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First-order methods

Vf(z)
GD  Elg(z)] = Vf(z)
SGD g(x) € 0f(x)
Subgrad
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Subgradient method

-
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Unconstrained convex problem

min  f(x)

X

-
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Unconstrained convex problem

min  f(x)

X

Start with some guess x*; setk = 0

-
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Unconstrained convex problem

min  f(x)

X

Start with some guess x*; setk = 0
If 0 € 9f(x), stop; output x*
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Unconstrained convex problem

min  f(x)

X

Start with some guess x*; setk = 0
If 0 € 9f(x), stop; output x*

Otherwise, generate next guess x**!
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Unconstrained convex problem

min  f(x)

X

Start with some guess x*; setk = 0
If 0 € 9f(x), stop; output x*

Otherwise, generate next guess x
Repeat above procedure until f(x¥) < f(x*) + &

k+1
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Subgradient method

L = 5k gk

where ¢* € 0f(x) is any subgradient

-
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Subgradient method

P = 2k et

where gF € 9f (x¥) is any subgradient

Stepsize 7, > 0 must be chosen
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Subgradient method

P = 2k et

where gF € 9f (x¥) is any subgradient

Stepsize 7, > 0 must be chosen

k
» Method generates sequence {x }kzo
» Does this sequence converge to an optimal solution x*?
» If yes, then how fast?

» What if we have constraints: x € C?
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Example

min %HAx —b|13 4+ Alx|l1
A = xk — i (AT(AXF — b) + Asgn(xb))
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Example

min 3 |Ax = b])3 + Allx
= F — g (AT(AXF — b) + A sgn(xb))

10

i
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Example

min  3||Ax — b3 + A|x|)1
= Xk (AT(AXF — b) + Asgn(+F))
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Example

min 3 |Ax = b[)3 + Allx]
= Xk (AT(AXF — b) + Asgn(+F))

10

ammmmmEE

0 20 40 60 80 100

(More careful implementation)
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Exercise

'Exerc1se Experiment with deep neural network c1a551f1er
where we want to learn sparse weights. In particular, exper-
iment with the following loss function:

mln L(x ZE Yi, NN (x,a;)) + Al|x]]1.

=il

i Implement a stochastic subgradient update to minimize L.
! (Hint: If we pretend that the loss part is differentiable, then we can
' invoke Clarke’s rule: d,L = Vloss + \Jreg)
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Subgradient method - stepsizes

» Constant Setn, =n >0, fork >0
> Normalized n = 7/[|g"[l2 (&' —x*[2 =)
» Square summable

an]%<00, ank:oo

» Diminishing
lim e = 0, Zk Mk = 00

» Adaptive stepsizes (not covered)
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Subgradient method - stepsizes

» Constant Setn, =n >0, fork >0
> Normalized n = 7/[|g"[l2 (&' —x*[2 =)
» Square summable

anzg<007 ank:oo

» Diminishing
lim e = 0, Zk Mk = 00

» Adaptive stepsizes (not covered)

Not a descent method! ‘
Could use best f* so far: f¥. := ming<i<x f*
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Convergence

(sketch)

-
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*

-
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*
» Bounded subgradients: ||g|l» < G for all g € Of
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*
» Bounded subgradients: ||g|l» < G for all g € Of
» Bounded domain: ||x® — x*||, <R
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Convergence analysis

Assumptions
» Min is attained: f* := inf, f(x) > —oo, with f(x*) = f*
» Bounded subgradients: ||g|l» < G for all g € Of
» Bounded domain: ||x® — x*||, <R

k

. — mi i
Convergence results for: f1. = ming<;<xf
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Subgradient method - convergence

Lyapunov function: Distance to x* (instead of f — f*)

-
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Subgradient method - convergence

Lyapunov function: Distance to x* (instead of f — f*)

k
I =t =l - gt 23

-
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Subgradient method — convergence

Lyapunov function: Distance to x* (instead of f — f*)

I =t = - gt 23
= | = 1B+ IgEIE — 2(mig”, 2 — )
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Subgradient method — convergence

Lyapunov function: Distance to x* (instead of f — f*)

[ —xt)3 = [ — gt - x|3
= |l =B + I3 — 2(mg”, ¥ — x)
k * *
< = x5+ nplgE 5 — 2m(F () —f),

since f* = f(x*) > f(x*) + (g*, x* — xf)
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Subgradient method — convergence

Lyapunov function: Distance to x* (instead of f — f*)

x| 3 I — g — x*[13
I = (13 + ng 1813 — 20mg", = x*)
k * *
< = x5+ nplgE 5 — 2m(F () —f),
since f* = f(x*) > f(x*) + (¥, x* — &)

Apply same argument to ||x* — x*||2 recursivel
pply & 2 y

I
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Subgradient method — convergence

Lyapunov function: Distance to x* (instead of f — f*)

x| 3 I — g — x*[13
I = (13 + ng 1813 — 20mg", = x*)
k * *
< = x5+ nplgE 5 — 2m(F () —f),
since f* = f(x*) > f(x*) + (¥, x* — &)

Apply same argument to ||x* — x*||2 recursivel
pply & 2 y

I

k k
k
W B < B+ R 2Y i ).
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Subgradient method — convergence

Lyapunov function: Distance to x* (instead of f — f*)

x| 3 I — g — x*[13
I = (13 + ng 1813 — 20mg", = x*)
k * *
< = x5+ nplgE 5 — 2m(F () —f),
since f* = f(x*) > f(x*) + (¥, x* — &)

Apply same argument to ||x* — x*||2 recursivel
pply & 2 y

[5S

k k
k
W B < B+ R 2Y i ).

Now use our convenient assumptions!
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Subgradient method — convergence

k
||xk+1 x*HZ < R2—|—G2 Zt nt o Zt m(/:t f*)

» To get a bound on the last term, sunply notice (for t <k)

k
ft 2f]rtnin 2> fmin since fmm = Orglgf( )
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Subgradient method — convergence

k *
I B <R 4GPy =23l ).

» To get a bound on the last term, sunply notice (for t <k)

k
ft Zfrtnin mein since fmln = Orgllgtf( )

» Plugging this in yields the bound

k

23wl ) 2 2t Y
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Subgradient method — convergence

k
ka+1 x*HZ < R2+G2 Zt m _ Zt nt(ft f*)
» To get a bound on the last term, sunply notice (for t <k)
ft 2frtnin 2frlilin since fmln = Orgzlgtf( )
» Plugging this in yields the bound

k

23wl ) 2 2t Y

» So that we finally have
k

k
k * k
0< M =2 a <R +G2Y i =2(fhn — D m

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (3/16/21; Lecture 8) Illll

13



Subgradient method — convergence

k
ka+1 x*HZ < R2+G2 Zt m _ Zt nt(ft f*)
» To get a bound on the last term, sunply notice (for t <k)
ft 2frtnin 2frlilin since fmln = Orgzlgtf( )
» Plugging this in yields the bound

k

23wl ) 2 2t Y

» So that we finally have
k

k
k * k
0< M =2 a <R +G2Y i =2(fhn — D m

R2 2 Nk 2
rlfnn —fr < RS mlh th=1%
2Zt:177t
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Subgradient method — convergence

min

f <R+G Zt 177t

Zzt 17

Exercise: Analyze limy_, . f

min

stepsize that we mentioned.

Suvrit Sra (suvrit@mit.edu)

— f* for the different choices of

6.881 Optimization for Machine Learning

(3/16/21; Lecture 8)
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Subgradient method — convergence

f <R+G Zt 177t
ZZt 17

min

Exercise: Analyze limy_, . fmm

stepsize that we mentioned.
Constant step: 7 = n; We obtain

— f* for the different choices of

2 210,2
ko R+ Gk~
2kn
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Subgradient method — convergence

f <R+G Zt 177t
ZZt 17

min

Exercise: Analyze limy_, . fmm

stepsize that we mentioned.
Constant step: 7 = n; We obtain

— f* for the different choices of

2 270012 2
<R + G°kn _)Gn

k *
- as k — oo.
min —f 2kn S
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Subgradient method — convergence

f <R+G Zt 177t
ZZt 17

min

Exercise: Analyze limy_, . fmm

stepsize that we mentioned.
Constant step: 7 = n; We obtain

2 270012 2
<R + G°kn _)Gn

ke —f* < 2% as k — oo.

Square summable, not summable: Y, 7?2 < 0o, >, 7 = 0
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Subgradient method — convergence

f <R+G Zt 177t
ZZt 17

min

Exercise: Analyze limy_, . fmm

stepsize that we mentioned.
Constant step: 7 = n; We obtain

RZ GZk 2 GZ
ke —f* < J;kn T 527 ask— .
Square summable, not summable: Y, 77 < oo, >, =
As k — oo, numerator < oo but denominator — oco; so fk

min
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— f* for the different choices of

f*
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Subgradient method — convergence

f <R+G Zt 177t
ZZt 17

min

Exercise: Analyze limy_, . fmm

stepsize that we mentioned.
Constant step: 7 = n; We obtain

— f* for the different choices of

2 270012 2
<R + G°kn _)Gn

k *
- as k — oo.
min —f 2kn S

Square summable, not summable: Y, 77 < oo, >, =
As k — oo, numerator < oo but denominator — 0o; so ff;m —f*

In practice, fair bit of stepsize tuning needed, e.g. s = a/(b+t)
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Subgradient method — convergence

» Suppose we want f

min

—f* < ¢, how big should k be?
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Subgradient method — convergence

» Suppose we want f£. — f* < ¢, how big should k be?
» Optimize the bound for 7;: want

k _f*S e

min
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Subgradient method — convergence

» Suppose we want f£. — f* < ¢, how big should k be?
» Optimize the bound for 7;: want

k * RZ + GZ Z]t(:1 77t2
min _f < k
2 Zt:1 Nt

e
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Subgradient method — convergence

» Suppose we want f£. — f* < ¢, how big should k be?
» Optimize the bound for 7;: want
k
R* 4+ G? > i1 Ui
2 25:1 Tt

I];in _f* <
» For fixed k: best possible stepsize is constant n

R+ Gy _ R
2kn "7 Gk
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Subgradient method — convergence

» Suppose we want f£. — f* < ¢, how big should k be?
» Optimize the bound for 7;: want

k
R? + G? Zt:l 77t2

k. _f* < e
min > Z];:1 i
» For fixed k: best possible stepsize is constant n
R% + G*kn? R
# é € = n _
2kn GVk

» Then, after k steps fX. —f* < RG/Vk.

min

» For accuracy ¢, we need at least (RG/¢€)? = O(1/¢?) steps
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Subgradient method — convergence

» Suppose we want f£. — f* < ¢, how big should k be?

v

Optimize the bound for 7;: want

k
R? + G? Zt:l 77t2
2 25:1 nt

k _f*<

min

» For fixed k: best possible stepsize is constant n

R+Gk> R
2kn T T Gk

» Then, after k steps fX. —f* < RG/Vk.

» For accuracy ¢, we need at least (RG/¢€)? = O(1/¢?) steps
» (quite slow but already hits the lower bound!)
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Exercise: Support vector machines

» LetD:={(x;,yi) | xi € R",y; € {£1}}
» We wish to find w € R" and b € R such that

. 1 2 i T
min §||w\|2—|—CZi:1 max[0,1 — y;(w'x; + b)]

)

Derive and implement a subgradient method

Experiment with different values of C > 0

>
» Plot evolution of objective function
>
>

Plot and keep track of frﬁin := ming<s<i f(x')
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Exercise: Geometric median

:ro Let a € R" be a given vector.

‘e Letf(x) = Y, |x —ajl, ie, f: R— R,

E e Implement different subgradient methods to minimize f
o Also keep track of fE ¢ = ming<icr f (%)

Exercise: Implement the above. Plot the f(xy) values; also try
to guess what optimum is being found.
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Optimization with simple constraints

min  f(x) st. xeC

——
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Optimization with simple constraints

min  f(x) st. xelC

m Previously:

t+1

= ot — gt

m This could be infeasible!

-
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Optimization with simple constraints

min  f(x) st. xelC

m Previously:

t+1

= ot — gt

m This could be infeasible!

m Use projection

-
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Projected subgradient method

A = Pe(x* — mig)
where ¢* € 9f(x¥) is any subgradient

-
Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (3/16/21; Lecture 8) II|" 19



Projected subgradient method

W = Pe(x* — migh)
where ¢* € 9f(x¥) is any subgradient

» Projection closest feasible point

Po(x) = a in|[x — y|%
c(x) rgrynelgH vl

(Assume C is closed and convex, then projection is unique)
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Projected subgradient method

W = Pe(x* — migh)
where ¢* € 9f(x¥) is any subgradient

» Projection closest feasible point
Pe(x) = argmin [x — y|P
yeC
(Assume C is closed and convex, then projection is unique)
» Great as long as projection is “easy”

» Same questions as before:
m Does it converge? For which stepsizes? How fast?
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Key idea: Projection Theorem

Let C be nonempty, closed and convex.
m Recall: Optimality conditions: y* = P¢(z) iff

(z—y",y—y") <O0forallyeC

|Pc(x) — Pe(z)|| < ||lx—z|*> forallx,ze R".
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Convergence analysis

: Assumptions :
i » Minis attained: f* := inf, f(x) > —oo, with f(x*) = f* :
E » Bounded subgradients: ||g||2 < G for all g € Of E
E » Bounded domain: [|x? — x*|], <R E
E Analysis E
i » Letz!t! = Po(xf — nigh). ]
| » Thenxt! = Pe(zH1). |

v

Recall analysis of unconstrained method:
-t = - g’ — a3

< [l = x*3 + nllg"I3 — 2m(f(x) = )

[

» Need to relate to ||x'*1 — x*||3, the rest is as before



Convergence analysis: Key idea

» Using nonexpansiveness of projection:

Ix" = mig’ — 2|13
< o = x5+ 0t lg 13 — 2m(F(x) = f)
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Convergence analysis: Key idea

» Using nonexpansiveness of projection:

It = x*|3 = ||Pe(x’ — mg") — Pe(x*)II3
< Jlx" —mg" — 23
<l =113 + 7 l1g11Z — 20 (F (x) — )

Same convergence results as in unconstrained case:
» within neighborhood of optimal for constant step size

» converges for diminishing non-summable

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (3/16/21; Lecture 8) Illll
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Examples of simple projections

» Nonnegativity x > 0, P¢(z) = [z]+
> /oo-ball ||x]|eo <1
Projection: min [|x — z|?> s.t. x < Tand x > —1
P|x|.<1(z) =y where y; = sgn(z;) min{|z;],1}
» Linear equality constraints Ax = b (A € R"*™ has rank n)

Pe(x) =z—AT(AAT) Y (Az —b)
=(I-AT(ATA)TA)z+ AT(AAT) 1

» Simplex: x'1=1andx >0
doable in O(n) time; similarly ¢;-norm ball
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Some remarks

» Why care?
m simple
® low-memory
m stochastic version possible
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Some remarks

» Why care?
m simple
® low-memory
m stochastic version possible

. 1
L = min (x, §5) + ——|]x — x|?
xe k

Mirror Descent version

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (3/16/21; Lecture 8) i 24



Accelerated gradient

-
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Gradient methods — upper bounds

Theorem. (Upper bound I). Let f € Ci. Then,

mkin |VF(xb)|| < e in O(1/€?) iterations.

-
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Gradient methods — upper bounds

Theorem. (Upper bound I). Let f € Ci. Then,

mkin |VF(xb)|| < e in O(1/€?) iterations.

Theorem. (Upper bound II). Let f € Si, - Then,

2k
s -y < 3 (1) 10 - 1B
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Gradient methods — upper bounds

Theorem. (Upper bound I). Let f € Ci. Then,

mkin |VF(xb)|| < e in O(1/€?) iterations.

Theorem. (Upper bound II). Let f € Si, - Then,

2k
s -foy < 3 (557) W0 -8

Theorem. (Upper bound III). Let f € C} be convex. Then,

f(xk) _f(x*) < 2L(f(x0) .];(—T_*A)]:on - X*H%
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Gradient methods — lower bounds

Theorem. (Carmon-Duchi-Hinder-Sidford 2017). There’s an f € Ci,
such that || Vf(x)| < e requires Q(¢72) gradient evaluations.

-
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Gradient methods — lower bounds

Theorem. (Carmon-Duchi-Hinder-Sidford 2017). There’s an f € cl,
such that | Vf(x)|| < e requires Q(¢~2) gradient evaluations.

Theorem. (Nesterov). There exists f € ST (u>0,k>1)s.t.

2k
f-fo) = (D) W -vIB
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Gradient methods — lower bounds

Theorem. (Carmon-Duchi-Hinder-Sidford 2017). There’s an f € cl,
such that | Vf(x)|| < e requires Q(¢~2) gradient evaluations.

Theorem. (Nesterov). There exists f € ST (u>0,k>1)s.t.

VEZIVE 0 g
VE+1 ’

Theorem. (Nesterov). Forany x” € R",and 1 <k < J(n— 1),
there is a convex f € C}, s.t.

) M
fo 1) = 4 (

0 _ (|2
f —fw) =

0 2
gllx” — x|

V

It — 202

v
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Accelerated gradient methods

Upper bounds: (i) O(1/k); and (ii) linear rate involving x
Lower bounds: (i) O(1/k?); and (ii) linear rate involving v/

R e e
I
I

Challenge: Close this gap!
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Accelerated gradient methods

Upper bounds: (i) O(1/k); and (ii) linear rate involving x
Lower bounds: (i) O(1/k?); and (ii) linear rate involving v/

R e e
I
I

Challenge: Close this gap!

‘ Nesterov (1983) closed the gap.
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Background: ravine method

m Long, narrow ravines slow
down GD

Resenbrack

og(E)

—
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Background: ravine method

m Long, narrow ravines slow
down GD

m Gel'fand-Tsetlin (1961):
Ravine method

Resenbrack

—
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Background: ravine method

m Long, narrow ravines slow
down GD

: m Gel'fand-Tsetlin (1961):
' Ravine method

Resenbrack

og(E)

’ m Intuition: descent to bottom of
ravine not hard, but moving

< along narrow ravine harder.
Thus, mix two types of steps:
gradient step and a “ravine step”

-
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Background: ravine method

m Long, narrow ravines slow
down GD

: m Gel'fand-Tsetlin (1961):
' Ravine method

Resenbrack

og(E)

’ m Intuition: descent to bottom of
ravine not hard, but moving

< along narrow ravine harder.
Thus, mix two types of steps:
gradient step and a “ravine step”

Simplest form of ravine method

xk+1 — yk _ onf(yk), yk+1 — xk+1 + B(karl _ xk)

-
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Background: Heavy-ball method

Theorem. Let f = %xTAx +blx e Si u Then, choose

w= 4L+, Be= o= Y

the heavy-ball method satisfies ||x* — x*|| = O(gF).
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Background: Heavy-ball method

Theorem. Let f = %xTAx +blx e Si u Then, choose

VE—1
VE+1

n=4/(VL+Vn), B=q.q=

' Motivated originally from so-called “Ravine method” of |
i Gelfand-Tsetlin (1961), that runs the iteration |
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Background: Heavy-ball method

Can view it as a discretization of 2nd-order ODE:
X4ax +bVf(x) =0

(analogy: movement of a heavy-ball in a potential field f(x)
governed not only by Vf(x) but by a momentum term)
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Background: Heavy-ball method

Can view it as a discretization of 2nd-order ODE:
X+ ax +bVf(x) =

(analogy: movement of a heavy-ball in a potential field f(x)
governed not only by Vf(x) but by a momentum term)

Why does momentum help?

What about the general convex case?
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Nesterov's AGM

Suvrit Sra (suvrit@mit.edu)

6.881 Optimization for Machine Learning

(3/16/21; Lecture 8)




Nesterov's AGM

Nesterov’s (1983) method

P = V)
S BN

-
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Nesterov's AGM

Nesterov’s (1983) method

P = V)
S BN

-
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Nesterov's AGM

Nesterov’s (1983) method
IR0

SR S S B A B
| Essentially same as the ravine method!! :
: - O — 1 - 2 - :
E P = — 2ak+1—1+\/4ak+1, ag =1 E
| 2Ly — x*| :
k *

 In the strongly convex case, instead we use (3 = ﬁ;} . This leads to

E O(y/r log(1/¢)) iterations to ensure f(x*) — f(x*) < e.

(Remark: Nemirovski proposed a method that achieves optimal complexity,
but it required 2D line-search. Nesterov’s method was the real breakthrough
and remains a fascinating topic to study even today.)

-
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Analyzing Nesterov’s method

(»» Ravine method worked well and sparked numerous heuristics for
selecting its parameters and improving its behavior. However, its
convergence was never proved. Inspired Polyak’s heavy-ball method, which
seems to have inspired Nesterov’'s AGM.)
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Analyzing Nesterov’s method

(»» Ravine method worked well and sparked numerous heuristics for
selecting its parameters and improving its behavior. However, its
convergence was never proved. Inspired Polyak’s heavy-ball method, which
seems to have inspired Nesterov’'s AGM.)

Some ways to analyze AGM
m Nesterov’s Estimate sequence method
m Approaches based on potential (Lyapunov) functions
m Derivation based on viewing AGM as approximate PPM
m Using “linear coupling,” mixing a primal-dual view

m Analysis based on SDPs
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Analyzing Nesterov’s method

(»» Ravine method worked well and sparked numerous heuristics for
selecting its parameters and improving its behavior. However, its
convergence was never proved. Inspired Polyak’s heavy-ball method, which
seems to have inspired Nesterov’'s AGM.)

Some ways to analyze AGM
Nesterov’s Estimate sequence method
Approaches based on potential (Lyapunov) functions
Derivation based on viewing AGM as approximate PPM
Using “linear coupling,” mixing a primal-dual view
Analysis based on SDPs

See discussion in the paper

From Nesterov’s Estimate Sequence to Riemannian Acceleration
Kwangjun Ahn KJAHN @MIT.EDU

Suvrit Sra SUVRIT@MIT.EDU
Department of Electrical Engineering and Computer Science, Massachusetts Institute of Technology
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Potential analysis — sketch

m Choose potential: judge closeness of iterates to the optimal
m Ensure the potential is decreasing with iteration
m AGM does not satisfy f(x*+1) < f(x¥), so...
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Potential analysis — sketch

m Choose potential: judge closeness of iterates to the optimal
m Ensure the potential is decreasing with iteration
m AGM does not satisfy f(x**1) < f(x¥), so

Slightly more general AGM iteration

xk+l

A yk + ak+1(zk - ]/k)
P e RV

Zk+l « xk+1 + /Bk-i-l (Zk _ xk+1) _ "7k+1vf(xk+l)

Mixing intution from “descent” and “ravines”

= Ad(f(v) — f(x")) + Bllz* — x|

' Pick parameters Ay, Bk, n, Yk, 0%, B to ensure that we have
] i @ — D1 < 0. Turns out a “simple” choice does that job! |
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Potential analysis — sketch

Using the shorthand:

Ay i=~(1—-Ly/2), V:=Vf(xi1), X:=xq1—X, and W=z —x;41,

using smoothness and convexity, show that ®;, — @ is upper-boudned by

ctl[WI + c2llXIP + sl VI + ca (W, X) + 05 (W, V) + ¢ (X, V) , E

o1 = BB — Be— S5 Ax, c2i=Biy1 — B — 4 (A1 — A, E
|
|

¢3 = 1"Bey1 — Ay - Aryr, cs:=2- (BBry1 — By) ,
C5 := %Ak — ZBWBH—I 9 and Ce :— (Ak+1 — Ak) — 2’!]Bk+1 o

I |
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Potential analysis — sketch

Using the shorthand:
A-y = ’y(l —L'y/2), V= Vf(xH_l), X := Xi4+1 — X« and W := Zt — Xt41,
using smoothness and convexity, show that ®;, — @ is upper-boudned by
I
clWIP + el XI? + sl VII* + s (W, X) + 05 (W, V) +¢6 (X, V) , |
¢1 = By — Be — %ﬁka, €2 :=Biy1 — Br — §(Ar1 — Ax),
¢3 = 1"Bey1 — Ay - Aryr, cs =2+ (BBy1 — By) :
Cs = %Ak = Zﬂan+1 R and Co := (Ak+1 = Ak) = 2’!]Bk+1 . :

I |

Now choose parameters to ensure ®;1 — @, < 0. Finally, leads to a bound of
the form

F) —f(x") =01 = &) --- (1 = &),

where the sequence {} fully characterizes convergence.

Ref: See details in the paper: Ahn, Sra (2020). From Nesterov’s Estimate
Sequence to Riemannian Acceleration.
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