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Motivation: constrained optimization

min
x∈M

f (x)

M⊆ Rd is convex and compact.

What ways have we seen so far?
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Projected gradient method

M

xk

xk+1 = PM
(
xk − 1

L∇f (xk)
)

= argmin
x∈M

f (xk) + 〈∇f (xk), x− xk〉+ L
2‖x− xk‖2
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Frank-Wolfe aka Conditional Gradient method

M

rf(xk)

{x : f(x)  f(xk)}
xk

sk

xk+1

sk ∈ argmin
x∈M

f (xk) + 〈∇f (xk), x− xk〉

xk+1 = xk + η(sk − xk), (η ∈ [0, 1])
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Frank-Wolfe method

min
x∈M

f (x)

1 Start with some guess x0 ∈M
2 Form linear approximation of f at xk:

φf (x, xk) := f (xk) + 〈∇f (xk), x− xk〉

3 Find sk ∈ argminx∈M φf (x, xk)

4 Take convex combination of xk and sk

xk+1 = xk + ηk(sk − xk), ηk ∈ [0, 1]

5 Repeat above procedure until f (xk) ≤ f (x∗) + ε.
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Example: `1-norm regularization

min
‖x‖1≤γ

f (x).

Procedure for the linear minimization step:

1 Choose ik ∈ argmax
1≤i≤d

|∇i f (xk)|

2 Set sk
i = −γ sign(∇i f (xk)) for i = ik and 0 otherwise.

I O(d) runtime.

I Coordinate / greedy updates.
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Example: `p-norm regularization

min
‖x‖p≤γ

f (x)

Procedure for the linear minimization step (p ∈ (1,∞)):

Denote 1
p + 1

q = 1, then

1 Set sk
i = −sign(∇i f (xk)) |∇i f (xk)|q−1 for i = 1, 2, . . . , d.

2 Rescale sk so that ‖sk‖p = γ.

I O(d) runtime.

I Projection in general is challenging (apart from p = 1, 2,∞).
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Example: Trace-norm regularization

min
‖X‖tr≤γ

f (X)

Procedure for the linear minimization step:

1 Find top left and right singular vectors (uk, vk) of∇f (Xk).

2 Set Sk = −γukvkT.

I Rank-1 updates.

I Can be approximated efficiently using power method.

I Projection requires computing the SVD.
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Example: Submodular polytope

Submodular function.
g(A ∩ B) + g(A ∪ B) ≤ g(A) + g(B) for all A,B ⊆ [n]

Submodular polyhedron. For g(∅) = 0, the set

Pg :=
{

x ∈ Rn |
∑

i∈S
xi ≤ g(S), ∀S ⊂ [n]

}
.

Linear minimization over Pg takes O(n log n) time using a
greedy method. Projection is much harder.
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Stepsize selection

I Oblivious Set ηk = 2/(k + 2), for k ≥ 0

(Not a descent method)

I Exact line-search ηk ∈ argmin
η∈[0,1]

f (xk + η(sk − xk))

Exercise: f (x) = 1
2‖Ax− b‖2

=⇒ ηk = clip[0,1]

(〈Axk − Ask, Axk − b〉
‖Axk − Ask‖2

)

I Approx. line-search Set ηk = clip[0,1]

(〈∇f (xk), xk − sk〉
LR2

)
I Fully corrective∗ Solve xk+1 ∈ argmin

x∈conv{s0,s1,...,sk}
f (x)
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Convergence analysis

Theorem. Let f ∈ C1
L be cvx; let R = maxx,y∈M ‖x− y‖. Then,

f (xk)− f ∗ ≤ 2LR2

k + 1

Proof. Let ηk = 2/(k + 2). Recall, xk+1 = xk + ηk(sk − xk).
f (xk+1)− f ∗

≤ f (xk)− f ∗ + ηk〈∇f (xk), sk − xk〉+ 1
2η

2
k L‖sk − xk‖2

≤ f (xk)− f ∗ + ηk〈∇f (xk), sk − xk〉+ 1
2η

2
k LR2

≤ f (xk)− f ∗ + ηk〈∇f (xk), x∗ − xk〉+ 1
2η

2
k LR2

≤ f (xk)− f ∗ − ηk(f (xk)− f (x∗)) + 1
2η

2
k LR2

= (1− ηk)(f (xk)− f (x∗)) + 1
2η

2
k LR2.

Verify: inductively, this leads to f (xk)− f ∗ ≤ 2LR2

k+1 .
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Invariance under affine transforms

min
x∈M

f (x)

min
x̂∈M̂

f̂ (x̂)

I Re-parametrize the problem with a nonsingular matrix A

A : M̂ →M, f̂ (x̂) = f (Ax̂)

I These two problems look completely same to Frank-Wolfe:

argmin
x̂∈M̂

〈∇f̂ (x̂k), x̂〉 ≡ argmin
x̂∈M̂

〈AT∇f (Ax̂k), x̂〉

≡ argmin
x̂∈M̂

〈∇f (Ax̂k), Ax̂〉

≡ A · argmin
x∈A−1M̂

〈∇f (Ax̂k), x〉

≡ A · argmin
x∈M

〈∇f (Ax̂k), x〉
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Curvature constant

Cf = sup
x,s∈M, η∈[0,1]

y=x+η(s−x)

2
η2

(
f (y)− f (x)− 〈y− x, ∇f (x)〉

)

Then, f (xk)− f ∗ ≤ 2Cf
k+1 .

Exercise: Let f ∈ C1
L, then Cf ≤ LR2.

I Cf is often unknown in practice

I Cf does not depend on the choice of norm.

I Cf is invariant under affine transformation.
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Stopping criterion

I (Optimality condition) Recall from Lecture 4:

〈∇f (x∗), x∗ − x〉 ≤ 0, ∀x ∈M.

I (Definition) Frank-Wolfe gap / directional derivative:

GFW(xk) = max
x∈M

〈∇f (xk), xk − x〉

= 〈∇f (xk), xk − sk〉

GFW(x) ≥ 0 for all x ∈M,
GFW(x) = 0 iff x = x∗.

Exercise: If f is convex, then f (xk)− f ∗ ≤ GFW(xk).
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Can we accelerate FW?

Theorem. (Jaggi 2013) There exists a convex smooth function
f such that f (x) − f ∗ ≤ ε requires Ω(min{n, 1/ε}) linear mini-
mization steps.

Exercise: f (x) = ‖x‖2 andM = {x ∈ Rn : xi ≥ 0,
∑n

i=1 xi = 1}.

Theorem. (Canon & Cullum 1968) There exists a convex
smooth function f such that f (x) − f ∗ ≤ ε requires Ω(ε−

1
1+δ )

linear minimization steps for all δ > 0.

I In general, there is no acceleration for FW.

I f is strongly convex in both examples.

I Faster rates are known under stronger assumptions onM.
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Speeding up FW
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Zigzagging phenomenon

x0

x1

s0

x⇤
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Zigzagging phenomenon
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Zigzagging phenomenon

x0

x1

x2

x3
x4

s0
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Zigzagging phenomenon
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Zigzagging phenomenon

x0

x1

x2

x3
x4x5

s0

s1s2 , s3s4, , s5

x⇤

FW goes towards an extreme point at each iteration.

Idea: Incorporate steps that go away from an extreme point.
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Key idea: away step

x⇤
x0

x1

x2

s0

s1x3

s2s3,

FW goes towards an extreme point at each iteration.

Idea: Incorporate steps that go away from an extreme point.
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FW with away steps

Assumption:M = conv(A) where A is a finite set of vectors.

1 Let x0 ∈ A and set the active set Sk = {x0}

2 Find FW sk ∈ argminx∈M 〈∇f (xk), x〉
3 Return if GFW(xk) = 〈∇f (xk), xk − sk〉 ≤ ε
4 Find away direction vk ∈ argmaxx∈Sk 〈∇f (xk), x〉
5 If 〈−∇f (xk), sk − xk〉 ≥ 〈−∇f (xk), xk − vk〉, take a FW step

xk+1 = xk + ηk(sk − xk)

where ηk ∈ argminη∈[0,1] f (xk + ηk(sk − xk))

6 Otherwise, take an away step

xk+1 = xk + ηk(xk − vk)

where ηk ∈ argminη∈[0,ηmax] f (xk + ηk(xk − vk))

7 Update Sk+1 and repeat the procedure.
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FW with away steps - convergence

Assumptions:

I Let f ∈ S1
L,µ

IM = conv(A) where A is a finite set of vectors,

I (Diameter) R = max
x,y∈M

‖x− y‖,

I (Facial dist.) Φ = min
F∈faces(conv(A))

dist(F, conv(A\F)),

Then,

f (xk)− f ∗ ≤
(

1− µ

L
Φ2

4R2

)k/2

(f (x0)− f ∗).

R2

Φ2 can be interpreted as the condition number ofM.

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (3/25/21; Lecture 10) 20



FW with away steps - convergence

Assumptions:

I Let f ∈ S1
L,µ

IM = conv(A) where A is a finite set of vectors,

I (Diameter) R = max
x,y∈M

‖x− y‖,

I (Facial dist.) Φ = min
F∈faces(conv(A))

dist(F, conv(A\F)),

Then,

f (xk)− f ∗ ≤
(

1− µ

L
Φ2

4R2

)k/2

(f (x0)− f ∗).

R2

Φ2 can be interpreted as the condition number ofM.

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (3/25/21; Lecture 10) 20



Does FW work with subgradients?

min
x2

1+x2
2≤1

max{x1, x2}

I Denote f (x) = max{x1, x2}, andM = {x ∈ R2 : ‖x‖ ≤ 1}.
I x∗ = [− 1√

2
,− 1√

2
]T.

I Let us replace the gradient with subgradient in FW

sk ∈ argmin
x∈M

〈gk, x〉 where gk ∈ ∂f (xk)

xk+1 = xk + ηk(sk − xk)

I gk =

{
[1, 0]T if x1 ≥ x2

[0, 1]T otherwise
and sk = − gk

‖gk‖

=⇒ xk ∈ conv({x0, [−1, 0]T, [0,−1]T}) 63 x∗ for all k.
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Does FW work with subgradients?

min
x2

1+x2
2≤1

max{x1, x2}

x1

x2

x⇤

x0

x1

x2

x3
x4

FW does not work for nonsmooth f .
(Some recent work (2020) extends FW to nonsmooth)
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Nonconvex Frank-Wolfe

Assumptions.

I f is continuously differentiable, potentially nonconvex.

IM is convex and compact.

Then,

min
0≤k≤K

GFW(xk) ≤
max{2(f (x0)− f ∗), Cf}√

K + 1

Exercise: Supply a proof of the above rate.
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Stochastic Frank-Wolfe

min
x∈M

1
n

n∑
i=1

fi(x)

Replacing∇f with an unbiased estimator
does not directly work for FW.

Exercise. min
x∈[−3,1]

1
2

(
f1(x) + f2(x)

)
where

{
f1(x) = 1

2 x2 + 4x

f2(x) = 1
2 x2 − 4x

So what should we do?
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Stochastic Frank-Wolfe - analysis

f (xk+1)− f ∗ ≤ f (xk)− f ∗ + 〈∇f (xk), xk+1 − xk〉+
L
2
‖xk+1 − xk‖2

≤ f (xk)− f ∗ + ηk 〈∇f (xk), sk − xk〉︸ ︷︷ ︸
♠

+η2
k

LR2

2

♠ = 〈∇fik(xk), sk − xk〉+ 〈∇f (xk)−∇fik(xk), sk − xk〉
≤ 〈∇fik(xk), x∗ − xk〉+ 〈∇f (xk)−∇fik(xk), sk − xk〉
= 〈∇f (xk), x∗ − xk〉+ 〈∇f (xk)−∇fik(xk), sk − x∗〉
≤ f ∗ − f (xk) + 〈∇f (xk)−∇fik(xk), sk − x∗〉
≤ f ∗ − f (xk) + R‖∇f (xk)−∇fik(xk)‖︸ ︷︷ ︸

♠♠

I When we take E of both sides, the remainder term is

ηkR E[‖∇f (xk)−∇fik(xk)‖]
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Stochastic Frank-Wolfe - analysis
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Stochastic Frank-Wolfe - methods

Table from (Yurtsever, Sra, Cevher 2019):

Suvrit Sra (suvrit@mit.edu) 6.881 Optimization for Machine Learning (3/25/21; Lecture 10) 26


