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Minmax: no global saddle points
Last time we saw the convex-concave case: easy, but in general?

min
x2X

max
y2Y

�(x, y)

<latexit sha1_base64="ZSYV3ybOE7PW2cAWxtlmIWt24OE="></latexit>

mailto:suvrit@mit.edu?subject=


Suvrit Sra (suvrit@mit.edu)                            6.881 Optimization for Machine Learning (4/22/21 Lecture 16) 3

Minmax: no global saddle points
Last time we saw the convex-concave case: easy, but in general?

When , as is almost always the case with 

usual nonconvex problems, the sequence of play (min-max vs max-min) crucial. 
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Minmax: no global saddle points

Challenges: Define notions of optimality and study 
behavior of gradient based algorithms

Last time we saw the convex-concave case: easy, but in general?

When , as is almost always the case with 

usual nonconvex problems, the sequence of play (min-max vs max-min) crucial. 
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Local saddle points
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Local saddle points
Local saddle / local Nash equilibrium
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Local saddle points

Thus, fixing x*, point y* is a local maximizer of , while fixing 
y*, point x* is a local minimizer of 

ϕ(x*, y)
ϕ(x, y*)
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ϕ(x*, y)
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Local saddle / local Nash equilibrium

Optimality conditions for local Nash equilibria
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Local saddle points

Thus, fixing x*, point y* is a local maximizer of , while fixing 
y*, point x* is a local minimizer of 

ϕ(x*, y)
ϕ(x, y*)

Local saddle / local Nash equilibrium

First-order necessary conditions (ignoring boundary of sets X and Y): 
∇xϕ(x, y) = 0,∇yϕ(x, y) = 0

Optimality conditions for local Nash equilibria
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Local saddle points

Thus, fixing x*, point y* is a local maximizer of , while fixing 
y*, point x* is a local minimizer of 

ϕ(x*, y)
ϕ(x, y*)

Local saddle / local Nash equilibrium

First-order necessary conditions (ignoring boundary of sets X and Y): 
∇xϕ(x, y) = 0,∇yϕ(x, y) = 0

Similarly, second order necessary: ∇2
xxϕ(x, y) ⪰ 0,∇2

yyϕ(x, y) ⪯ 0

Second order sufficient (assuming ) : ∇ϕ = 0 ∇2
xxϕ(x, y) ≻ 0,∇2

yyϕ(x, y) ≺ 0

Optimality conditions for local Nash equilibria
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Local saddle points
> Local saddle also not truly suitable because of the sequential nature of 
min-max (Stackelberg games) rather than the simultaneous game.
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> Local saddle also not truly suitable because of the sequential nature of 
min-max (Stackelberg games) rather than the simultaneous game.

More crucially, even local Nash equilibrium may fail to exist
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Local saddle points
> Local saddle also not truly suitable because of the sequential nature of 
min-max (Stackelberg games) rather than the simultaneous game.

Example

More crucially, even local Nash equilibrium may fail to exist
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Local saddle points
> Local saddle also not truly suitable because of the sequential nature of 
min-max (Stackelberg games) rather than the simultaneous game.

Let . We have . 
A local Nash equilibrium must satisfy stationarity, whereby we obtain 

. 

ϕ(x, y) = sin(x + y) ∇ϕ(x, y) = [cos(x + y), cos(x + y)]

x + y = (k+ 1
2 )π, k ∈ ℤ

Example

More crucially, even local Nash equilibrium may fail to exist
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Local saddle points
> Local saddle also not truly suitable because of the sequential nature of 
min-max (Stackelberg games) rather than the simultaneous game.

Let . We have . 
A local Nash equilibrium must satisfy stationarity, whereby we obtain 

. 

ϕ(x, y) = sin(x + y) ∇ϕ(x, y) = [cos(x + y), cos(x + y)]

x + y = (k+ 1
2 )π, k ∈ ℤ

We can verify that for odd k, , while for 
even k, , thus violating SO-necessity

∇2
xxϕ(x, y) = ∇2

yyϕ(x, y) = 1
∇2

xxϕ(x, y) = ∇2
yyϕ(x, y) = −1

Example

More crucially, even local Nash equilibrium may fail to exist
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Minmax in Machine Learning

When , as is almost always the case with 
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GANS:  models the generator,  the discriminatorx y
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Minmax in Machine Learning

GANS:  models the generator,  the discriminatorx y

Adversarial training:  the params of a robust classifier,  the adv. attacksx y
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Minmax in Machine Learning

GANS:  models the generator,  the discriminatorx y

Adversarial training:  the params of a robust classifier,  the adv. attacksx y

When , as is almost always the case with 

usual nonconvex problems, the sequence of play (min-max vs max-min) crucial. 
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ϕ(x, y) ≠ max
y
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x
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Let us seek notions of optimality sensitive to order of play
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Minmax for Nonconvex-Nonconcave

What is Local Optimality in Nonconvex-Nonconcave Minimax

Optimization?
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Abstract

Minimax optimization has found extensive applications in modern machine learning, in settings such
as generative adversarial networks (GANs), adversarial training and multi-agent reinforcement learning.
As most of these applications involve continuous nonconvex-nonconcave formulations, a very basic
question arises—“what is a proper definition of local optima?”

Most previous work answers this question using classical notions of equilibria from simultaneous
games, where the min-player and the max-player act simultaneously. In contrast, most applications in
machine learning, including GANs and adversarial training, correspond to sequential games, where the
order of which player acts first is crucial (since minimax is in general not equal to maximin due to the
nonconvex-nonconcave nature of the problems). The main contribution of this paper is to propose a
proper mathematical definition of local optimality for this sequential setting—local minimax, as well as
to present its properties and existence results. Finally, we establish a strong connection to a basic local
search algorithm—gradient descent ascent (GDA): under mild conditions, all stable limit points of GDA
are exactly local minimax points up to some degenerate points.

1 Introduction

Minimax optimization refers to problems of two agents—one agent tries to minimize the payoff function
f : X ⇥ Y ! R while the other agent tries to maximize it. Such problems arise in a number of fields,
including mathematics, biology, social science, and particularly economics [Myerson, 2013]. Due to the wide
range of applications of these problems and their rich mathematical structure, they have been studied for
several decades in the setting of zero-sum games [Morgenstern and Von Neumann, 1953]. In the last few
years, minimax optimization has also found significant applications in machine learning, in settings such as
generative adversarial networks (GAN) [Goodfellow et al., 2014], adversarial training [Madry et al., 2017]
and multi-agent reinforcement learning [Omidshafiei et al., 2017]. In practice, these minimax problems are
often solved using gradient-based algorithms, especially gradient descent ascent (GDA), an algorithm that
alternates between a gradient descent step for x and some number of gradient ascent steps for y.
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Min-max and max-min points
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(in contrast to the usual setting, where both play simultaneously)
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Aka Stackelberg game, first leader plays then follower chooses best action 
(in contrast to the usual setting, where both play simultaneously)

Saddle points (simultaneous)
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Global min-max points
x⇤ 2 argmin

x2X
f(x), y⇤ 2 argmax
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�(x⇤, y)
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Ordering matters! 
First find  then find x* y* |x*

Aka Stackelberg game, first leader plays then follower chooses best action 
(in contrast to the usual setting, where both play simultaneously)

Saddle points (simultaneous)

�(x⇤, y)  �(x⇤, y⇤)  �(x, y⇤), 8x 2 X, y 2 Y
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x⇤ 2 argmin
x2X

f(x), y⇤ 2 argmin
y2Y

g(y)
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Global min-max point is  saddle point in general≠
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Examples
Let  and . Then, global min-max points are the  
set , while global max-min points are .

ϕ(x, y) = xy X = Y = ℝ
{0} × ℝ ℝ × {0}
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set , while global max-min points are .

ϕ(x, y) = xy X = Y = ℝ
{0} × ℝ ℝ × {0}

Taking intersection, the unique (global) saddle point  is (0,0). Moreover, 
note that not every  forms a saddle pair with . ̂y ∈ arg max

y∈Y
ϕ(x*, y) x* = 0
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(Turns out that “last iterate” of GD/MD does not converge to this unique saddle point)
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Examples
Let  and . Then, global min-max points are the  
set , while global max-min points are .

ϕ(x, y) = xy X = Y = ℝ
{0} × ℝ ℝ × {0}

Taking intersection, the unique (global) saddle point  is (0,0). Moreover, 
note that not every  forms a saddle pair with . ̂y ∈ arg max

y∈Y
ϕ(x*, y) x* = 0

(Turns out that “last iterate” of GD/MD does not converge to this unique saddle point)

Exercise: Let  with . Verify 
that for this function only global min-max points exist, but no global max-min 
points (and thus also, no saddle points) exist.

ϕ(x, y) = ax2 + by2 + cxy a < 0, b < 0, c2 ≥ ab
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Local min-max points
x⇤ 2 argmin

x2X
f(x), y⇤ 2 argmax

y2Y
�(x⇤, y)
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�(x⇤, y)  �(x⇤, y⇤) = f(x⇤)  f(x), 8x 2 X, y 2 Y
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Ordering matters! 
First find  then find x* y* |x*

Turn the global min-max definition into a local one, here’s one way
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Ordering matters! 
First find  then find x* y* |x*

Turn the global min-max definition into a local one, here’s one way

�(x⇤, y)  �(x⇤, y⇤)  max
y:ky�y⇤kh(✏)

�(x, y)
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x 2 X \B✏(x
⇤), y 2 Y \B✏(y

⇤)
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where  as , and inequality holds for all h(ϵ) → 0 ϵ → 0 ϵ ∈ (0,ϵ0]

mailto:suvrit@mit.edu?subject=


Suvrit Sra (suvrit@mit.edu)                            6.881 Optimization for Machine Learning (4/22/21 Lecture 16) 14

Local min-max points
x⇤ 2 argmin

x2X
f(x), y⇤ 2 argmax

y2Y
�(x⇤, y)

<latexit sha1_base64="6zdNva++A09z3LgB+wNGSw/spy4="></latexit>

�(x⇤, y)  �(x⇤, y⇤) = f(x⇤)  f(x), 8x 2 X, y 2 Y

<latexit sha1_base64="JgLvchguEPtrcKoZ2KKMm2FFPIc="></latexit>

Ordering matters! 
First find  then find x* y* |x*

Turn the global min-max definition into a local one, here’s one way

�(x⇤, y)  �(x⇤, y⇤)  max
y:ky�y⇤kh(✏)

�(x, y)

<latexit sha1_base64="/vO+7Ikc9rmalbVP6Qr9BnEpqvY="></latexit>

<latexit sha1_base64="RMhqScIEARdB7W50zvbeyWKxSjM="></latexit>

x 2 X \B✏(x
⇤), y 2 Y \B✏(y

⇤)

where  as , and inequality holds for all h(ϵ) → 0 ϵ → 0 ϵ ∈ (0,ϵ0]

mailto:suvrit@mit.edu?subject=


Suvrit Sra (suvrit@mit.edu)                            6.881 Optimization for Machine Learning (4/22/21 Lecture 16) 14

Local min-max points
x⇤ 2 argmin

x2X
f(x), y⇤ 2 argmax

y2Y
�(x⇤, y)

<latexit sha1_base64="6zdNva++A09z3LgB+wNGSw/spy4="></latexit>

�(x⇤, y)  �(x⇤, y⇤) = f(x⇤)  f(x), 8x 2 X, y 2 Y

<latexit sha1_base64="JgLvchguEPtrcKoZ2KKMm2FFPIc="></latexit>

Ordering matters! 
First find  then find x* y* |x*

Turn the global min-max definition into a local one, here’s one way

�(x⇤, y)  �(x⇤, y⇤)  max
y:ky�y⇤kh(✏)

�(x, y)

<latexit sha1_base64="/vO+7Ikc9rmalbVP6Qr9BnEpqvY="></latexit>

<latexit sha1_base64="RMhqScIEARdB7W50zvbeyWKxSjM="></latexit>

x 2 X \B✏(x
⇤), y 2 Y \B✏(y

⇤)

where  as , and inequality holds for all h(ϵ) → 0 ϵ → 0 ϵ ∈ (0,ϵ0]

Lemma: For a continuous function , a point (x*,y*) is local min-max point if and 
only if y* is a local maximum of the function  and there exists an  
such that x* is a local minimum of  for all 

ϕ
ϕ(x*, y) ϵ0

fϵ(x) := max
y:∥y−y*∥≤ϵ

ϕ(x, y) ϵ ∈ (0,ϵ0]
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Lemma: For a continuous function , a point (x*,y*) is local min-max point if and 
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Exercise: Prove that any local Nash equilibrium is local min-max but not vice versa.
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Optimality conditions: local min-max
Local min-max Local saddle point
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Optimality conditions: local min-max

First-order necessary: Assuming (x*,y*) in 
the interior of , we haveX × Y
∇xϕ(x, y) = 0,∇yϕ(x, y) = 0

Local min-max Local saddle point
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(psd over a subspace only)

∇2
yyϕ(x, y) ⪯ 0

∇2
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Local min-max: some problems
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Local min-max: some problems

Bad news: Global minimax point could fail to be local minimax (easiest way to 
construct these by having global minimax points violate local necessary conditions)
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Local min-max: some problems

Bad news: Global minimax point could fail to be local minimax (easiest way to 
construct these by having global minimax points violate local necessary conditions)

Example: Try  on the region  and 
verify that  are two global solutions but the gradients are nonzero!

ϕ(x, y) = (2/10)xy − cos(y) [−1,1] × [−2π,2π]
(0, − π), (0,π)
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Local min-max: some problems

Bad news: Global minimax point could fail to be local minimax (easiest way to 
construct these by having global minimax points violate local necessary conditions)

Example: Try  on the region  and 
verify that  are two global solutions but the gradients are nonzero!

ϕ(x, y) = (2/10)xy − cos(y) [−1,1] × [−2π,2π]
(0, − π), (0,π)

Bad news 2: Local minimax points may also fail to exist
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Local min-max: some problems

Bad news: Global minimax point could fail to be local minimax (easiest way to 
construct these by having global minimax points violate local necessary conditions)

Example: Try  on the region  and 
verify that  are two global solutions but the gradients are nonzero!

ϕ(x, y) = (2/10)xy − cos(y) [−1,1] × [−2π,2π]
(0, − π), (0,π)

Bad news 2: Local minimax points may also fail to exist

Example: Try  on the region ϕ(x, y) = y2 − 2xy [−1,1] × [−1,1]
(observe: not too surprising, in light of global minimax  local minimax)⊄
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Local min-max: some problems

Bad news: Global minimax point could fail to be local minimax (easiest way to 
construct these by having global minimax points violate local necessary conditions)

Example: Try  on the region  and 
verify that  are two global solutions but the gradients are nonzero!

ϕ(x, y) = (2/10)xy − cos(y) [−1,1] × [−2π,2π]
(0, − π), (0,π)

Bad news 2: Local minimax points may also fail to exist

Example: Try  on the region ϕ(x, y) = y2 − 2xy [−1,1] × [−1,1]
(observe: not too surprising, in light of global minimax  local minimax)⊄

Explore: What could be other alternatives?
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Optimality and Stability in Non-Convex-Non-Concave Min-Max
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Guojun Zhang, Pascal Poupart and Yaoliang Yu
School of Computer Science

University of Waterloo, Waterloo
Vector Institute, Toronto

{guojun.zhang, ppoupart, yaoliang.yu}@uwaterloo.ca

February 28, 2020

Abstract

Convergence to a saddle point for convex-concave functions has been studied for decades, while the last
few years have seen a surge of interest in non-convex-non-concave min-max optimization due to the rise of
deep learning. However, it remains an intriguing research challenge how local optimal points are defined
and which algorithm can converge to such points. We study definitions of “local min-max (max-min)”
points and provide an elegant unification, with the corresponding first- and second-order necessary and
sufficient conditions. Specifically, we show that quadratic games, as often used as illustrative examples
and approximations of smooth functions, are too special, both locally and globally. Lastly, we analyze the
exact conditions for local convergence of several popular gradient algorithms near the “local min-max"
points defined in the previous section, identify “valid” hyper-parameters and compare the respective stable
sets. Our results offer insights into the necessity of two-time-scale algorithms and the limitation of the
commonly used approach based on ordinary differential equations.

1 Introduction
The existence of a saddle point in convex-concave games follows from the celebrated minimax theorem (von
Neumann, 1928; Sion et al., 1958) and numerical algorithms for finding it has a long history in optimization
(Dem’yanov and Malozemov, 1974; Nemirovsky and Yudin, 1983; Zhang et al., 2019; Lin et al., 2020).
Recent success in generative adversarial networks (GANs) (Goodfellow et al., 2014; Heusel et al., 2017) and
reinforcement learning (Sutton et al., 1998; Du et al., 2017; Dai et al., 2018) has imposed new challenges
for non-convex-non-concave (NCNC) settings. An important question is: what is a local optimal point
in min-max optimization? Daskalakis and Panageas (2018) used a local version of saddle points to define
local optimality and studied the local convergence behavior of gradient descent (GD) (Arrow et al., 1958)
and optimistic gradient descent (OGD) (Popov, 1980; Daskalakis et al., 2018). Following this work, Jin
et al. (2019) proposed a new definition of local optimality called local min-max points, and studied how GD
converges to such points.

One of the difficulties in the NCNC settings is the absence of strong duality (e.g. Boyd and Vandenberghe
(2004)), which implies an intrinsic order for min-max optimization, known as Stackelberg games (von
Stackelberg, 1934) where a leader takes action first and a follower acts upon the leader’s strategy. The global
solution to Stackelberg games is well-defined, which we call a global min-max point (a.k.a. Stackelberg
equilibrium). We study the relation among global min-max, max-min and saddle points. We find that
quadratic games, as widely studied recently due to their simplicity (Daskalakis and Panageas, 2018; Jin et al.,
2019; Wang et al., 2020; Ibrahim et al., 2019) and their potential ability to represent generic NCNC games,
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Gradient Descent-Ascent (GDA)
Recall, Mirror-Descent for Saddle Points from last time. Use it with 

and . Moreover, let us allow different step-sizes for x and y

∥ ⋅ ∥ = ∥ ⋅ ∥2
ω(z) = 1

2 zTz
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Algorithm 1 Gradient Descent Ascent (�-GDA)
Input: (x0,y0), step size ⌘, ratio �.

for t = 0, 1, . . . , do

xt+1  xt � (⌘/�)rxf(xt,yt).
yt+1  yt + ⌘ryf(xt,yt).

We further simplifiy the problem by considering the limiting case where ⌘ ! 0, which corresponds to
�-GDA flow. We note the asymptotic behavior of �-GDA flow is essentially the same as �-GDA with a very
small step size ⌘ up to certain error tolerance.

dx

dt
= �1

�
rxf(x,y)

dy

dt
= ryf(x,y).

The strict linearly stable points of the �-GDA flow have a very simple second-order characterization.

Proposition 25. Point (x,y) is a strict linearly stable point of �-GDA if and only if for all the eigenvalues
{�i} of following Jacobian matrix,

J� =

✓
�(1/�)r2

xxf(x,y) �(1/�)r2
xyf(x,y)

r2
yxf(x,y) r2

yyf(x,y),

◆

their real part Re(�i) < 0 for any i.

In the remainder of this section, we assume that f is a twice-differentiable function, and we use Local Nash
to represent the set of strict local Nash equilibria, Local Minimax for the set of strict local minimax points,
Local Maximin for the set of strict local maximin points, and ��GDA for the set of strict linearly stable points
of the �-GDA flow. Our goal is to understand the relationship between these sets. Daskalakis and Panageas
[2018] and Mazumdar and Ratliff [2018] provided a relation between Local Nash and 1�GDA which can be
generalized to ��GDA as follows.

Proposition 26 (Daskalakis and Panageas [2018]). For any fixed �, for any twice-differentiable f , Local Nash ⇢
��GDA , but there exist twice-differentiable f such that ��GDA 6⇢ Local Nash .

That is, if �-GDA converges, it may converge to points not in Local Nash . This raises a basic question as
to what those additional stable limit points of �-GDA are. Are they meaningful? This paper answers this
question through the lens of Local Minimax . Although for fixed �, the set ��GDA does not have a simple
relation with Local Minimax , it turns out that an important relationship arises when � goes to1. To describe
the limit behavior of the set ��GDA when � !1 we define two set-theoretic limits:

1�GDA := lim sup
�!1

��GDA = \�0>0 [�>�0 ��GDA

1�GDA := lim inf
�!1

��GDA = [�0>0 \�>�0 ��GDA.

The relations between ��GDA and Local Minimax are given as follows:

Proposition 27. For any fixed �, there exists a twice-differentiable f such that Local Minimax 6⇢ ��GDA;
there also exists a twice-differentiable f such that ��GDA 6⇢ Local Minimax [ Local Maximin .

10

(Remark: when η is small, as if we're alternating between 1 step of GD and 
γ steps of Gradient Ascent; the ‘f’ above is our ‘φ’)
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10

(Remark: when η is small, as if we're alternating between 1 step of GD and 
γ steps of Gradient Ascent; the ‘f’ above is our ‘φ’)

Theorem. For any fixed γ, for any twice differentiable φ, the set of local Nash equilibria 
is a subset of stable points of γ-GDA, but not all stable points of  γ-GDA are LNE.
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10

(Remark: when η is small, as if we're alternating between 1 step of GD and 
γ steps of Gradient Ascent; the ‘f’ above is our ‘φ’)

Theorem. For any fixed γ, for any twice differentiable φ, the set of local Nash equilibria 
is a subset of stable points of γ-GDA, but not all stable points of  γ-GDA are LNE.

Theorem. For any fixed γ, there exists twice differentiable φ, s.t. set of local min-max 
points is not a subset of stable points of γ-GDA. Converse also true.
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GD with max-oracle
min
x2X

[f(x) = sup
y2Y

�(x, y)]
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Algorithm 2 Gradient Descent with Max-oracle
Input: x0, step size ⌘.

for t = 0, 1, . . . , T do

find yt so that f(xt,yt) � maxy f(xt,y)� ✏.
xt+1  xt � ⌘rxf(xt,yt).

Pick t uniformly at random from {0, · · · , T}.
return x̄ xt.

B Gradient Descent with Max-Oracle

In this section, we consider solving the minimax problem Eq.(2) when we have access to an oracle for
approximate inner maximization; i.e., for any x, we have access to an oracle that outputs a by such that
f(x, by) � maxy f(x,y)� ✏. A natural algorithm to consider in this setting is to alternate between gradient
descent on x and a (approximate) maximization step on y. The pseudocode is presented in Algorithm 2.

It can be shown that Algorithm 2 indeed converges (in contrast with GDA which can converge to limit
cycles). Moreover, the limit points of Algorithm 2 satisfy a nice property—they turn out to be approximately
stationary points of �(x) := maxy f(x,y). For a smooth function, “approximately stationary point” means
that the norm of gradient is small. However, even when f(·, ·) is smooth (up to whatever order), �(·) as
defined above need not be differentiable. The norm of the subgradient can be a discontinuous function which
is undesirable for a measure of closeness to stationarity. Fortunately, however, we have following structure.

Fact 33. If function f : X ⇥ Y ! R is `-gradient Lipschitz, then function �(·) := maxy2Y f(·,y) is
`-weakly convex ; that is, �(x) + (`/2)kxk2 is a convex function over x.

The above fact has been also presented in Rafique et al. [2018]. In such settings, the approximate
stationarity of �(·) can be measured by the norm of the gradient of the Moreau envelope ��(·).

��(x) := min
x0

�(x0) +
1

2�
kx� x0k2. (5)

Here � < 1/` is the parameter. The Moreau envelope has the following important property that connects it to
the original function �.

Lemma 34 ([Rockafellar, 2015]). Assume the function � is `-weakly convex. Let � < 1/`, and denote
x̂ = argminx0 �(x0) + (1/2�)kx� x0k2. Then kr��(x)k  ✏ implies:

kx̂� xk = �✏, and min
g2@�(x̂)

kgk  ✏,

where @ denotes the subdifferential of a weakly convex function.

Lemma 34 says that kr��(x)k being small means that x is close to a point x̂ that is an approximately
stationary point of original function �. We now present the convergence guarantee for Algorithm 2.

Theorem 35. Suppose f is `-smooth and L-Lipschitz and define �(·) := maxy f(·,y). Then the output x̄ of
GD with Max-Oracle (Algorithm 2) with step size ⌘ = �/

p
T + 1 satisfies

E
⇥
kr�1/2`(x̄)k2

⇤
 2 ·

�
�1/2`(x0)�min�(x)

�
+ `L

2
�
2

�
p
T + 1

+ 4`✏,

where �1/2` is the Moreau envelope (5) of �.

16

min
x2X

[f(x) = sup
y2Y

�(x, y)]
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Lemma 34 says that kr��(x)k being small means that x is close to a point x̂ that is an approximately
stationary point of original function �. We now present the convergence guarantee for Algorithm 2.

Theorem 35. Suppose f is `-smooth and L-Lipschitz and define �(·) := maxy f(·,y). Then the output x̄ of
GD with Max-Oracle (Algorithm 2) with step size ⌘ = �/

p
T + 1 satisfies

E
⇥
kr�1/2`(x̄)k2

⇤
 2 ·

�
�1/2`(x0)�min�(x)

�
+ `L

2
�
2

�
p
T + 1

+ 4`✏,

where �1/2` is the Moreau envelope (5) of �.

16

min
x2X

[f(x) = sup
y2Y

�(x, y)]

<latexit sha1_base64="JbcxmC1OgI1OFMwdelyMJm+H33I="></latexit>

This method can indeed converge to approximate stationary points of f(x)
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GD with max-oracle

Algorithm 2 Gradient Descent with Max-oracle
Input: x0, step size ⌘.

for t = 0, 1, . . . , T do

find yt so that f(xt,yt) � maxy f(xt,y)� ✏.
xt+1  xt � ⌘rxf(xt,yt).

Pick t uniformly at random from {0, · · · , T}.
return x̄ xt.

B Gradient Descent with Max-Oracle

In this section, we consider solving the minimax problem Eq.(2) when we have access to an oracle for
approximate inner maximization; i.e., for any x, we have access to an oracle that outputs a by such that
f(x, by) � maxy f(x,y)� ✏. A natural algorithm to consider in this setting is to alternate between gradient
descent on x and a (approximate) maximization step on y. The pseudocode is presented in Algorithm 2.

It can be shown that Algorithm 2 indeed converges (in contrast with GDA which can converge to limit
cycles). Moreover, the limit points of Algorithm 2 satisfy a nice property—they turn out to be approximately
stationary points of �(x) := maxy f(x,y). For a smooth function, “approximately stationary point” means
that the norm of gradient is small. However, even when f(·, ·) is smooth (up to whatever order), �(·) as
defined above need not be differentiable. The norm of the subgradient can be a discontinuous function which
is undesirable for a measure of closeness to stationarity. Fortunately, however, we have following structure.

Fact 33. If function f : X ⇥ Y ! R is `-gradient Lipschitz, then function �(·) := maxy2Y f(·,y) is
`-weakly convex ; that is, �(x) + (`/2)kxk2 is a convex function over x.

The above fact has been also presented in Rafique et al. [2018]. In such settings, the approximate
stationarity of �(·) can be measured by the norm of the gradient of the Moreau envelope ��(·).

��(x) := min
x0

�(x0) +
1

2�
kx� x0k2. (5)

Here � < 1/` is the parameter. The Moreau envelope has the following important property that connects it to
the original function �.

Lemma 34 ([Rockafellar, 2015]). Assume the function � is `-weakly convex. Let � < 1/`, and denote
x̂ = argminx0 �(x0) + (1/2�)kx� x0k2. Then kr��(x)k  ✏ implies:

kx̂� xk = �✏, and min
g2@�(x̂)

kgk  ✏,

where @ denotes the subdifferential of a weakly convex function.

Lemma 34 says that kr��(x)k being small means that x is close to a point x̂ that is an approximately
stationary point of original function �. We now present the convergence guarantee for Algorithm 2.

Theorem 35. Suppose f is `-smooth and L-Lipschitz and define �(·) := maxy f(·,y). Then the output x̄ of
GD with Max-Oracle (Algorithm 2) with step size ⌘ = �/

p
T + 1 satisfies

E
⇥
kr�1/2`(x̄)k2

⇤
 2 ·

�
�1/2`(x0)�min�(x)

�
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2
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�
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+ 4`✏,

where �1/2` is the Moreau envelope (5) of �.
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min
x2X

[f(x) = sup
y2Y

�(x, y)]

<latexit sha1_base64="JbcxmC1OgI1OFMwdelyMJm+H33I="></latexit>

This method can indeed converge to approximate stationary points of f(x)

Key task: How to define stationarity here, and take advantage of it?  
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GD-Max: Elementary theory
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GD-Max: Elementary theory
Observation: Assume φ is L-smooth. Then  is convex.f(x)+ L

2 ∥x∥2
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Observation: Assume φ is L-smooth. Then  is convex.f(x)+ L

2 ∥x∥2

For such weakly convex functions, stationarity can  be measured by 
norm of the gradient of its Moreau envelope 

f�(x) := min
x0

f(x) +
1

2�
kx� x0k2

<latexit sha1_base64="SIkeKihCqbXhhqmOM020XBTTJcA="></latexit>
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For such weakly convex functions, stationarity can  be measured by 
norm of the gradient of its Moreau envelope 

f�(x) := min
x0

f(x) +
1

2�
kx� x0k2
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Theorem. Let f be L-weakly convex. Let λ < 1/L, and let . Then, 

 implies 

x̄ = arg min
x

fλ(x)

∥∇fλ(x)∥ ≤ ϵ ∥x − x̄∥ = λϵ, and min
g∈∂f(x)

∥g∥ ≤ ϵ
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Observation: Assume φ is L-smooth. Then  is convex.f(x)+ L

2 ∥x∥2

For such weakly convex functions, stationarity can  be measured by 
norm of the gradient of its Moreau envelope 

f�(x) := min
x0

f(x) +
1

2�
kx� x0k2
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Theorem. Let f be L-weakly convex. Let λ < 1/L, and let . Then, 

 implies 

x̄ = arg min
x

fλ(x)

∥∇fλ(x)∥ ≤ ϵ ∥x − x̄∥ = λϵ, and min
g∈∂f(x)

∥g∥ ≤ ϵ

Theorem. Let φ be G-Lipschitz and L-smooth, then GD-Max with step-size 
 satisfies η = 1/ T + 1 𝔼[∥∇f2L(x)∥2] ≤ O(G2/ T ) + O(Lϵ)
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Other methods
GDA augmented with momentum


Extragradient (special case of Mirror Prox)


Optimistic gradient descent (OGD)


Two time-scale variants of these (GDA we saw already)
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Recall, vector field for gradient-based methods

F(z) = [∇xϕ(x, y), − ∇yϕ(x, y)]
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Two time-scale variants of these (GDA we saw already)

Recall, vector field for gradient-based methods

F(z) = [∇xϕ(x, y), − ∇yϕ(x, y)]

GDA:                    zt+1 = zt − ηF(zt)
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Other methods
GDA augmented with momentum


Extragradient (special case of Mirror Prox)


Optimistic gradient descent (OGD)


Two time-scale variants of these (GDA we saw already)

Recall, vector field for gradient-based methods

F(z) = [∇xϕ(x, y), − ∇yϕ(x, y)]

GDA:                    zt+1 = zt − ηF(zt)
GDA+momentum:  zt+1 = zt − ηF(zt) + β(zt − zt−1)
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Other methods
GDA augmented with momentum


Extragradient (special case of Mirror Prox)


Optimistic gradient descent (OGD)


Two time-scale variants of these (GDA we saw already)

Recall, vector field for gradient-based methods

F(z) = [∇xϕ(x, y), − ∇yϕ(x, y)]

GDA:                    zt+1 = zt − ηF(zt)
GDA+momentum:  zt+1 = zt − ηF(zt) + β(zt − zt−1)
Nesterov:              zt+1 = z′ t − ηF(z′ t), z′ t = zt + β(zt − zt−1)
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Other methods
GDA augmented with momentum


Extragradient (special case of Mirror Prox)


Optimistic gradient descent (OGD)


Two time-scale variants of these (GDA we saw already)

Recall, vector field for gradient-based methods

F(z) = [∇xϕ(x, y), − ∇yϕ(x, y)]

GDA:                    zt+1 = zt − ηF(zt)
GDA+momentum:  zt+1 = zt − ηF(zt) + β(zt − zt−1)
Nesterov:              zt+1 = z′ t − ηF(z′ t), z′ t = zt + β(zt − zt−1)
Extragradient:       zt+1 = zt − ηF(zt+1/2), zt+1/2 = zt − ηF(zt)
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Other methods
GDA augmented with momentum


Extragradient (special case of Mirror Prox)


Optimistic gradient descent (OGD)


Two time-scale variants of these (GDA we saw already)

Recall, vector field for gradient-based methods

F(z) = [∇xϕ(x, y), − ∇yϕ(x, y)]

GDA:                    zt+1 = zt − ηF(zt)
GDA+momentum:  zt+1 = zt − ηF(zt) + β(zt − zt−1)
Nesterov:              zt+1 = z′ t − ηF(z′ t), z′ t = zt + β(zt − zt−1)
Extragradient:       zt+1 = zt − ηF(zt+1/2), zt+1/2 = zt − ηF(zt)
Optimistic GD:       zt+1 = zt − kηF(zt) + ηF(zt−1)
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Some results on these methods
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Some results on these methods

Near some local saddles, GDA and momentum methods never converge, 
even with 2 time-scale modification
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even with 2 time-scale modification

EG and OGD can converge near any local saddle point. Their convergence 
regions superset of GDA regions; strictly more stable
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Near some local saddles, GDA and momentum methods never converge, 
even with 2 time-scale modification

EG and OGD can converge near any local saddle point. Their convergence 
regions superset of GDA regions; strictly more stable

Under 2nd order sufficient conditions, all these methods converge using 
their 2 time-scale versions
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Some results on these methods

Near some local saddles, GDA and momentum methods never converge, 
even with 2 time-scale modification

EG and OGD can converge near any local saddle point. Their convergence 
regions superset of GDA regions; strictly more stable

Under 2nd order sufficient conditions, all these methods converge using 
their 2 time-scale versions

There exist local min-max points for which no 1 time-scale method would 
converge to. With 2-time-scale version, only EG and OGD converge to such 
local min-max points, but cannot take their step sizes to be arbitrarily small.
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Some results on these methods

Near some local saddles, GDA and momentum methods never converge, 
even with 2 time-scale modification

EG and OGD can converge near any local saddle point. Their convergence 
regions superset of GDA regions; strictly more stable

Under 2nd order sufficient conditions, all these methods converge using 
their 2 time-scale versions

There exist local min-max points for which no 1 time-scale method would 
converge to. With 2-time-scale version, only EG and OGD converge to such 
local min-max points, but cannot take their step sizes to be arbitrarily small.

Note: The last point challenges the conventional idea of using continuous 
approximation / ODEs to understand these methods, and justifies use of two-time-
scale methods in the nonconvex-nonconcave setting.
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