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Optimality conditions

x* € argmin, L(x, \*).

If fo, f1,--., fm are differentiable, this implies
VoL (2, A\ ey = Vio(z _|_Z ANV fi(z*) =0
Moreover, since L(z*, \*) = fo(x*), we also have

Zi Ai fi(z") =0

But A7 >0 and f;(2*) <0, so complementary slackness

A filx®) =0, i=1,...,m.
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KKT Optimality conditions

Karush-Kuhn-Tucker Conditions (KKT)

fi(z*) < 0, i=1,....,m (primal feasibility)
Af>0, i=1,....,m (dual feasibility)

X fi(z*) = 0, i=1,....,m (compl. slackness)
Vail(x,\)|g=ex = 0 (Lagrangian stationarity)
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KKT Optimality conditions

Karush-Kuhn-Tucker Conditions (KKT)

fi(z*) < 0, i=1,....,m (primal feasibility)
Af>0, i=1,....,m (dual feasibility)

X fi(z*) = 0, i=1,....,m (compl. slackness)
Vail(x,\)|g=ex = 0 (Lagrangian stationarity)

» We showed: if strong duality holds, and (z*, \*) exist, then
KKT conditions are necessary for pair (x*, A\*) to be optimal

» If problem is convex, then KKT also sufficient
Exercise: Prove the above sufficiency of KKT. Hint: Use that

L(z, \*) is convex, and conclude from KKT conditions that
g(\*) = fo(x*), so that (z*, \*) optimal primal-dual pair.

| Read Ch. 5 of BV
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Minimax
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Example: Lasso-like problem

ES

p* i=min, ||Az —b|2 + Allz||;-
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p* :=min, |Az —b|2 + A||z1-
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*

p* :=min, |Az —b|2 + A||z1-
[l = max {z"v | [[v]lo <1}
|z[l2 = max {a"u | [Julls < 1} .
Saddle-point formulation
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Saddle-point formulation
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Example: Lasso-like problem

*

p* i=min, ||Az —b|2 + Allz||;-

lz[ls = max {27 v | [|v]lo < 1}

lz||2 = max {ZL'TU | w2 < 1} .

Saddle-point formulation
= minmax {u”(b—Az) +v x| [Julla <1, |v[le <A}
T uw
= maxmin {uT(b —Az) 42T | |lull2 <1, ||v]le < A}
Uy T

= max ulb, ATu=v, lulla <1, |[v]|ec <A

u,v

= max u’b, Jull2 <1, A ulleo < A.
u
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Minimax problems

» Minimax theory treats problems involving a combination of
minimization and maximization
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Minimax problems

v

Minimax theory treats problems involving a combination of
minimization and maximization

Let X and Y be arbitrary nonempty sets
Let o : X' x Y - RU{£oo}
inf over y € Y, followed by sup over x € X

sup inf ¢(z,y) = sup ¢ (y(z))
zeX Y€V Tz€X

sup over z € X, followed by inf over y € Y

When are “inf sup” and “sup inf" equal?
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyare)( zeX yey
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyxe)( zeX yey

Proof-:

IN

o(z,y)
sup ¢(z,y')

Ve,y, inf ¢(',y)
r’'eX
Va,y, inf ¢($'7y)
z'e y'ey

Vr, sup inf ¢( ) sup gb(x,y/)
yeY @ 'eXxX ey

IN

IN
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(x,y) <  inf supd(x,y)
yeyxe)( zeX yey

Proof-:

IN

o(z,y)

sup ¢(z,y)

Ve,y, inf ¢(',y)
r’'eX
Va,y, inf ¢($'7y)
z'e y'ey

Vz, sup inf ¢(z',y) sup ¢(z,y')
yey v'eX y'ey

= sup inf ¢(z',y) inf sup é(z,y').
yey v'eX zEX ey

IN A

IN
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Weak minimax

Theorem Let ¢ : X x Y — RU {£oo} be any function. Then,

sup inf ¢(z,y) < inf supd(z,y)

yeyxe)( [EEXyey
Proof:
Vay, ot o(zly) < dlay)
Vo,y, inf ¢(a’,y) < sup @(z,y)
z'eX y'ey
Yz, sup inf ¢(z’,y) < sup ¢(z,y)
yey TEX y'EY
= sup inf ¢(z',y) < inf sup ¢(z,y’).
yey r’'eX TxeEX y'EY

Exercise: Show that weak duality is follows from above minimax
inequality. Hint: Use ¢ = L (Lagrangian), and suitably choose y.
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Strong minimax

» If “inf sup” equals “sup inf”, common value called saddle-value

» Value exists if there is a saddle-point, i.e., pair (z*, y*)

d(r,y") > o2, y") > ¢(z%,y) forallz e X,ye).

Exercise: Verify above inequality!
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Strong minimax

& Classes of problems “dual” to each other can be generated by
studying classes of functions ¢,
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Strong minimax

Classes of problems “dual” to each other can be generated by
studying classes of functions ¢,

More interesting question: Starting from the primal problem
over X, how to introduce a space ) and a “useful” function ¢
on X x ) so that we have a saddle-point?

Sufficient conditions for saddle-point

Function ¢ is continuous, and

It is convex-concave (4(-,y) convex for every y € ), and ¢(x,-)
concave for every x € X), and

Both X and ) are convex; one of them is compact.
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Strong minimax

Def. Let ¢ be as before. A point (z*,y*) is a saddle-point of ¢ (min
over X' and max over ) iff the infimum in the expression

inf sup ¢(z,
Inf sup ¢(z,y)

is attained at x*, and the supremum in the expression

sup inf ¢(z,y)
yey TEX

is attained at y*, and these two extrema are equal.
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Strong minimax

Def. Let ¢ be as before. A point (z*,y*) is a saddle-point of ¢ (min
over X' and max over ) iff the infimum in the expression

inf sup ¢(z,
Inf sup ¢(z,y)

is attained at x*, and the supremum in the expression

sup inf ¢(z,y)
yey TEX

is attained at y*, and these two extrema are equal.

x* € argmin max ¢(x, y) y* € argmax min ¢(z, y).
zex YV yey TEX
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Optimality via minimax

x* € argmin max ¢(z,y) y* € argmax min ¢(x, y).
zex YEY yey TEX

Point (z*,y*) is a saddle-point if and only if

0 € 0p(x",y") = Oup(x™,y") X Oyo(x™,y")
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Optimality via minimax

x* € argmin max ¢(z,y) y* € argmax min ¢(z, y).

reX YEY yey TEX

Point (z*,y*) is a saddle-point if and only if

0 € 0p(x",y") = Oup(x™,y") X Oyo(x™,y")

When ¢ is of “convex-concave” form, yields KKT conditions.
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