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Minimax problems

» Minimax theory treats problems involving a combination of
minimization and maximization
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Minimax problems

» Minimax theory treats problems involving a combination of
minimization and maximization

» Let X, Y be nonempty sets;and ¢ : X x Y — RU {£o0}
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Minimax problems

» Minimax theory treats problems involving a combination of
minimization and maximization

» Let X, Y be nonempty sets;and ¢ : X x Y — RU {£o0}
» First inf over x € X, then sup overy € ):

sup inf ¢(x,y)
yey xeXx
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Minimax problems

» Minimax theory treats problems involving a combination of
minimization and maximization

» Let X, Y be nonempty sets;and ¢ : X x Y — RU {£o0}
» First inf over x € X, then sup overy € ):

sup inf ¢(x,y)
yey xeXx

» First sup over y € ), then inf over x € X
mf sup ¢(x,v)
€X yey

____________________________________________________
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Weak minimax (cf. weak duality)

Theorem. Let ¢ : X x Y — RU {£o0}. Then,

sup inf ¢(x,y) <  inf sup¢(x,vy)
yey xeX xeX yey

-
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Weak minimax (cf. weak duality)

Theorem. Let ¢ : X x Y — RU {£oo}. Then,

sup inf ¢(x,y) <  inf sup¢(x,vy)
yey xeX xeX yey

X,y, inf ¢(x y) < o(xy)

xex

-
Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/13/21; Lecture 15) IIIH 4



Weak minimax (cf. weak duality)

Theorem. Let ¢ : X x Y — RU {£oo}. Then,

sup inf ¢(x,y) <  inf sup¢(x,vy)

yeyXEX xeX yey
'Proof |
| <
X, Y, 1,r€1§{¢>(x y) < o(xy)
x,y, inf ¢(x',y) < supo(x,y)
x'eX yey
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Weak minimax (cf. weak duality)

Theorem. Let ¢ : X x Y — RU {%o00}. Then,

sup inf ¢(x,y) <  inf sup¢(x,vy)

yey XeX YEX yey
'Proof !
I < I
| X, Y, 1,r€1§{¢(x y) < o(xy) |
I xy, inf ¢(x,y) < sup o(x,y) :
: x'ex yey :
| Vx, sup inf ¢(x',y) < sup é(x,y) |
I yey X'ex yey |
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Weak minimax (cf. weak duality)

Theorem. Let ¢ : X x Y — RU {%o00}. Then,

sup inf ¢(x,y) <  inf sup¢(x,vy)

yeyxe)( xeXyEy
'Proof !
I inf o(x,y) < :
| x,y, nf o(x,y) < d(ny) |
I x,y, inf ¢(x';y) < sup @(x,y) :
: x'ex y'EY :
: Vx, sup inf ¢(x',y) < sup é(x,y) :
: yey X'ex yey |
! : / < g n. !
| = BRELEY < gl ew ) |
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Weak minimax (cf. weak duality)

Theorem. Let ¢ : X x Y — RU {%o00}. Then,

sup inf ¢(x,y) <  inf sup¢(x,vy)

yeyxe)( xeXyey
'Proof !
| inf o(x.y) < :
| x,y, nf o(x,y) < d(ny) :
| x,y, inf ¢(x')y) < sup(x,y) :
: Yex y'ey :
: Vx, sup inf ¢(x',y) < sup é(x,y) |
: yey X'ex yey |
! : / < g n. !
| = BRELEY < gl ew ) |

Exercise: Show that weak duality is follows from above minimax inequality.
Hint: Use ¢ = L (Lagrangian), and suitably choose y.
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Saddle values, strong minimax

» If “inf sup” = “sup inf”, common value saddle-value

» Value exists if there is a saddle-point, i.e., pair (x*, y*)

o(x,y") > o(x*,y*) > o(x*,y) forallx e X,y e ).
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Saddle values, strong minimax

» If “inf sup” = “sup inf”, common value saddle-value

» Value exists if there is a saddle-point, i.e., pair (x*, y*)
o(x,y") > o(x*,y") > ¢(x",y) forallx e X,y €.
» Writing f(x) := sup, ¢(x,y) and g(y) := infy ¢(x, y), we have

f(x") = inf f(x) = supg(y) = g(¥")
xXe yeY

» That is, strong minimax holds:

fO) = o™, y") = 8(y").
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Strong minimax

Def. Let ¢ be as before. Pair (x*,y*) is a saddle-point of ¢ iff
the infimum in the expression

inf sup ¢(x,vy)
xeX yey

is attained at x*, and the supremum in the expression

sup inf ¢(x,y)
yey xeX

is attained at y*, and these two extrema are equal.
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Strong minimax

Def. Let ¢ be as before. Pair (x*,y*) is a saddle-point of ¢ iff
the infimum in the expression

inf sup ¢(x,vy)
xeX yey

is attained at x*, and the supremum in the expression

sup inf ¢(x,y)
yey xeX

is attained at y*, and these two extrema are equal.

x* € argmin max ¢(x, y), y* € argmax min ¢(x, y).
xex yey yey XEX
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Strong minimax

& Classes of problems “dual” to each other can be generated by
studying classes of functions ¢
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Strong minimax

& Classes of problems “dual” to each other can be generated by
studying classes of functions ¢

& More interesting question: Starting from the primal
problem over X', how to introduce a space ) and a “useful”
function ¢ on X x ) so that we have a saddle-point?
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Strong minimax

& Classes of problems “dual” to each other can be generated by
studying classes of functions ¢

& More interesting question: Starting from the primal
problem over X', how to introduce a space ) and a “useful”
function ¢ on X x ) so that we have a saddle-point?

Sufficient conditions for saddle-point
» Function ¢ is continuous, and

» It is convex-concave,i.e., ¢(-,y) convex for every y € ), and
¢(x, ) concave for every x € X; and

» Both & and ) are convex; one of them is compact.
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Strong minimax

)

[ )

v

Classes of problems “dual” to each other can be generated by
studying classes of functions ¢

More interesting question: Starting from the primal
problem over X', how to introduce a space ) and a “useful”
function ¢ on X x ) so that we have a saddle-point?

Sufficient conditions for saddle-point
Function ¢ is continuous, and

It is convex-concave, i.e., ¢(-,y) convex for every y € ), and
¢(x, ) concave for every x € X; and

Both X and Y are convex; one of them is compact.

(More generally: ¢ is appropriately semicontinuous and
quasiconvex-quasiconcave with convex X, ))
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Example: Lasso-like problem

Suvrit Sra (suvrit@mit.edu)

p

*

1= min,

6.881 Optimization for Machine Learning

[[Ax = bll2 + Allx]1-
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Example: Lasso-like problem

*

p*i=miny  [Ax — bl + Allx]1.

Ix[lh = max{x"o | [[v]l <1}

xll2 = max{x"u | |lullz < 1}.

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/13/21; Lecture 15) IIIH 8



Example: Lasso-like problem

*

p*i=miny  [Ax — bl + Allx]1.

Ix[lh = max{x"o | [[v]l <1}
/|2 = max{xTu | Jull2 < 1}.
Saddle-point formulation

pro= minmax{uT(b —AX) +0Tx | ul2 €1, [ollee < )\}

PR
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Example: Lasso-like problem

*

p*i=miny ||Ax — b2 + Al[x]1.

Ix[lh = max{x"o | [[v]l <1}

/|2 = max{xTu | Jull2 < 1}.
Saddle-point formulation

pro= minmax{uT(b —AX) +0Tx | ul2 €1, [ollee < )\}

PR

— maxmin {uT(b —Ax) +xTo | Jula <1, [o)leo < )\}

uoy X
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Example: Lasso-like problem

*

p*i=miny  [Ax — bl + Allx]1.

Ix[lh = max{x"o | [[v]l <1}

/|2 = max{xTu | Jull2 < 1}.
Saddle-point formulation

pro= minmax{uT(b —AX) +0Tx | ul2 €1, [ollee < )\}

PR

— maxmin {uT(b —Ax) +xTo | Julla <1, |[o]le < )\}

uoy X

= maxu'b  Alu=v0, [[ul2 <1, ||t <A
u,0
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Example: Lasso-like problem

p*i=min, ||Ax — b|l2 + Allx||1.
Ix]l1 = max{x"v | [|[v]|oc < 1}

/|2 = max{xTu | Jull2 < 1}.
Saddle-point formulation

minmax{uT(b —AX) +0Tx | ul2 €1, [ollee < )\}

PR

max min {uT(b —Ax) +xTo | Julla <1, |[o]le < )\}

uoy X

muaqub ATu=v, lull2 <1, ||v)lec <A
0

maxu’h  Julla <1, [AT0lo < A
u
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Theory & Algorithms

-
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Convex-Concave SP problem

Convex-Concave Saddle Point Problem

o* := inf sup ¢(x,
Inf sup o(x,y)

where ¢(x, -) is convex and ¢(-,y) is concave.
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Convex-Concave SP problem

Convex-Concave Saddle Point Problem

o* := inf sup ¢(x,
inf sup o(x,y)

where ¢(x, -) is convex and ¢(-,y) is concave.

Primal-Dual pair of problems

Opt(P) = min f(x) = supd(x,y),

xeX yey
Opt(D) := ma 8(y) = inf ¢(x,y).
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Convex-Concave SP problem

Convex-Concave Saddle Point Problem

o* := inf sup ¢(x,
inf sup o(x,y)

where ¢(x, -) is convex and ¢(-,y) is concave.
Primal-Dual pair of problems

Opt(P) := min f(x) = sup(x,y),

xeX

yey
Opt(D) := ma 8(y) = inf ¢(x,y).

Assuming SP (x*, y*) exists, we have

Opt(P) = Opt(D) = ¢(x", y") = f(x*) = g(y").
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Judging solutions of the CCSP problem
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Judging solutions of the CCSP problem

Let us rewrite this gap in a more revealing form
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Judging solutions of the CCSP problem

Let us rewrite this gap in a more revealing form

fx) =gy) = [f(x) = Opt(P)] + [Opt(D) - g(v)]
= () =f)] + 8y") — sW)l;

i.e., sum of the primal and dual suboptimality.
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Setting up Mirror-Descent for CC-SP

SP Operator: Let 0x¢(x,y) be subdifferential of ¢(-,y) atx € X.

-
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Setting up Mirror-Descent for CC-SP

SP Operator: Let 0x¢(x,y) be subdifferential of ¢(-,y) atx € X.
Let 9y[—¢(x, y)] be subdiff of —¢(x, -) at pointy € ).
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Setting up Mirror-Descent for CC-SP

SP Operator: Let 0x¢(x,y) be subdifferential of ¢(-,y) atx € X.
Let 9y[—¢(x, y)] be subdiff of —¢(x, -) at pointy € ).

Subdiff: Let ®(z) = ®(x,y) = 0vo(x,y) x Oy[—o(x,y)].
Exercise: Verify by definition that ® is a monotone operator.
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Setting up Mirror-Descent for CC-SP

SP Operator: Let 0x¢(x,y) be subdifferential of ¢(-,y) atx € X.
Let 9y[—¢(x, y)] be subdiff of —¢(x, -) at pointy € ).

Subdiff: Let ®(z) = ®(x,y) = 0vo(x,y) x Oy[—o(x,y)].
Exercise: Verify by definition that ® is a monotone operator.

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-)
of ® (i.e., a vector field F : ri(Z) — R?s.t.,, F(z) € ®(z) for
every z € ri(Z)) we have (F(z), z — z") > O for all z € ri(Z).
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Setting up Mirror-Descent for CC-SP

SP Operator: Let 0x¢(x,y) be subdifferential of ¢(-,y) atx € X.
Let 9y[—¢(x, y)] be subdiff of —¢(x, -) at pointy € ).

Subdiff: Let ®(z) = ®(x,y) = 0vo(x,y) x Oy[—o(x,y)].
Exercise: Verify by definition that ® is a monotone operator.

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-)
of ® (i.e., a vector field F : ri(Z) — R?s.t.,, F(z) € ®(z) for
every z € ri(Z)) we have (F(z), z — z") > O for all z € ri(Z).

Assumption: Z is bounded and ¢ is Lipschitz continuous on Z
(in this case, dom ® = 2)
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Mirror Descent Setup

Mirror Descent Setup

Choose anorm || - || on Z, and a Bregman divergence
Do (u,2) = w(u) — w(z) — (W'(2), u - 2)
that is strongly convex (in u) wrt the chosen norm.

-
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Mirror Descent Setup

Mirror Descent Setup

Choose a norm || - || on Z, and a Bregman divergence
Do(u,2) := w(u) —w(z) = (W'(2), u - 2)
that is strongly convex (in u) wrt the chosen norm.
———————(Bregman)-Prox-mapping—————
Prox (&) := argmin Dy, (u,z) + (£, u)
uez

-
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Mirror Descent Setup

Assumption: Subgradient-(selection) oracle: Given any
z = (x,y) € Z, we can compute a vector F(z) € ®(x,y).
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Mirror Descent Setup

Assumption: Subgradient-(selection) oracle: Given any
z = (x,y) € Z, we can compute a vector F(z) € ®(x,y).

MD algorithm
Let v > 0 for t > 1 be stepsizes
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Mirror Descent Setup

Assumption: Subgradient-(selection) oracle: Given any
z = (x,y) € Z, we can compute a vector F(z) € ®(x,y).

MD algorithm

Let v > 0 for t > 1 be stepsizes
z1 = argmin,c z w(u) (initialization)
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Mirror Descent Setup

Assumption: Subgradient-(selection) oracle: Given any
z = (x,y) € Z, we can compute a vector F(z) € ®(x,y).

MD algorithm

Let v > 0 for t > 1 be stepsizes
z1 = argmin,c z w(u) (initialization)
zp+1 = Proxz, (14F(z)) (subgradient step)
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Mirror Descent Setup

Assumption: Subgradient-(selection) oracle: Given any
z = (x,y) € Z, we can compute a vector F(z) € ®(x,y).

MD algorithm
Let v > 0 for t > 1 be stepsizes

z1 = argmin,c z w(u) (initialization)
Zp+1 = Proxz, (14F(zt)) (subgradient step)
m >, — Zs:l VsZs
2 22:1 Ts
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Mirror Descent Setup

Assumption: Subgradient-(selection) oracle: Given any
z = (x,y) € Z, we can compute a vector F(z) € ®(x,y).

MD algorithm
Let v > 0 for t > 1 be stepsizes

z1 = argmin,c z w(u) (initialization)

Zp+1 = Proxz, (14F(zt)) (subgradient step)
t

Z = Z%W;ZS (average iterate),
s=1 I8
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Recall: Mirror Descent Setups

m Euclidean setup: || - || = ||-[|2, w(x) = 3xTx
m (1 setup: || - || = ||-|[1, when Z a simplex, then
w(z) = 3 ;zilogz
m (; setup: || - || = ||-|[1, when Z bounded (e.g., the unit

¢1-ball), one can set w(z) = 2elogn 1, |z|P", where
p(n) =1+1/2logn.
m Many other examples,...

‘ Take advantage of prob geometry; obtain faster FOMs
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Convergence rate

Theorem. Assume ||F(z)||« < Gforall z € Z. Then, Vt > 1:

_ -1 2
() < Yoy ] 2+ § L)
where Q := max,cz D, (11,z1) < maxz w(:) — minz w(-).

-
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Convergence rate

Theorem. Assume ||F(z)||« < Gforall z € Z. Then, Vt > 1:

_ -1 2
() < Yoy ] 2+ § L)
where Q := max,cz D, (11,z1) < maxz w(:) — minz w(-).

Cor. Let v = #, for t € [T]. Then, esp(z7) < < [% + %]

Exercise: Verify that for 74 = é\ / %, esp(zr) <G %
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Convergence rate

Theorem. Assume ||F(z)|l« < G forall z € Z. Then, Vt > 1:

_ -1 2
() < Yoy ] 2+ § L)
where Q := max,cz D, (11,z1) < maxz w(:) — minz w(-).

Cor. Let v = #, for t € [T]. Then, esp(z7) < < [% + %]

Exercise: Verify that for 74 = é\ / %, esp(zr) <G %

Essentially subgradient method style proof, except ... ‘
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Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
Ye(F(zt), zt — 1) < Dyy(u, z¢) — Doy (1, ze41) + 5 [|F(z1)[|2.

-
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Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
(F(z1), 2t — u) < Do(u,zt) — Do(u, ze41) + 5 |IF(z2) 13-

Why the above lemma?

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/13/21; Lecture 15) IIIH 17



Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
Vi(F(zt), 2zt — ) < Dyy(u, zt) — Doy (1, ze41) + 5 [|F(20)[I3.

Why the above lemma? Recall

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-) of ® (i.e.,
a vector field F : 1i(Z) — R’ s.t., F(z) € ®(z) for every z € 1i(Z)) we have
(F(z),z—z") > 0forall z € ri(Z).
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Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
(F(z1), 2t — u) < Do(u,zt) — Do(u, ze41) + 5 |IF(z2) 13-

Why the above lemma? Recall

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-) of ® (i.e.,
a vector field F : 1i(Z) — R’ s.t., F(z) € ®(z) for every z € 1i(Z)) we have
(F(z),z—z") > 0forall z € ri(Z).

Step 1. Summing up MD lemma fors =1,...,t, we get

22:1 vs(F(zs), zs —u) <
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Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
(F(z1), 2t — u) < Do(u,zt) — Do(u, ze41) + 5 |IF(z2) 13-

Why the above lemma? Recall

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-) of ® (i.e.,
a vector field F : 1i(Z) — R’ s.t., F(z) € ®(z) for every z € 1i(Z)) we have
(F(z),z—z") > 0forall z € ri(Z).

Step 1. Summing up MD lemma fors =1,...,t, we get

t
25:17S<F(zs),zs—u> < Dg,(u,z +Z HF 20)|12
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Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
(F(z1), 2t — u) < Do(u,zt) — Do(u, ze41) + 5 |IF(z2) 13-

Why the above lemma? Recall

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-) of ® (i.e.,
a vector field F : 1i(Z) — R’ s.t., F(z) € ®(z) for every z € 1i(Z)) we have
(F(z),z—z") > 0forall z € ri(Z).

Step 1. Summing up MD lemma fors =1,...,t, we get
t
S Pz —w) < Du(wz)+ Y HF 2|12

G? 2
Q + > Zs:] ’75 .

IN
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Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
(F(z1), 2t — u) < Do(u,zt) — Do(u, ze41) + 5 |IF(z2) 13-

Why the above lemma? Recall

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-) of ® (i.e.,
a vector field F : 1i(Z) — R’ s.t., F(z) € ®(z) for every z € 1i(Z)) we have
(F(z),z—z") > 0forall z € ri(Z).

Step 1. Summing up MD lemma fors =1,...,t, we get
t
S Pz —w) < Du(wz)+ Y HF e
G? 2
Q + 2 Zs:l ’}/s .

Step 2. Show that ¢(x¢,y) — o(x,y:) < Zé:l As (F(zs), zs — u),
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Convergence rate

Lemma (MD lemma). For any u € Z, we have
2
(F(z1), 2t — u) < Do(u,zt) — Do(u, ze41) + 5 |IF(z2) 13-

Why the above lemma? Recall

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-) of ® (i.e.,
a vector field F : 1i(Z) — R’ s.t., F(z) € ®(z) for every z € 1i(Z)) we have
(F(z),z—z") > 0forall z € ri(Z).

Step 1. Summing up MD lemma fors =1,...,t, we get
t
S Pz —w) < Du(wz)+ Y HF e
G? 2
Q + 2 Zs:l ’}/s .

Step 2. Show that ¢(x¢,y) — o(x,y:) < Zé:l As (F(zs), zs — u),
then upon taking sup of (x,y) we arrive at €5 (2;), as desired.

IN
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Proof of Step 2

| Note z: = (xt,yr), and Z = (%, 7). Let A = 1/ Doy -

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/13/21; Lecture 15) IIIH 18



Proof of Step 2

Z)\S<F(ZS)’ Zs — Z )\s \¢ xe7yS) X> + (Vﬁ’(xw}/s)’ V= yf>]
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Proof of Step 2

Z)‘S< (2s), zs — Z )\s Vid(xs,ys), xt — x) + (Vyd(xs, ¥5), y — yf>]

> Z)\s[(ﬁ(xm]/s) - ¢(X7ys) + ¢(x57y) - ¢(x57y3)]
s=1
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Proof of Step 2

Z)‘S< (2s), zs — Z )\s Vid(xs,ys), xt — x) + (Vyd(xs, ¥5), y — yf>]

v

Z)‘S[(ﬁ(xﬁys) - ¢(x7y%) + ¢(x57y) - ¢(x57ys)]

sz (50, ) = B(x, )]
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Proof of Step 2

D N(F(z), zs —uy = D A [(Vad(Xs, ), %t — %) + (Vyp(x6, Y5), ¥ — Yi)]
s=1

v

Z As[B(x6, Ys) — B2, ¥s) + B(xs,y) — B(xs, ¥5)]

= Z,\s (X, 1) — B(x, )]
: ¢<ZN,@_¢<x,zgﬂ>

-
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Proof of Step 2

Z)‘5< 25)7 Zs — ZAS ‘(b x97y" X> + <Vy<f’(x57}/s)7 ]/ - yf>]

v

Z)‘S[(ﬁ(xﬁys) - ¢(x7y%) + ¢(x57y) - ¢(x57ys)]

= Z’\s (X, 1) — B(x, )]
: ¢<ZN,@_¢<x,z;ﬂs>

= QS(J_CN;V) - ¢(x7yt)'
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Proof of Step 2

Z)\s< (zs), 25 — Z)\s Vi (%5, Ys), Xt — X) + (Vyo(xs,Ys), Y — yf>]

v

Z)‘S[(ﬁ(xﬁys) - ¢(x7y%) + ¢(x57y) - 94)(x57]/5)]

= Z)\s B(xs,y) — ¢(x,5)]
s ¢<Zﬂ&xs,y)_¢<x,z;:lm>

= ¢(,y) — o(x, 1)
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Faster than MD

(Exploit structure)
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Faster than MD: exploiting structure

» We saw MD yield O(1/+/T) for the CCSP problem.
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Faster than MD: exploiting structure

» We saw MD yield O(1/+/T) for the CCSP problem.

Problems have structure that can be exploited.
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Faster than MD: exploiting structure

» We saw MD yield O(1/+/T) for the CCSP problem.

‘ Problems have structure that can be exploited. ‘

Nesterov (2005) introduced an “excessive gap technique”
1. use saddle point reformulation of (convex) minycx f(x)
2. obtain thus a cheap smooth convex approximation fsm
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Faster than MD: exploiting structure

» We saw MD yield O(1/+/T) for the CCSP problem.

‘ Problems have structure that can be exploited. ‘

Nesterov (2005) introduced an “excessive gap technique”

1. use saddle point reformulation of (convex) minycx f(x)
2. obtain thus a cheap smooth convex approximation fsm
3. minimize fy, at a rate O(1/T?) using AGD
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Faster than MD: exploiting structure

» We saw MD yield O(1/+/T) for the CCSP problem.

‘ Problems have structure that can be exploited. ‘

Nesterov (2005) introduced an “excessive gap technique”

1. use saddle point reformulation of (convex) minycx f(x)

2. obtain thus a cheap smooth convex approximation fsm

3. minimize fy, at a rate O(1/T?) using AGD

4. smoothness of f;m deteriorates as f;m — f, final rate O(1/T)

] i We'll look at Mirror-Prox (Nemirovski 2004): simpler, more
transparent easier to extend, and delivers, O(1/T) rate |
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Examples with structure

Ex Letf(x) = uax fi(r) = _max_[o(ey) = Sfit)] |

-
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Examples with structure

B Letf(s) = moxc ) = mx[0(cy) = Sufc)] |
! EX Letf ||Ax — pr = maxjy|,<1Y (Ax — b) E

Exercise: What about f(x) = [|[Ax — b]||,?

.Ex Let A(x) = Ag + 3, %A Let Sp(X) = S5, M (X).

| Then, S¢(A(x)) = maxyes, y<il6(x,y) = k{y, A())] |
| here ¥, denotes the spectrahedron {X | X > 0, Tr(X) = 1} :
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Examples with structure

:BiﬂﬂﬂzTgﬂﬂz max _ [6(x.y) = Xy

Exercise: What about f(x) = [|[Ax — b]||,?
| ' Ex. Let A(x) = Ag + 3, %A Let Sp(X) = S5, M (X).

| Then, S¢(A(x)) = maxyes, y<il6(x,y) = k{y, A())] |
| here ¥, denotes the spectrahedron {X | X > 0, Tr(X) = 1} :
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Exploitng structure via Mirror Prox

Assumption A: Let X, ) be bounded
Assumption B: Let ¢(x,y) € C!

-
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Exploitng structure via Mirror Prox

Assumption A: Let X, ) be bounded
Assumption B: Let ¢(x,y) € C!

Then, we have F(z) = [V1d(x,y), =Vyo(x,y)] = [Fx(2), Fy(z)]

-
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Exploitng structure via Mirror Prox

Assumption A: Let X, ) be bounded
Assumption B: Let ¢(x,y) € C!

Then, we have F(z) = [V¢(x,y), —=Vyo(x,y)] = [Fx(z), Fy(2)]
MD setup

Choose a norm || - || on Z, and a Bregman divergence
Do (u,2) = w(ut) — w(z) — (@' (2), u—2)
that is strongly convex (in u) wrt the chosen norm.

(Bregman)-Prox-mapping
Prox. (&) := argmin Dy, (u,z) + (£, u)
uez

Lipschitz gradient
|F(z) — F(Z')||« < L||z—Z/|| forallz,z € Z=X x )
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Mirror Prox

Let v+ > 0 be stepsizes for t > 1

z1 = argmin, . z w(u) (initialization)

wy = Prox, (7+F(z)) (gradient step)

Zp+1 = Proxg, (7eF(wy)) (extra-gradient step)

Zy = 72571 % (average iterate)
De=1%s

Step 4 additional on top of MD; a bit mysterious (requires digression into
why it helps). Roughly, the extra regularization allows us to exploit the
smoothness of ¢(x,y) to take longer steps, and thus converge faster.

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/13/21; Lecture 15) Illll

23



Mirror Prox

Let v+ > 0 be stepsizes for t > 1

z1 = argmin, . z w(u) (initialization)

wy = Prox, (7+F(z)) (gradient step)

Zp+1 = Proxg, (7eF(wy)) (extra-gradient step)
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Convergence of MP

Theorem. Let 6; := ~v¢(F(w:), wr — ze41) — Dy(2441,2¢). For
every t > 1, assuming bounded X, ), ¢ € Ci, we have:

_ -1
W eop(Zr) < [Zézl w [+ 22:1 3]
mlfyy<1/Landd <O, thenVt>1: egp(z) < O

This is the O(1/T) convergence rate for MP.
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Convergence of MP

Theorem. Let 6; := ~v¢(F(w:), wr — ze41) — Dy(2441,2¢). For
every t > 1, assuming bounded X, ), ¢ € Ci, we have:

_ -1
W eop(Zr) < [Zézl w [+ 22:1 3]
mlfyy<1/Landd <O, thenVt>1: egp(z) < O

This is the O(1/T) convergence rate for MP.

‘ Proof: a small upgrade on top of the MD proof
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Convergence of MP

Theorem. Let 6; := ~v¢(F(w:), wr — ze41) — Dy(2441,2¢). For
every t > 1, assuming bounded X, ), ¢ € Ci, we have:

_ -1
W eop(Zr) < [Zézl w [+ 22:1 3]
mlfyy<1/Landd <O, thenVt>1: egp(z) < O

This is the O(1/T) convergence rate for MP.

‘ Proof: a small upgrade on top of the MD proof

Again recall Lemma O*

Lemma O*. A point z* is an SP of ¢ iff for every selection F(-) of ® such
that F(z) € ®(z) we have (F(z), z —z") > 0 for all z € ri(Z).
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Convergence of MP

Prox; (&) := argmin D, (u,z) + (&, u)
uez

Recall: key MP update steps ,
wy = PI“OXZt(’}/tP(Zt)), Zty1 = PI"OXZt(’}/tF(wt)), Zy = Zs:l )\sws

-
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Convergence of MP

Prox;(§) := argmin D, (u,z) + (£, u)

ucz

Recall: key MP update steps ,
wy = PI“OXZt(’}/tP(Zt)), Zty1 = PI"OXZt(’}/tF(wt)), Zy = Zs:l )\sws

Using Lemma O*, we upper-bound S>!_; As(F(zs), ws — u)
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Convergence of MP

Prox;(§) := argmin D, (u,z) + (£, u)

ucz

Recall: key MP update steps t
wy = PI‘OXZt(’}/tF(Zt)), Zty1 = Proxzt(%F(wt)), Zy = Zs:l Asws

Using Lemma O*, we upper-bound 3" _; \s(F(zs), ws — )
Recall also that we previously proved for z; = (X, ):

22:1 As(F(zs), ws —u) > ¢(Xt,y) — p(x, 1)
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Convergence of MP

Prox;(§) := argmin D, (u,z) + (£, u)

uez
Recall: key MP update steps t
wy = PI‘OXZt(’}/tF(Zt)), Zty1 = Proxzt(%F(wt)), Zy = Zs:l Asws

Using Lemma O*, we upper-bound 3" _; \s(F(zs), ws — )
Recall also that we previously proved for z; = (X, ):

22:1 As(F(z5), ws —u) > ¢(Xe,y) — o(x, Yt)

so that upon taking supremum over (x,y) we obtain

Zzzl >\S<F(Zs), Ws — I/l> > 6Sp(zt)~
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Convergence of MP

Prox;(§) := argmin D, (u,z) + (£, u)

uez

Recall: key MP update steps t
wy = PI‘OXZt(’}/tF(Zt)), Zty1 = Proxzt(%F(wt)), Zy = Zs:l Asws

Using Lemma O*, we upper-bound 3" _; \s(F(zs), ws — )
Recall also that we previously proved for z; = (¢, ¢):

t
Zs:l As(F(zs), ws —u) > ¢(Xt,y) — o(x,Yt)
so that upon taking supremum over (x,y) we obtain
t
Zs:l As(F(zs), ws — 1) > esp(Zi).

Remains to prove:

Sl Ms(EGzs), ws =) < O([24 3] 7@+ X2, 69))
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Convergence of MP

Lemma (MD Lemma). Let w = Prox;(£) and z4 = Prox;(n). Then, for all
ueZz, we upper—bound (n, w — u) as follows:

< Dw(u Z) (1/[ Z+) <T]7 ZU—Z+>_DUJ(Z+7Z)

< Dw( ) HZ+) <77—f7 _Z+>_D (w,z)—Dw(z+,w)

< Du(u,2) = Do (u z4) + [l = €llllw — 24| = 31z — wl* — 3llz+ —w]’]
< Du(u,2) = Du(tt,z4) + 5llln — €lIZ — lw —2|P].
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Convergence of MP

Lemma (MD Lemma). Let w = Prox;(£) and z4 = Prox;(n). Then, for all
uez we upper—bound (n, w — u) as follows:

< DW(M,Z) (u Z+) <T]7 w _Z+> - DW(Z+7Z)

< ( ) (H,Z+) <77—f7 _Z+>_D (w,z)—Dw(z+,w)

< Du(u,2) = Dt z4) + [0 = Ell+lloo — 2| = 3llz = w]|* = Fllz+ — w]’]
< Du(u,2) = Du(tt,z4) + 5llln — €lIZ — lw —2|P].

Using this lemma with z = z;, £ = vF(z), n = vF(w:), we get:

B W =W and Zy = Zt41
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Convergence of MP

Lemma (MD Lemma). Let w = Prox;(£) and z4 = Prox;(n). Then, for all
uez we upper—bound (n, w — u) as follows:

< DW(M,Z) (u Z+) <T]7 w _Z+> - DW(Z+7Z)

< ( ) (H,Z+) <77—f7 _Z+>_D (w,z)—Dw(z+,w)

< Du(u,2) = Dt z4) + [0 = Ell+lloo — 2| = 3llz = w]|* = Fllz+ — w]’]
< Du(u,2) = Du(tt,z4) + 5llln — €lIZ — lw —2|P].

Using this lemma with z = z;, £ = vF(z), n = vF(w:), we get:
B W= W and Zy = Zt41
m Y(F(w:), wr — u) < Do (u,2t) — Do (U, 2e41) + O
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Convergence of MP

Lemma (MD Lemma). Let w = Prox;(£) and z4 = Prox;(n). Then, for all
uez we upper—bound (n, w — u) as follows:

< DW(M,Z) (u Z+) <T]7 w _Z+> - DW(Z+7Z)

< ( ) (H,Z+) <77—f7 _Z+>_D (w,z)—Dw(z+,w)

< Du(u,2) = Dt z4) + [0 = Ell+lloo — 2| = 3llz = w]|* = Fllz+ — w]’]
< Du(u,2) = Du(tt,z4) + 5llln — €lIZ — lw —2|P].

Using this lemma with z = z;, £ = vF(z), n = vF(w:), we get:
B w=wand z4 =z
m Y (F(w), wy —u) < Dy, (u,21) — Do (U, 2141) + 6
m & < 5[ IF(wr) — P2 — lwe —zi|]
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Convergence of MP

Lemma (MD Lemma). Let w = Prox;(£) and z4 = Prox;(n). Then, for all
uez we upper—bound (n, w — u) as follows:

< DW(M,Z) (u Z+) <T]7 w _Z+> - DW(Z+7Z)

< ( ) (M7Z+) <77—f7 _Z+>_D ( ,Z)—DW(Z+7ZU)

< Du(it,2) = Du(tt,z4) + [l = Ell-llw — 24| = 31z = w|* = Jllz4 — w|/’]
< Du(u,2) = Du(tt,z4) + 5llln — €lIZ — lw —2|P].

Using this lemma with z = z;, £ = vF(z), n = vF(w:), we get:
B w=wand z4 =z
m Y (F(w), wy —u) < Dy, (u,21) — Do (U, 2141) + 6
m & < 5[ IF(wr) — P2 — lwe —zi|]

Sum over s € [t], note D, (1#,z1) < Q and use As = Z.://Svsl to get
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Convergence of MP

Lemma (MD Lemma). Let w = Prox;(£) and z4 = Prox;(n). Then, for all
uez we upper-bound (n, w — u) as follows:

< DW(M,Z) (1/[ Z+) <77', w _Z+> - DUJ(Z+7Z)

< Du(u,z) = Du(u,z4) + (n — & w — z4) — Do(w, 2) — Du (24, w)

< Du(it,2) = Du(tt,z4) + [l = Ell-llw — 24| = 31z = w|* = Jllz4 — w|/’]
< Du(u,2) = Du(tt,z4) + 5llln — €lIZ — lw —2|P].

Using this lemma with z = z;, £ = vF(z), n = vF(w:), we get:
B w=wand z4 =z
m Y (F(w), wy —u) < Dy, (u,21) — Do (U, 2141) + 6
m & < 5[ IF(wr) — P2 — lwe —zi|]

Sum over s € [t], note D, (1#,z1) < Q and use As = Z.://Svs/ to get

t Q+ t_ 55
Do A(F(wr), we—u) < #
s=1 25:1 ~
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Convergence of MP

Lemma (MD Lemma). Let w = Prox;(£) and z4 = Prox;(n). Then, for all

uez,we upper-bound (n, w — u) as follows:

< Do(u,2) = Do(u,24+) + (1, w = 24) — Du(2+,2)

< Do(u,2) = Du(u,24) + (n — &, w — z4) — Du(w,z) — Do(z+,w)

< Du(u,2) = Du(tt,z4) + [lln = €llllow — 24| = 3llz = wll” = Fllz4 — 2]
< Du(u,2) = Du(tt,z4) + 5llln — €lIZ — lw —2|P].

Using this lemma with z = z;, £ = vF(z), n = vF(w:), we get:
B w=wand z4 =z
m Y (F(w), wy —u) < Dy, (u,21) — Do (U, 2141) + 6
m & < 5[ IF(wr) — P2 — lwe —zi|]

Sum over s € [t], note D, (1#,z1) < Q and use As = Z.://Svs/ to get
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Extensions

-
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Mirror-Prox with Splitting

The O(1/T) rate of MP assumes ¢ is smooth. If instead,
it is nonsmooth but available in a composite form (i.e.,
the nonsmooth part is “simple” and can be handled via a
suitable proximity operator), then one can extend MP to
retain the O(1/T) rate.
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Mirror-Prox with Splitting

The O(1/T) rate of MP assumes ¢ is smooth. If instead,
it is nonsmooth but available in a composite form (i.e.,
the nonsmooth part is “simple” and can be handled via a
suitable proximity operator), then one can extend MP to
retain the O(1/T) rate.

If ¢(-,y) is smooth and strongly concave, we can even ac-
celerate to O(1/T?) rate.

This speedup also rediscovered in a recent paper: “Ef-
ficient algorithms for smooth minimax optimization. In
NeurIPS, pages 12659-12670, 2019”
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Other topics

-
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What we did not cover

m Lower bounds
m Optimal methods (tight, essentially tight)
m Stochastic CCSP problems
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What we did not cover

m Lower bounds
m Optimal methods (tight, essentially tight)
m Stochastic CCSP problems
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