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Nonnegative matrix factorization

We want a low-rank approximation A ~ BC
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Nonnegative matrix factorization

We want a low-rank approximation A ~ BC

m SVD yields dense B and C
m B and C contain negative entries, evenif A > 0
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Nonnegative matrix factorization

We want a low-rank approximation A ~ BC

m SVD yields dense B and C
m B and C contain negative entries, evenif A > 0

NMF imposes B> 0,C >0
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Algorithms

A~BC st.B,C>0

Least-squares NMF
min 3||A - BC|} s.t.B,C>0.

-
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Algorithms

A~BC st.B,C>0

Least-squares NMF
min 3||A - BC|} s.t.B,C>0.
KL-Divergence NMF

: (BC)jj
min Zij a;;log . ! —a;+ (BC); s.t.B,C>0.
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Algorithms

A~BC st.B,C>0

Least-squares NMF
min  1||A - BC|f s.t.B,C>0.
KL-Divergence NMF

BC);;
min Zij ajj log Q —aji + (BC)Z']' s.t. B,C > 0.

al-]

& NP-Hard (Vavasis 2007) — no surprise
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Algorithms

A~BC st.B,C>0

Least-squares NMF
min  1||A - BC|f s.t.B,C>0.
KL-Divergence NMF

. (BC)jj
min Zij ajj log T —aji + (BC)i]' s.t. B,C > 0.
& NP-Hard (Vavasis 2007) — no surprise

& Arora, Ge, Kanna, Moitra (2011) showed that if the matrix A
has a special “separable” structure, then actually globally
optimal NMF is approximately solvable. More recent
progress too
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Algorithms

A~BC st.B,C>0

Least-squares NMF
min  1||A - BC|f s.t.B,C>0.
KL-Divergence NMF
(Bc)l]
min a;ilo —a;; + (BC); s.t.B,C>0.
Z] ijl0g ——— a; ij ( )1]
& NP-Hard (Vavasis 2007) — no surprise

& Arora, Ge, Kanna, Moitra (2011) showed that if the matrix A
has a special “separable” structure, then actually globally
optimal NMF is approximately solvable. More recent
progress too
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Background on NMF Algorithms

m Hack: Compute TSVD; “zero-out” negative entries
m Alternating minimization (AM)

m Majorize-Minimize based (MM)

m Global optimization (not covered)

m “Online” algorithms (not covered)
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AltMin / AltDesc

Alternating Descent
Initialize BY, k + 0
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AltMin / AltDesc

:rAlternating Descent :
" | Initialize B’ k 0 |
E Compute CK1 s.t. F(A, B\C*+1) < F(A, B*CF) E
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AltMin / AltDesc

:rAlternating Descent :
' | Initialize B, k < 0 |
5 Compute CK1 s.t. F(A, B\C*+1) < F(A, B*CF) 5
: Compute B! s.t. F(A, B¥H1CF1) < F(A, BFCH) :
E k < k + 1, and repeat until stopping criteria met. E
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AltMin / AltDesc

:rAlternating Descent :
' | Initialize B, k < 0 |
5 Compute CK1 s.t. F(A, B\C*+1) < F(A, B*CF) 5
: Compute B! s.t. F(A, B¥H1CF1) < F(A, BFCH) :
E k < k + 1, and repeat until stopping criteria met. E

(Observe:) F(BM1, CH1y < F(BF, 1) < F(BF, C)
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AltMin for NMF: naive version

Alternating Least Squares (ALS)
C = argmin ||A — B¥C|)3;
C

-
Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/06/21; Lecture 13) i 7



AltMin for NMF: naive version

Alternating Least Squares (ALS)

C = argmin
C

Suvrit Sra (suvrit@mit.edu)

1A — BC:

C*1 «— max(0, C)
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AltMin for NMF: naive version

Alternating Least Squares (ALS)
C = argmin ||A — B¥C|)3; CH1  max(0, C)
C

B = argmin ||A — BC*HY|)3; B! « max(0, B)
B
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AltMin for NMF: naive version

Alternating Least Squares (ALS)
C =argmin ||A — B¥C|)3; CH1  max(0, C)
c

B = argmin ||A — BCK1|%; B! « max(0, B)
B

ALS is fast, simple, often effective, but ...
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AltMin for NMF: naive version

Alternating Least Squares (ALS)
C = argmin  ||A — B*C|j%; 1 max(0,C)
c
B = argmin ||A — BCK1|%; B! « max(0, B)
B
ALS is fast, simple, often effective, but ...

IA —B*ICH R < ||A — B'CHF < ||A — B°CY| 2
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AltMin for NMF: naive version

Alternating Least Squares (ALS)
C = argmin  ||A — B*C|j%; 1 max(0,C)
c
B = argmin ||A — BCK1|%; B! « max(0, B)
B
ALS is fast, simple, often effective, but ...

IA —B*ICH R < ||A — B'CHF < ||A — B°CY| 2

descent can fail to hold!

-
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NMF AltMin: correct way

Use alternating nonnegative least-squares
CH1l — argmin  |A —B*C|]Z st. C>0
C

B! = argmin |[A —BC"YZ st B>0
B
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NMF AltMin: correct way

Use alternating nonnegative least-squares
CH1l — argmin  |A —B*C|]Z st. C>0
C

B! = argmin |[A —BC"YZ st B>0
B

Advantages: Guaranteed descent. Theory of two-block BCD
guarantees convergence to a stationary point.

Disadvantages: more complex; slower than ALS
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NMF AltMin: correct way

Use alternating nonnegative least-squares
CH1l — argmin  |A —B*C|]Z st. C>0
C
B! = argmin |[A —BC"YZ st B>0
B
Advantages: Guaranteed descent. Theory of two-block BCD

guarantees convergence to a stationary point.

Disadvantages: more complex; slower than ALS

Ref. Mairal, Bach, Ponce, Sapiro. Online Learning for Matrix Factorization and
Sparse Coding. JMLR 11(2):19-60, 2010.
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Just Descend

(EM, CCCP, MM methods!)

-
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Revisiting NMF

Consider F(B,C) = ||A — BC|%: convex separately in B and C
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Revisiting NMF

Consider F(B,C) = 1||A — BC||?: convex separately in B and C

We use F(C) to denote function restricted to C.
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Revisiting NMF

Consider F(B,C) = 1||A — BC||?: convex separately in B and C

We use F(C) to denote function restricted to C.
Aim: Find Cy, 4 such that F(Bg, Cx;1) < F(Bg, Cx)
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Revisiting NMF

Consider F(B,C) = 1||A — BC||?: convex separately in B and C

We use F(C) to denote function restricted to C.
Aim: Find Cy, 4 such that F(Bg, Cx;1) < F(Bg, Cx)

Since F(C) separable (over cols of C), we just illustrate
min  £(c) = 1la - Bel}3

c>0

Remark. This is the well-known NNLS problem.
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Revisiting NMF

Consider F(B,C) = 1||A — BC||?: convex separately in B and C

We use F(C) to denote function restricted to C.
Aim: Find Cy, 4 such that F(Bg, Cx;1) < F(Bg, Cx)

Since F(C) separable (over cols of C), we just illustrate

: 1 2
—lz-B
min f(c) = 3lla — Bcllz

Remark. This is the well-known NNLS problem.

Doing descent (not necc minimization) over f! ‘
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The Majorize-Minimize (MM) idea

(Majorize: get upper bound; Minorize: minimize this bound)
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Descent technique

mine>o  f(c) = ;lla — Bel3

Find a function g(c, ¢) that satisfies:

g(c,c) =f(c), forall ¢,
g(c,c) > f(c), forall c,c.
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Descent technique

mineso  f(c) = 3|la — Be|)3

Find a function g(c, ¢) that satisfies:

g(c,c) =f(c), forall e,
g(c,¢) > f(c), forall c,c.

1

Compute ¢! = argmin > g(c, c")
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Descent technique

mine>o  f(c) = 3l — Bell3

Find a function g(c, ¢) that satisfies:

g(c,c) =f(c), forall e,
g(c,¢) > f(c), forall c,c.

1

Compute ¢! = argmin > g(c, c")

Then we have descent
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Descent technique

mine>o  f(c) = 3l — Bell3

Find a function g(c, ¢) that satisfies:

g(c,c) =f(c), forall e,
g(c,¢) > f(c), forall c,c.

1

Compute ¢! = argmin > g(c, c")

Then we have descent

f(e*h)
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Descent technique

mine>o  f(c) = 3l — Bell3

Find a function g(c, ¢) that satisfies:

g(c,c) =f(c), forall e,
g(c,¢) > f(c), forall c,c.

Compute ¢! = argmin > g(c, ¢)
Then we have descent

Fle) gt o)
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Descent technique

mine>o  f(c) = 3l — Bell3

Find a function g(c, ¢) that satisfies:

g(c,c) =f(c), forall e,
g(c,¢) > f(c), forall c,c.

Compute ¢! = argmin > g(c, ¢)
Then we have descent

def argmin

feth) <glethed) < gl )
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Descent technique

mine>o  f(c) = 3l — Bell3

Find a function g(c, ¢) that satisfies:

g(c,c) =f(c), forall e,
g(c,¢) > f(c), forall c,c.

Compute ¢! = argmin > g(c, ¢)
Then we have descent

def argmin
Fletl) Soeld) T= gl d) ).
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Constructing ¢ for f(c) = ||a — Bc|)?

We exploit that h(x) = 3x? is a convex function

h(>0; hixi) < >0  Ail(x;), where X; >0, >, A =1

-
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Constructing ¢ for f(c) = ||a — Bc||?

We exploit that h(x) = 3x? is a convex function

h(>0; hixi) < >0  Ail(x;), where X; >0, >, A =1

= %Zi(al

-
Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/06/21; Lecture 13) IIIH 13



Constructing ¢ for f(c) = ||a — Bc||?

We exploit that h(x) = 3x? is a convex function

h(>0; hixi) < >0  Ail(x;), where X; >0, >, A =1

~1 Zi(ai —ble)? =1 Zi a? — 2a;blc + (blc)?
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Constructing ¢ for f(c) = ||a — Bc||?

We exploit that h(x) = 3x? is a convex function

h(Zz )\ﬁ([) < Z[ )\,-h(x,-), where )\,‘ > O, Zi >\i =1

fo) = %Zi( ~blep? =1 Z a? — 2a;blc + (blc)?
2
— % Zi a; — ZaibiTc + 5 Zi Zj bi]‘Cj)
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Constructing ¢ for f(c) = ||a — Bc||?

We exploit that h(x) = 3x? is a convex function

h(Zz )\ﬁ([) < Z[ )\,-h(x,-), where )\,‘ > O, Zi >\i =1

fle)=3 (ai—blc)? =1 ai —2abc+ (bjc)?
2
= % Zi a; — ZaibiTc + 5 Zi Zj bi]‘Cj)
=1 Zi a? —2a;b] ¢
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Constructing ¢ for f(c) = ||a — Bc||?

We exploit that h(x) = 3x? is a convex function

h(zz )\ﬁ([) < Z[ )\,-h(x,-), where )\,‘ > O, Zi >\i =1

flo)=1% Zi( ~blep? =1 Z a? — 2a;blc + (blc)?
— % Zi a; — ZaibiTc + 5 Zi Zj bi]‘Cj)2
= % Zi azz — 2(1ibITC + % Zi(zj )\ijbifcf/)\ij)z
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Constructing ¢ for f(c) = ||a — Bc||?

We exploit that h(x) = 3x? is a convex function

h(zz )\[X[) < Z[ )\,‘I’L(X,'), where )\,‘ > O, Zi >\i =1

fo) = %Zi( ~blep? =1 Z a? — 2a;blc + (blc)?
=1 Zi a? —2ablc+ 1 Zi Z]. bijc;)?
=1 Zi a? —2ablc+ 1 Zi(zj Nibici/ M)
v 1 Z a? —2ablc+ 1 Zij i (bijci/ i)
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Constructing ¢ for f(c) = ||a — Bc||?

We exploit that h(x) = 3x? is a convex function

h(zz A[x[) < Z[ )\,‘I’L(X,'), where )\,‘ > O, Zi >\i =1

fo) = %Zi( ~blep? =1 Z a? — 2a;blc + (blc)?
=1 Zi a? —2ablc+ 1 Zi Z]. bijc;)?
=1 Zi a? —2ablc+ 1 Zi(zj Nibici/ M)
v 1 Z a? —2a;b]c + %Zij i (bijci/ i)

=:g(c,c), where )\; are convex coeffts
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Constructing g(c, ¢)

f(e) = 3lla— Bel3
~ 2 T 2
8(e,€) = 3llally = > aibie+ 5> N (bici/Xi)

Only remains to pick \;; as functions of ¢
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Constructing g(c, ¢)

f(e) = 3lla — Bell3
p Li(q12 T., 1 2
g(e,0) = 3llal3 — > aibfc + 3 Zi]. Nij (bijej/ Nig) ™
Only remains to pick \;; as functions of ¢

bi]'C]' _ ble]
Zk bikck bZTE

)‘ij =
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Constructing g(c, ¢)

f(e) = 3lla — Bell3
= L2 T., 1 2
8(e,€) = gllalli = 3 aibfe+ 5 >0 X (byci/ Ag) ™
Only remains to pick \;; as functions of ¢

leCJ _ biG
Zk Zka bZT(E

i Exercise: Verify that g(c,c) = f(c);

E Exercise: Let f(c) = Y ;a;log(a;/(Bc);) — a; + (Bc);. Derive an
' auxiliary function g(c, ¢) for this f(c).
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Reapting the benefits of ¢

Key step
=N 1402 T 1 2
3(e.) = 3lald =3 aible+ 33 Nibici/Ay)
= argming(c,cf)

c>0
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Reapting the benefits of ¢

Key step
= 11,12 T, 1 2
3(e.) = 3lald =3 aible+ 33 Nibici/Ay)
= argming(c,cf)

c>0
Exercise: Solve 9g(c, c") /Oc, = 0 to obtain closed form

; [B'd]p

Cp =6 [BTBc],
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Reapting the benefits of ¢

Key step
= 1114112 T 1 2
gle,c) = 3lalz - Zi aibjc+ 3 Zi]. i (bijei/ M)
= argming(c,cf)

c>0
Exercise: Solve 9g(c, c") /Oc, = 0 to obtain closed form

o [BTal,
P p[BTBCt]p

This yields the famous “multiplicative update” algorithm of
Lee/Seung (1999) — the paper that popularized NMF.
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Broader view of what we just did

m We exploited convexity of x?
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Broader view of what we just did

m We exploited convexity of x>

m Our technique one instance of more general
Majorization-Minimization (MM) idea
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Broader view of what we just did

m We exploited convexity of x>

m Our technique one instance of more general
Majorization-Minimization (MM) idea

m Gradient-descent also an MM algorithm (Why?)

Hint: Assume L-smooth function, and then argue

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/06/21; Lecture 13)

16



Broader view of what we just did

m We exploited convexity of x>

m Our technique one instance of more general
Majorization-Minimization (MM) idea
m Gradient-descent also an MM algorithm (Why?)

Hint: Assume L-smooth function, and then argue
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Some key MM methods

m Expectation Maximization (EM) algorithm exploits
convexity of —logx

m Convex-Concave Procedure (CCCP)
m Variational Methods
m Explore: More broadly, d.c. programming

-
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Example: Variational Methods

Examples
—logx = mAin)\x—log)\—l
g
ol = mina % +2A

-
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https://francisbach.com/page/3/
https://arxiv.org/pdf/1601.00670.pdf

Example: Variational Methods

Examples
—logx = mAin)\x—log)\—l
2
= mint? 41
SO ¢ LD

An Introduction to Variational Methods
for Graphical Models

MICHAEL 1. JORDAN jordan@cs berkeley.edu
Department of Electrical Engineering and Computer Sciences and Department of Statistics,
University of California, Berkeley, CA 94720, USA

ZOUBIN GHAHRAMANI zoubin@ gatsby.ucl.ac.uk
Gatsby Computational Neuroscience Unit, University College London WCIN 3AR, UK

TOMMI S. JAAKKOLA tommi@ai mit.edu
Artificial Intelligence Laboratory, MIT, Cambridge, MA 02139, USA

LAWRENCE K. SAUL Isaul @research.att.edu
AT&T Labs—Research, Florham Park, NJ 07932, USA

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/06/21; Lecture 13) IIIH 18


https://francisbach.com/page/3/
https://arxiv.org/pdf/1601.00670.pdf

Example: Variational Methods

Examples
—logx = mAin)\x—log)\—l
2
= mint? 41
SO ¢ LD

An Introduction to Variational Methods
for Graphical Models

MICHAEL 1. JORDAN jordan@cs berkeley.edu
Department of Electrical Engineering and Computer Sciences and Department of Statistics,
University of California, Berkeley, CA 94720, USA

ZOUBIN GHAHRAMANI zoubin@ gatsby.ucl.ac.uk
Gatsby Computational Neuroscience Unit, University College London WCIN 3AR, UK

TOMMI S. JAAKKOLA tommi@ai mit.edu
Artificial Intelligence Laboratory, MIT, Cambridge, MA 02139, USA

LAWRENCE K. SAUL Isaul @research.att.edu
AT&T Labs—Research, Florham Park, NJ 07932, USA

See also: Francis Bach’s blog, Posts Jul 1 & Aug 5, 2019.
Blei, Kucukelbir, McAuliffe. Variational Inference: A Review for Statisticians
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The EM algorithm

Assume p(x) = Zszl mip(x; 0;) is a mixture density.
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The EM algorithm

Assume p(x) = Z]K:1 mip(x; 0;) is a mixture density.

0(X;0) = Z; log (Z]Kﬂ mip (i Hf))'
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The EM algorithm

Assume p(x) = 2]1;1 mip(x; 0;) is a mixture density.
n K
U(X;0) = Zi:l log (ijl mip(xi; Hj)).

Use concavity of log t to compute lower-bound

Ux;0) = 37 Bilog (mip(xi; 0)/ i) -
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The EM algorithm

Assume p(x) = 2]1;1 mjp(x; 0;) is a mixture density.
n K
U(X;0) = Zi:l log (ijl mip(xi; Gj)).

Use concavity of log t to compute lower-bound

Ux;0) = 37 Bilog (mip(xi; 0)/ i) -

| E-Step: Optimize over f3;;, to set them to posterior probabilities: |
| Bi = _mpGi b)) ) :
S ¥ L. {71 |
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The EM algorithm

Assume p(x) = Z]K:l mjp(x; 0;) is a mixture density.
n K
U(X;0) = Zi:l log (ijl mip(xi; Hj)).

Use concavity of log t to compute lower-bound

Ux;0) = 37 Bilog (mip(xi; 0)/ i) -

| E-Step: Optimize over f3;;, to set them to posterior probabilities: |
: Bry o— TP 6) . |
S ¥ L. {71 |
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The EM algorithm

Assume p(x) = 2]1;1 mjp(x; 0;) is a mixture density.
n K
U(X;0) = Zi:l log (ijl mip(xi; Gj)).

Use concavity of log t to compute lower-bound

Ux;0) = 37 Bilog (mip(xi; 0)/ i) -

| E-Step: Optimize over f3;;, to set them to posterior prék_)z;l:;i_li_ti_e_s:_ E
| Bij = _mPif) : |
S ¥ L. {71 |

r--r----- - - - - - - - - - - - -~ =" -" =T " =" " =" " - " °"- " - -~ -~ - - - -/ -~ -/ -, ,/-T/~-T-=-=-= 1
I
L

Exercise: Derive a “stochastic” version of EM. ;
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Convex-Concave Procedure

miny F(x) := f(x) — h(x), where f, h are both convex.

Difference of convex (DC) functions widely studied in d.c. programming.
They have many nice properties, including: set of dc functions is a vector

space; dc functions are locally Lipschitz on the interior of their domain, etc.

-
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Convex-Concave Procedure

miny F(x) := f(x) — h(x), where f, h are both convex.

Difference of convex (DC) functions widely studied in d.c. programming.
They have many nice properties, including: set of dc functions is a vector

space; dc functions are locally Lipschitz on the interior of their domain, etc.
CCCP is an MM method
h(x) > h(y) + (Vh(y), x — y). Thus,
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Convex-Concave Procedure

miny F(x) := f(x) — h(x), where f, h are both convex.

Difference of convex (DC) functions widely studied in d.c. programming.
They have many nice properties, including: set of dc functions is a vector
space; dc functions are locally Lipschitz on the interior of their domain, etc.
CCCP is an MM method
h(x) > h(y) + (Vh(y), x — y). Thus,
F(x) <f(x) = h(y) — (VhA(y), x —y) =: G(x,y)
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Convex-Concave Procedure

miny F(x) := f(x) — h(x), where f, h are both convex.

Difference of convex (DC) functions widely studied in d.c. programming.
They have many nice properties, including: set of dc functions is a vector
space; dc functions are locally Lipschitz on the interior of their domain, etc.
CCCP is an MM method
h(x) > h(y) + (Vh(y), x — y). Thus,
Flx) < f(x) —h(y) — (Vh(y), x —y) =: G(x,y)

Observe: F(x) = G(x,x) and F(x) < G(x,y). CCCP algo is
Xpp1 = argmin G(x,xy)
X

Vf(xe1) = Vh(x)
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Convex-Concave Procedure

miny F(x) := f(x) — h(x), where f, h are both convex.

Difference of convex (DC) functions widely studied in d.c. programming.
They have many nice properties, including: set of dc functions is a vector
space; dc functions are locally Lipschitz on the interior of their domain, etc.

CCCP is an MM method
h(x) > h(y) + (Vh(y), x — y). Thus,

F(x) <f(x) = h(y) — (VA(y), x —y) = G(x,y)

Observe: F(x) = G(x,x) and F(x) < G(x,y). CCCP algo is
Xpp1 = argmin G(x,xy)
X

Vf(xe1) = Vh(x)

Exercise: Show that the EM algorithm is a special case of CCCP.
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Convex-Concave Procedure

miny F(x) := f(x) — h(x), where f, h are both convex.

Difference of convex (DC) functions widely studied in d.c. programming.
They have many nice properties, including: set of dc functions is a vector
space; dc functions are locally Lipschitz on the interior of their domain, etc.

CCCP is an MM method
h(x) > h(y) + (Vh(y), x — y). Thus,

F(x) <f(x) = h(y) — (VA(y), x —y) = G(x,y)

Observe: F(x) = G(x,x) and F(x) < G(x,y). CCCP algo is
Xpp1 = argmin G(x,xy)
X

Vf(xe1) = Vh(x)

Exercise: Show that the EM algorithm is a special case of CCCP.

CCCP often quite useful: always try as a baseline!
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Example 1 - Sinkhorn’s method

Theorem. (Sinkhorn, 1964). Let A be a strictly positive ma-
trix. There exists a unique doubly stochasic matrix M = EAD,
where E and D are strictly positive diagonal matrices. More-
over, the iterative procedure of alternatingly normalizing the
rows and columns of A to sum to 1 converges to M.
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Example 1 - Sinkhorn’s method

Theorem. (Sinkhorn, 1964). Let A be a strictly positive ma-
trix. There exists a unique doubly stochasic matrix M = EAD,
where E and D are strictly positive diagonal matrices. More-
over, the iterative procedure of alternatingly normalizing the
rows and columns of A to sum to 1 converges to M.

Theorem. (Yuille, Rangarajan, 2002). Sinkhorn’s algo-
rithms is CCCP with cost function: ¢(r) = —) logr; +
>_ilog (37 7jA;) where {r;} are the diagonal elements of E and

-1
the diagonal elements of D are given by <Z r]Al]> .

Exercise: Verify the above claim.
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Example 2 — Learning DPP Kernels

1 n .
max o(L) = Zi:l log det(U;LU;) — log det(I + L)

MLE for learning DPP kernel L; U;: compression matrices
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Example 2 — Learning DPP Kernels

1 n .
max o(L) = Zi:l log det(U;LU;) — log det(I + L)

MLE for learning DPP kernel L; U;: compression matrices
Vo) =0: > U(ULU) U — (I + L) =0
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1 n .
max o(L) = Zi:l log det(U;LU;) — log det(I + L)

MLE for learning DPP kernel L; U;: compression matrices
Vo) =0: > U(ULU) U — (I + L) =0

Now a simple but crucial trick: write

A= 3y U(URLU) U — (L)

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (04/06/21; Lecture 13) IIIH

22



Example 2 — Learning DPP Kernels

1 n .
max o(L) = Zi:l log det(U;LU;) — log det(I + L)

MLE for learning DPP kernel L; U;: compression matrices
Vo) =0: > U(ULU) U — (I + L) =0

Now a simple but crucial trick: write

A= 3y U(URLU) U — (L)
A+L b = L7 (Ve(L) =0).
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Example 2 — Learning DPP Kernels

1 n .
max o(L) = Zi:l log det(U;LU;) — log det(I + L)

MLE for learning DPP kernel L; U;: compression matrices
Vo) =0: > U(ULU) U — (I + L) =0

Now a simple but crucial trick: write

A= 3y U(URLU) U — (L)
A+L b = L7 (Ve(L) =0).

Fixed-point iteration of Mariet-Sra (2015)
Lk+l — Lk + LkAkLk
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Example 2 — Learning DPP Kernels

1 n .
max o(L) = Zi:l log det(U;LU;) — log det(I + L)

MLE for learning DPP kernel L; U;: compression matrices
Vo) =0: > U(ULU) U — (I + L) =0

Now a simple but crucial trick: write
A= 3y U(URLU) U — (L)
A+L b = L7 (Ve(L) =0).

Fixed-point iteration of Mariet-Sra (2015)
Lk+l — Lk + LkAkLk

Remarkably, this generates monotonic 1 sequence {¢(Lx) }>1-
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Demystifying the iteration

Key idea: Write ¢/(S) = ¢(L™!). Then
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Demystifying the iteration

Key idea: Write ¢/(S) = ¢(L™!). Then

¥(S) = 1N logdet(UrSTU;) — log det(I + S71
1

~ n
i
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Demystifying the iteration

Key idea: Write ¢/(S) = ¢(L™!). Then
P(S) = 1 logdet(U;S~'U;) —logdet(I+S™1)

1

= 13 logdet(U;S~'U;) — log det(I + S) + log det(S)
i
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Demystifying the iteration

Key idea: Write ¢/(S) = ¢(L™!). Then

P(S) = 1 logdet(U;S~'U;) —logdet(I+S™1)
i
= 13 logdet(U;S~'U;) — log det(I + S) + log det(S)

1

= f(5) +h(5),

where } is concave and f is convex.
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Demystifying the iteration

Key idea: Write ¢/(S) = ¢(L™!). Then

¥(S) = 1N logdet(UrSTU;) — log det(I + S71
n 1

1

= 13 logdet(U;S~'U;) — log det(I + S) + log det(S)
i

= f(5) +h(5),

where /1 is concave and f is convex. Now invoke CCCP
(remember we are maximizing). |
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Demystifying the iteration

Key idea: Write ¢/(S) = ¢(L™!). Then

¥(S) = LY logdet(U;ST'U;) — logdet(I+S77)
i
= 13 "logdet(U;S™'U;) — log det(I + S) + log det(S)
i

= f(5) +h(5),

where /1 is concave and f is convex. Now invoke CCCP
(remember we are maximizing). |

Conjecture. For every “step-size” a € (0, ), the iteration
L1 = Ly + aLy ALy generates monotonic ¢(Ly) values.
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DC Programming

flx) —g(x)

-
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DC programming

JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS: Vol. 103, No. 1, pp. 143, OCTOBER 1999

DC Programming: Overview

R. Horst' AND N. V. THoA
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DC programming

Math. Program., Ser. B (2018) 169:5-68
https://doi.org/10.1007/s10107-018-1235-y

FULL LENGTH PAPER

JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS: Vol. 103, No. 1, pp. 143, OCTOBER 1999

DC programming and DCA: thirty years of

developments
DC Programming: Overview

R. Horst' AND N, V. THOAY Hoai An Le Thi'® - Tao Pham Dinh?
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DC programming

Math. Program., Ser. B (2018) 169:5-68
https://doi.org/10.1007/s10107-018-1235-y

FULL LENGTH PAPER

JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS: Vol. 103, No. I, pp. 1-43, OCTOBER 1999

DC

DC programming and DCA: thirty years of

developments
Programming: Overview

R. HorsT' AND N. V. THoA? Hoai An Le Thi'

: Example: The k-th largest singular value: o (X)

- Tao Pham Dinh?

XMk = 11X [lk=1-
: shows that ox(-) is locally Lipschitz (d.c. functions are known to be LL),

g which is otherwise a challenging result to establish directly.
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DC programming

Math. Program., Ser. B (2018) 169:5-68
https://doi.org/10.1007/s10107-018-1235-y

FULL LENGTH PAPER
JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS: Vol. 103, No. I, pp. 1-43, OCTOBER 1999

DC programming and DCA: thirty years of

developments
DC Programming: Overview

R. HorsT' AND N, V. THOAT? Hoai An Le Thi'® - Tao Pham Dinh?

: Example: The k-th largest singular value: ox(X) = [|X|lx — [|X][x—1. This |
: shows that ox(-) is locally Lipschitz (d.c. functions are known to be LL),

1
) which is otherwise a challenging result to establish directly. ]

Note: DC programming does not assume differentiability
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DC programming

Math. Program., Ser. B (2018) 169:5-68
https://doi.org/10.1007/s10107-018-1235-y

FULL LENGTH PAPER
JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS: Vol. 103, No. I, pp. 1-43, OCTOBER 1999

DC programming and DCA: thirty years of

developments
DC Programming: Overview

R. HorsT' AND N. V. THOAT® Hoai An Le Thi'® - Tao Pham Dinh?

: Example: The k-th largest singular value: ox(X) = [|X|lx — [|X][x—1. This |
: shows that ox(-) is locally Lipschitz (d.c. functions are known to be LL), :
) which is otherwise a challenging result to establish directly. |
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Amusement

Is I(p) = f(p) — h(p) for convex f,h forp > 1?
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