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min
x2X

f(x)

X 6= Rd
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‣Vector spaces 
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Example: Riemannian optimization

Orthogonality 
constraint

Fixed-rank 
constraint

Positive  
definite  
constraint

... ...

Vector space
optimization

Stiefel  
manifold

Grassmann  
manifold

PSD  
manifold

... ...

Riemannian  
optimization

[Udriste, 1994; Absil et al., 2009]
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Classes of function in optimization

Convex

Lipschitz Strongly convex

Smooth
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Classes of function in optimization

Convex

Lipschitz Strongly convex

Smooth

Geodesically
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The idea of geodesic convexity

Convexity

Metric spaces & curvature: [Menger; Alexandrov; Busemann; Bridson, Haefliger; Gromov; Perelman]

x y(1� t)x+ ty

see also: [Rápcsák 1984; Udriste 1994]
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The idea of geodesic convexity

Convexity

Metric spaces & curvature: [Menger; Alexandrov; Busemann; Bridson, Haefliger; Gromov; Perelman]

f((1� t)x� ty)  (1� t)f(x) + tf(y)

x y(1� t)x+ ty

Geodesic convexity x y(1� t)x� ty

see also: [Rápcsák 1984; Udriste 1994]

Local opt of g-convex is global opt
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Key concepts generalize
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Key concepts generalize

Exponential map

Inverse 
exponential map

lengths, angles, differentiation, vector translation, etc.
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First-order algorithms

min
x2X⇢M

f(x)
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First-order algorithms
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x2X⇢M

f(x)

Assume: we can obtain exact or stochastic gradients
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First-order algorithms

min
x2X⇢M

f(x)

Assume: we can obtain exact or stochastic gradients

been previously considered in [7; 21], though with only asymptotic convergence analysis, and without
any rates. Many applications of Riemannian optimization are known, including matrix factorization
on fixed-rank manifold [32; 34], dictionary learning [8; 31], optimization under orthogonality con-
straints [11; 22], covariance estimation [35], learning elliptical distributions [30; 39], and Gaussian
mixture models [15]. Notably, some nonconvex Euclidean problems are geodesically convex, for
which Riemannian optimization can provide similar guarantees to convex optimization. Zhang and
Sra [38] provide the first global complexity analysis for first-order Riemannian algorithms, but their
analysis is restricted to geodesically convex problems with full or stochastic gradients. In contrast,
we propose RSVRG, a variance reduced Riemannian stochastic gradient algorithm, and analyze its
global complexity for both geodesically convex and nonconvex problems.

In parallel with our work, [19] also proposed and analyzed RSVRG specifically for the Grassmann
manifold. Their complexity analysis is restricted to local convergence to strict local minima, which
essentially corresponds to our analysis of (locally) geodesically strongly convex functions.

2 Preliminaries
Before formally discussing Riemannian optimization, let us recall some foundational concepts of
Riemannian geometry. For a thorough review one can refer to any classic text, e.g.,[24].

A Riemannian manifold (M, g) is a real smooth manifold M equipped with a Riemannain metric
g. The metric g induces an inner product structure in each tangent space TxM associated with
every x 2 M. We denote the inner product of u, v 2 TxM as hu, vi , gx(u, v); and the norm
of u 2 TxM is defined as kuk ,

p
gx(u, u). The angle between u, v is defined as arccos hu,vi

kukkvk .
A geodesic is a constant speed curve � : [0, 1] ! M that is locally distance minimizing. An
exponential map Expx : TxM ! M maps v in TxM to y on M, such that there is a geodesic �

with �(0) = x, �(1) = y and �̇(0) , d
dt�(0) = v. If between any two points in X ⇢ M there is a

unique geodesic, the exponential map has an inverse Exp�1
x : X ! TxM and the geodesic is the

unique shortest path with kExp�1
x (y)k = kExp�1

y (x)k the geodesic distance between x, y 2 X .

Parallel transport �y
x : TxM ! TyM maps a vector v 2 TxM to �y

xv 2 TyM, while preserving
norm, and roughly speaking, “direction,” analogous to translation in Rd. A tangent vector of a
geodesic � remains tangent if parallel transported along �. Parallel transport preserves inner products.

xv

Expx(v)

x

v

y

�y
xv

Figure 1: Illustration of manifold operations. (Left) A vector v in TxM is mapped to Expx(v); (right) A vector
v in TxM is parallel transported to TyM as �y

xv.

The geometry of a Riemannian manifold is determined by its Riemannian metric tensor through
various characterization of curvatures. Let u, v 2 TxM be linearly independent, so that they span
a two dimensional subspace of TxM. Under the exponential map, this subspace is mapped to a
two dimensional submanifold of U ⇢ M. The sectional curvature (x,U) is defined as the Gauss
curvature of U at x. As we will mainly analyze manifold trigonometry, for worst-case analysis, it is
sufficient to consider sectional curvature.

Function Classes. We now define some key terms. A set X is called geodesically convex if for any
x, y 2 X , there is a geodesic � with �(0) = x, �(1) = y and �(t) 2 X for t 2 [0, 1]. Throughout the
paper, we assume that the function f in (1) is defined on a geodesically convex set X on a Riemannian
manifold M.

We call a function f : X ! R geodesically convex (g-convex) if for any x, y 2 X and any geodesic
� such that �(0) = x, �(1) = y and �(t) 2 X for t 2 [0, 1], it holds that

f(�(t))  (1� t)f(x) + tf(y).

3

x Expx(�⌘rf(x))
x x� ⌘rf(x)Gradient descent

GD on manifolds
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Can we obtain global iteration complexity 
bounds for first-order optimization?

10
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Can we obtain global iteration complexity 
bounds for first-order optimization?

✓
Global Complexity

Gradient Descent
Stochastic Gradient Descent
Coordinate Descent
Accelerated Gradient Descent
Fast Incremental Gradient
... ...

?E[f(xa)� f(x⇤)]  ?

Convex Optimization Manifold Optimization
[Nemirovski-Yudin 1983] 
[Nesterov 2003] 
many more works too…

10
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Example Manifolds
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Common Riemannian manifolds

[taken from manopt.org]
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Examples & 
Applications

14

mailto:suvrit@mit.edu?subject=


Suvrit Sra (suvrit@mit.edu)                            6.881 Optimization for Machine Learning (4/27/21 Lecture 17) 15

Eigenvector problems

Ref: Projection-like retractions on matrix manifolds, Pierre-Antoine Absil, Jérôme Malick. 
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 max
xT x=1

xT Ax

Largest eigenvector
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May be viewed as Riemannian gradient descent 
(albeit under  another “retraction” instead of the Exp-map)
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Eigenvector problems

 max
xT x=1

xT Ax

Largest eigenvector

x ←
Ax

∥Ax∥

Power iteration

May be viewed as Riemannian gradient descent 
(albeit under  another “retraction” instead of the Exp-map)

Provides transparent reasoning for global convergence rate of iter

Ref: Projection-like retractions on matrix manifolds, Pierre-Antoine Absil, Jérôme Malick. 
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Stochastic eigenvectors (large-scale)
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Stochastic eigenvectors (large-scale)

min
xT x=1

�xT
⇣Xn

i=1
ziz

T
i

⌘
x

n is big
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Stochastic eigenvectors (large-scale)

Lots of work on “SGD” for eigenvectors exists
[Garber, Hazan 2015; Jin, Kakade, Musco, Netrapalli, Sidford 2015; Shamir 2015, 2016]
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T
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⌘
x

n is big

Simpler analysis thanks to a key geometric realization

[Zhang, Reddi, Sra, NIPS 2016]

Even though problem is geodesically non-convex, it

it satisfies a Riemannian Polyak-Łojasiewicz inequality

Running Riemannian SGD will obtain global optimum
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Stochastic eigenvectors (large-scale)

min
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x

n is big

1. A more careful initialization 
   should improve the bound
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min
xT x=1
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⌘
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n is big

1. A more careful initialization 
   should improve the bound

2. Can we accelerate to  ?δ
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Matrix Factorization
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G-convexity for positive definite matrices

2 4 6 8 10

0.5
1.0
1.5
2.0
2.5

Example: log(1+x) concave in the usual sense, but 
geodesically convex since f(x1-tyt) ≤ (1-t)f(x)+tf(y) 

f(x)=log(1+x)
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G-convexity for positive definite matrices

Geodesic from X to Y

X

Y

X
#

tY

Since XY≠YX, 

cannot simply

use X1-tYt as

for scalars

�(t) ⌘ (1� t)X � tY := X
1
2 (X� 1

2Y X� 1
2 )tX

1
2

f((1� t)X � tY ) 6 (1� t)f(X) + tf(Y )

2 4 6 8 10

0.5
1.0
1.5
2.0
2.5

Example: log(1+x) concave in the usual sense, but 
geodesically convex since f(x1-tyt) ≤ (1-t)f(x)+tf(y) 

f(x)=log(1+x)
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Examples from SDP, LMI

Condition number

(X) =
�max(X)

�min(X)

Generalized eigenvalue!

�max(A,B) = �max(A
�1B)

Euclidean quasiconvex

[Boyd, Ghaoui 1993; 
Nesterov, Nemirovksi 1991]

[Sra 2017]

Euclidean quasiconvex

but log-g-convex

log-g-convex
Trace of power

and many more…

log tr(Xp), p 2 R
<latexit sha1_base64="4R0Gk8xNlOU4wPGpeUV0Ctncfvk="></latexit>
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Example: metric learning

Metric learning: a fundamental problem in machine learning
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Example: metric learning

If we can judge “similarity” between data points,  
classification becomes easy (eg via nearest neighbors)

Metric learning: a fundamental problem in machine learning
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Metric Learning

If we can judge “similarity” between data points,  
classification becomes easy (eg via nearest neighbors)

Metric learning: a fundamental problem in machine learning
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Linear metric learning

S := {(xi,xj) | xi and xj are in the same class}
D := {(xi,xj) | xi and xj are in di↵erent classes}

Input: pairwise constraints

Goal: learn Mahalanobis distance

dA(x,y) := (x� y)TA(x� y)

Ensure: distances between similar points are small
distances between dissimilar points are large
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Goal: learn Mahalanobis distance

dA(x,y) := (x� y)TA(x� y)

Ensure: distances between similar points are small
distances between dissimilar points are large
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Metric learning - convex formulations

[Xing, Jordan, Russell, Ng 2002]
MMC

dA(x,y) := (x� y)TA(x� y)
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Metric learning - convex formulations

[Xing, Jordan, Russell, Ng 2002]
MMC min

A⌫0

X

(xi,xj)2S

dA(xi,xj)

such that
X

(xi,xj)2D

q
dA(xi,xj) � 1

Semidef. Programming (SDP)

dA(x,y) := (x� y)TA(x� y)
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Metric learning - convex formulations

[Xing, Jordan, Russell, Ng 2002]
MMC

min
A⌫0

X

(xi,xj)2S

h
(1� µ)dA(xi,xj) + µ

X
l
(1� yil)⇠ijl

i

dA(xi,xl)� dA(xi,xj) � 1� ⇠ijl

⇠ijl � 0

LMNN
[Weinberger, Saul 2005]
large-margin SDP

min
A⌫0

X

(xi,xj)2S

dA(xi,xj)

such that
X

(xi,xj)2D

q
dA(xi,xj) � 1

Semidef. Programming (SDP)

dA(x,y) := (x� y)TA(x� y)
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Metric learning - convex formulations

[Xing, Jordan, Russell, Ng 2002]
MMC

[Davis, Kulis, Jain, Sra, Dhillon 2007]
ITML min

A⌫0
Dld(A,A0)

such that dA(x,y)  u, (x,y) 2 S,
dA(x,y) � l, (x,y) 2 D

Dld(A,A0) := tr(AA�1
0 )� log det(AA�1

0 )� d
relative entropy b/w Gaussians

min
A⌫0

X

(xi,xj)2S

h
(1� µ)dA(xi,xj) + µ

X
l
(1� yil)⇠ijl

i

dA(xi,xl)� dA(xi,xj) � 1� ⇠ijl

⇠ijl � 0

LMNN
[Weinberger, Saul 2005]
large-margin SDP

min
A⌫0

X

(xi,xj)2S

dA(xi,xj)

such that
X

(xi,xj)2D

q
dA(xi,xj) � 1

Semidef. Programming (SDP)

dA(x,y) := (x� y)TA(x� y)
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Metric learning - convex formulations

[Xing, Jordan, Russell, Ng 2002]
MMC

Tons of other works

[Davis, Kulis, Jain, Sra, Dhillon 2007]
ITML min

A⌫0
Dld(A,A0)

such that dA(x,y)  u, (x,y) 2 S,
dA(x,y) � l, (x,y) 2 D

Dld(A,A0) := tr(AA�1
0 )� log det(AA�1

0 )� d
relative entropy b/w Gaussians

min
A⌫0

X

(xi,xj)2S

h
(1� µ)dA(xi,xj) + µ

X
l
(1� yil)⇠ijl

i

dA(xi,xl)� dA(xi,xj) � 1� ⇠ijl

⇠ijl � 0

LMNN
[Weinberger, Saul 2005]
large-margin SDP

min
A⌫0

X

(xi,xj)2S

dA(xi,xj)

such that
X

(xi,xj)2D

q
dA(xi,xj) � 1

Semidef. Programming (SDP)

dA(x,y) := (x� y)TA(x� y)
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A new geometric approach

Euclidean idea

min
A⌫0

X

(xi,xj)2S

dA(xi,xj)� �
X

(xi,xj)2D

dA(xi,xj)

dA(x,y) := (x� y)TA(x� y)
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Euclidean idea

min
A⌫0

X

(xi,xj)2S

dA(xi,xj)� �
X

(xi,xj)2D

dA(xi,xj)

dA(x,y) := (x� y)TA(x� y)
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A new geometric approach

Euclidean idea

min
A⌫0

X

(xi,xj)2S

dA(xi,xj)� �
X

(xi,xj)2D

dA(xi,xj)

min
A⌫0

X

(xi,xj)2S

dA(xi,xj) +
X

(xi,xj)2D

dA�1(xi,xj)

New idea

dA(x,y) := (x� y)TA(x� y)
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A new geometric approach

Euclidean idea

min
A⌫0

X

(xi,xj)2S

dA(xi,xj)� �
X

(xi,xj)2D

dA(xi,xj)

min
A⌫0

X

(xi,xj)2S

dA(xi,xj) +
X

(xi,xj)2D

dA�1(xi,xj)

New idea

dA(x,y) := (x� y)TA(x� y)

Intuitively: If a > b, then a-1 < b-1
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Geometric approach to metric learning

[Habibzadeh, Hosseini, Sra, ICML 2016]

Collect similar points into S and 
dissimilar into D

S :=
X

(xi,xj)2S

(xi � xj)(xi � xj)
T ,

D :=
X

(xi,xj)2D

(xi � xj)(xi � xj)
T

scatter matrices
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Geometric approach to metric learning

[Habibzadeh, Hosseini, Sra, ICML 2016]

Collect similar points into S and 
dissimilar into D

S :=
X

(xi,xj)2S

(xi � xj)(xi � xj)
T ,

D :=
X

(xi,xj)2D

(xi � xj)(xi � xj)
T

scatter matrices

min
A�0

h(A) := tr(AS) + tr(A�1D)

Equivalently solve
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Geometric approach to metric learning

Closed form solution!
rh(A) = 0 , S �A�1DA�1 = 0
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Geometric approach to metric learning

Closed form solution!
rh(A) = 0 , S �A�1DA�1 = 0

A = S�1# 1
2
D

X#tY := X
1
2 (X� 1

2Y X� 1
2 )tX

1
2
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Geometric approach to metric learning

Closed form solution!

S�1

D

*

S
�
1 #

t
D

min
A�0

(1� t)�2R(S
�1,A) + t�2R(D,A)

More generally

S�1#tD

rh(A) = 0 , S �A�1DA�1 = 0

A = S�1# 1
2
D

X#tY := X
1
2 (X� 1

2Y X� 1
2 )tX

1
2
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Geometric approach to metric learning

Closed form solution!

S�1

D

*

S
�
1 #

t
D

min
A�0

(1� t)�2R(S
�1,A) + t�2R(D,A)

More generally

S�1#tD

rh(A) = 0 , S �A�1DA�1 = 0

A = S�1# 1
2
D

X#tY := X
1
2 (X� 1

2Y X� 1
2 )tX

1
2

Nonconvex 
but solvable 

optimally 
thanks to 

g-convexity
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Experiments

[Habibzadeh, Hosseini, Sra ICML 2016]

Comment: May think of this as a “supervised whitening transform”
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Experiments

[Habibzadeh, Hosseini, Sra ICML 2016]

Comment: May think of this as a “supervised whitening transform”

Running time in seconds
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Brascamp-Lieb Constant
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Brascamp-Lieb Constant
Z

Rn

mY

i=1

fi(Bix)
pi dx  D�1/2

mY

i=1

✓Z

Rni

fi(y) dy

◆pi
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Brascamp-Lieb Constant

Xm

i=1
pini = n

Z

Rn

mY

i=1

fi(Bix)
pi dx  D�1/2

mY

i=1

✓Z

Rni

fi(y) dy

◆pi

pi > 0, fi � 0

powerful inequality; includes Hölder, Loomis-Whitney, Young’s, many others!

super generalization of: sum-of-prod ≤ prod-of-sum, e.g, ⟨x, y⟩ ≤ ∥x∥ ⋅ ∥y∥

Important in: Information theory, convex geometry, probability theory
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Brascamp-Lieb Constant

Xm

i=1
pini = n

Z

Rn

mY

i=1

fi(Bix)
pi dx  D�1/2

mY

i=1

✓Z

Rni

fi(y) dy

◆pi

D := inf

(
det

�P
i piB

⇤
i XiBi

�
Q

i(detXi)pi

����Xi � 0, ni ⇥ ni,

)

pi > 0, fi � 0

powerful inequality; includes Hölder, Loomis-Whitney, Young’s, many others!

super generalization of: sum-of-prod ≤ prod-of-sum, e.g, ⟨x, y⟩ ≤ ∥x∥ ⋅ ∥y∥

Important in: Information theory, convex geometry, probability theory
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Brascamp-Lieb constant

min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi

• Applications to geometric complexity theory 
[Garg, Gurvits, Oliveira, Wigderson; Jul 2016]


• Problem has unique solution & sufficient conditions 
[Bennett, Carbery, Christ, Tao, 2005]


• Barthe, Carlen, Lieb, Cordero-Erasquin, McCann, …
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Brascamp-Lieb constant

min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi

• Applications to geometric complexity theory 
[Garg, Gurvits, Oliveira, Wigderson; Jul 2016]


• Problem has unique solution & sufficient conditions 
[Bennett, Carbery, Christ, Tao, 2005]


• Barthe, Carlen, Lieb, Cordero-Erasquin, McCann, …

Prop:  This is a g-convex optimization problem
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Brascamp-Lieb constant

min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi

• Applications to geometric complexity theory 
[Garg, Gurvits, Oliveira, Wigderson; Jul 2016]


• Problem has unique solution & sufficient conditions 
[Bennett, Carbery, Christ, Tao, 2005]


• Barthe, Carlen, Lieb, Cordero-Erasquin, McCann, …

Prop:  This is a g-convex optimization problem

Let’s look at a proof….
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Proving g-convexity

Recall geodesic: X#tY = X1/2(X−1/2YX−1/2)tX1/2

Aim: Prove f(X#tY ) ≤ (1 − t)f(X) + tf(Y ) min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi
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Proving g-convexity

Let  be a positive linear map (i.e., it maps psd matrices 
to psd matrices and is linear too)

Φi(X) = B*i XBi

Recall geodesic: X#tY = X1/2(X−1/2YX−1/2)tX1/2

Aim: Prove f(X#tY ) ≤ (1 − t)f(X) + tf(Y ) min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi
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Proving g-convexity

Let  be a positive linear map (i.e., it maps psd matrices 
to psd matrices and is linear too)

Φi(X) = B*i XBi

Recall geodesic: X#tY = X1/2(X−1/2YX−1/2)tX1/2

Aim: Prove f(X#tY ) ≤ (1 − t)f(X) + tf(Y )

Lemma A. . Φ(X#tY ) ⪯ Φ(X)#tΦ(Y )

min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi
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Proving g-convexity

Let  be a positive linear map (i.e., it maps psd matrices 
to psd matrices and is linear too)

Φi(X) = B*i XBi

Recall geodesic: X#tY = X1/2(X−1/2YX−1/2)tX1/2

Aim: Prove f(X#tY ) ≤ (1 − t)f(X) + tf(Y )

Lemma A. . Φ(X#tY ) ⪯ Φ(X)#tΦ(Y )

Proof. [Kubo-Ando 1980; Sra-Hosseini 2015]

min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi
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Proving g-convexity

Let  be a positive linear map (i.e., it maps psd matrices 
to psd matrices and is linear too)

Φi(X) = B*i XBi

Recall geodesic: X#tY = X1/2(X−1/2YX−1/2)tX1/2

Aim: Prove f(X#tY ) ≤ (1 − t)f(X) + tf(Y )

Lemma A. . Φ(X#tY ) ⪯ Φ(X)#tΦ(Y )

Proof. [Kubo-Ando 1980; Sra-Hosseini 2015]

Lemma B. (joint concavity) . A#tB + X#tY ⪯ (A + X)#t(B + Y )

min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi
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Proving g-convexity

Let  be a positive linear map (i.e., it maps psd matrices 
to psd matrices and is linear too)

Φi(X) = B*i XBi

Recall geodesic: X#tY = X1/2(X−1/2YX−1/2)tX1/2

Aim: Prove f(X#tY ) ≤ (1 − t)f(X) + tf(Y )

Lemma A. . Φ(X#tY ) ⪯ Φ(X)#tΦ(Y )

Proof. [Kubo-Ando 1980; Sra-Hosseini 2015]

Lemma B. (joint concavity) . A#tB + X#tY ⪯ (A + X)#t(B + Y )

Proof. see e.g., [Bhatia 2007, “Positive definite matrices”]

min
X1,...,Xm�0

log det
⇣X

i
piB

⇤
i XiBi

⌘
�
X

i
pi log detXi
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G-convexity of BL constant

Let  be a positive linear mapΦi(X) = B*i XBi

Recall X#tY = X1/2(X−1/2YX−1/2)tX1/2
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G-convexity of BL constant

X
i
�i(Xi#tYi) �

X
i
�i(Xi)#t�i(Yi) �

⇣X
i
�i(Xi)

⌘
#t

⇣X
i
�i(Yi)

⌘

<latexit sha1_base64="7dDJUj1vrGwUn40V79XG9GnQzPw="></latexit>

Let  be a positive linear mapΦi(X) = B*i XBi

Recall X#tY = X1/2(X−1/2YX−1/2)tX1/2
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G-convexity of BL constant

X
i
�i(Xi#tYi) �

X
i
�i(Xi)#t�i(Yi) �

⇣X
i
�i(Xi)

⌘
#t

⇣X
i
�i(Yi)

⌘

<latexit sha1_base64="7dDJUj1vrGwUn40V79XG9GnQzPw="></latexit>

Let  be a positive linear mapΦi(X) = B*i XBi

Recall X#tY = X1/2(X−1/2YX−1/2)tX1/2
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G-convexity of BL constant

X
i
�i(Xi#tYi) �

X
i
�i(Xi)#t�i(Yi) �

⇣X
i
�i(Xi)

⌘
#t

⇣X
i
�i(Yi)

⌘
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Let  be a positive linear mapΦi(X) = B*i XBi

Recall X#tY = X1/2(X−1/2YX−1/2)tX1/2
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G-convexity of BL constant

X
i
�i(Xi#tYi) �

X
i
�i(Xi)#t�i(Yi) �

⇣X
i
�i(Xi)

⌘
#t

⇣X
i
�i(Yi)

⌘

<latexit sha1_base64="7dDJUj1vrGwUn40V79XG9GnQzPw="></latexit>

Let  be a positive linear mapΦi(X) = B*i XBi

Recall X#tY = X1/2(X−1/2YX−1/2)tX1/2

=) log det(
X

i
�i(Xi#tYi))

<latexit sha1_base64="7v78tcsLxU9FlhwRh5eoBWIh7U8="></latexit>
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G-convexity of BL constant
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This is the desired geodesic convexity inequality
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An example from optimal transport

Transport mass from one place to another at lowest cost (EMD)

Wasserstein distance: net cost of 
transport, or how far is source 
distribution from target distribution
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Wasserstein barycenters14 MELANIE WEBER AND SUVRIT SRA

is the Wasserstein barycenter. Here, dW denotes the Wasserstein distance448

dW (X,Y ) =
⇥
tr(X + Y )� 2tr

�
X1/2Y X1/2

�1/2⇤1/2
.(43)449450

To see the connection to optimal transport, note that Eq. 42 corresponds to a least451
squares optimization over a set of multivariate center Gaussians with respect to the452
Wasserstein distance. The Gaussian density manifold is isomorphic to the manifold453
of symmetric positive definite matrices, which allows for a direct application of Rfw454
and the setup in the previous section to Eq. 42, albeit with a different set of con-455
straints. In the following, we discuss a suitable set of constraint and adapt Rfw for456
the computation of the Wasserstein mean.457

First, note that as for the Karcher mean, one can show that the Wasserstein mean458
of two matrices is given in closed form; namely as459

X⌃tY = (1� t)2X + t2Y + t(1� t)
⇣
(XY )1/2 + (Y X)1/2

⌘
.(44)460

461

However, the computation of the barycenter of m matrices (m > 2) requires solving462
a quadratic optimization problem. Note, that Eq. 44 defines a geodesic map from463
X to Y . Unfortunately, an analogue of the means inequality does not hold in the464
Wasserstein case. However, one can show, that the arithmetic matrix mean always465
gives an upper bound, providing one-sided constraints [7]:466

Ai⌃tAj �
Ai +Aj

2
,467

468

and similarly for the arithmetic mean A(w; {Ai}) of m matrices. Moreover, one can469
show that ↵I � X [8], where ↵ is the minimal eigenvalue over {Ai}mi=1, i.e.470

↵ = min
1jm

�min(Aj) .471
472

In summary, this gives the following constraints on the Wasserstein mean:473

↵I � ⌦(w; {Ai}) � A(w; {Ai}) .(45)474475

Next, we will derive the gradient of the objective function. According to Eq. 42,476
the objective is given as477

(46) �(X) :=
X

j

wj

⇥
tr(Aj) + tr(X)� 2 tr

�
A1/2

j
XA1/2

j

�1/2⇤1/2
.478

Two expressions for the gradient of ( 46) are derived in the following.479

Lemma 13. Let � be given by (46). Then, its gradient is480

r�(X) =
X

j

wj

⇣
I � (AjX)�1/2 Aj

⌘
.481

482

Proof.

r�(X) =
d

dX

X
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wj trAj
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vanishes

+
d
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This manuscript is for review purposes only.

Wasserstein distance between multivariate Gaussians
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Wasserstein distance between multivariate Gaussians

Wasserstein Barycenter

min
X⌫0

1

N

NX

i=1

d2W (X,Ai)
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Actually a (Euclidean) convex optimization problem

But empirically Riemannian 
optimization turns out to be faster! 

Figure 4: Performance of RFW and stochastic variants for large sets of matrices of small size, i.e.
N ⌧ M . We set X0 to the arithmetic mean (left) and the mean of the arithmetic mean and ↵(C) · I
(right).
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Recent toolboxes, tutorials
https://www.manopt.org
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Recent toolboxes, tutorials
https://www.manopt.org

https://www.pymanopt.org

mailto:suvrit@mit.edu?subject=
https://www.manopt.org
http://www.apple.com


Suvrit Sra (suvrit@mit.edu)                            6.881 Optimization for Machine Learning (4/27/21 Lecture 17) 34

Recent toolboxes, tutorials
https://www.manopt.org

See also: https://manoptjl.org/stable/

https://www.pymanopt.org
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Recent toolboxes, tutorials
https://www.manopt.org

See also: https://manoptjl.org/stable/

https://www.pymanopt.org

New book:
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