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Abstract In high-dimensional directional statistics one of the most basic proba-
bility distributions is the von Mises-Fisher (vMF) distribution. Maximum likelihood
estimation for the vMF distribution turns out to be surprisingly hard because of a dif-
ficult transcendental equation that needs to be solved for computing the concentration
parameter κ . This paper is a followup to the recent paper of Tanabe et al. (Comput
Stat 22(1):145–157, 2007), who exploited inequalities about Bessel function ratios
to obtain an interval in which the parameter estimate for κ should lie; their observa-
tion lends theoretical validity to the heuristic approximation of Banerjee et al. (JMLR
6:1345–1382, 2005). Tanabe et al. (Comput Stat 22(1):145–157, 2007) also presented
a fixed-point algorithm for computing improved approximations for κ . However, their
approximations require (potentially significant) additional computation, and in this
short paper we show that given the same amount of computation as their method,
one can achieve more accurate approximations using a truncated Newton method. A
more interesting contribution of this paper is a simple algorithm for computing Is(x):
the modified Bessel function of the first kind. Surprisingly, our naïve implementation
turns out to be several orders of magnitude faster for large arguments common to high-
dimensional data, than the standard implementations in well-established software such
as Mathematica©, Maple©, and Gp/Pari.
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1 Introduction

The von Mises-Fisher (vMF) distribution, defined on the unit hypersphere, is funda-
mental to high-dimensional directional statistics Mardia and Jupp (2000). Maximum
likelihood estimation, and consequently the M-step of an Expectation Maximization
(EM) algorithm based on the vMF distribution can be surprisingly hard because of a
difficult nonlinear equation that needs to be solved for estimating the concentration
parameter κ .

In this paper we review maximum-likelihood parameter estimation for κ and our
work is a followup to the recent paper of Tanabe et al. (2007), who showed a simple
interval of values within which the parameter estimate should lie. Tanabe et al. (2007)
actually go further than just deriving bounds on the m.l.e. of κ . They also derive a new
approximation based on their bounds combined with a fixed-point approach. However,
their approximation requires some additional computation, and in this note we show
that given the same amount of computation as their method, one can achieve more
accurate approximations using a truncated Newton method.

A more useful contribution of this paper is however, a simple algorithm (and imple-
mentation) for computing Is(x), the modified Bessel function of the first kind. Quite
surprisingly, our naïve implementation turns out to be significantly faster for large argu-
ments (that arise frequently when dealing with high-dimensional data) than standard
implementations in well-established software such as Mathematica©, Maple©,
and Gp/Pari.

Before we present our discussion on the approximation for κ , we first provide
background on the vMF distribution in Sect. 2. Then we discuss the various approx-
imations in Sect. 3, followed by an experimental evaluation in Sect. 4. We describe
our algorithm for computing the modified Bessel function of the first kind in Sect. 5,
and show several experimental results illustrating its efficiency (Sect. 5.1).

2 Background

Let S
p−1 denote the p-dimensional unit hypersphere, i.e., S

p−1 = {x|x ∈
R

p, and ‖x‖2 = 1}. We denote the probability element on S
p−1 by dS

p−1,
and parametrize S

p−1 using polar coordinates (r, θ), where r = 1, and θ =
[θ1, . . . , θp−1]. Consequently x j = sin θ1 · · · sin θp−1 cos θp for 1 ≤ j < p, and

x p = sin θ1 · · · sin θp−1. It is easy to show that dS
p−1 =

(∏p−1
k=2 sinp−k θk−1

)
dθ

(see e.g., Sra 2007, Sect. B.1).

2.1 The von Mises-Fisher density

A unit norm random vector x is said to follow the p-dimensional von Mises-Fisher
(vMF) distribution if its probability element is cp(κ)eκμT xdS

p−1, where ‖μ‖ = 1 and
κ ≥ 0. The normalizing constant for the density function is (see Sra 2007, Sect. B.4.2
for a derivation)
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cp(κ) = κ p/2−1

(2π)p/2 Ip/2−1(κ)
,

where Is(κ) denotes the modified Bessel function of the first kind and is defined
as Abramowitz and Stegun (1974):

Ip(κ) =
∑
k≥0

1

�(p + k + 1)k!
(κ

2

)2k+p
,

where �(·) is the well-known Gamma function.
Note that when computing the normalizing constant, researchers in directional sta-

tistics usually normalize the integration measure by the uniform measure, so that
instead of cp(κ) one uses cp(κ)2π p/2/�(p/2); we ignore this distinction here as it
does not impact parameter estimation.

The vMF density is thus

p(x;μ, κ) = cp(κ)eκμT x,

and it is parametrized by the mean direction μ and the concentration parameter
κ—so-called because it characterizes how strongly the unit vectors drawn accord-
ing to p(x;μ, κ) are concentrated around the mean direction. For example, when
κ = 0, p(x;μ, κ) reduces to the uniform density on S

p−1, and as κ →∞, p(x;μ, κ)

tends to a point density peaking at μ.
The vMF distribution is one of the simplest distributions for directional data, and

has properties analogous to those of the multi-variate Gaussian distribution for data
in R

p. For example, the maximum entropy density on S
p−1 subject to the constraint

that E[x] is fixed, is a vMF density (see Mardia and Jupp 2000 for details).

2.2 Maximum-likelihood estimates

Let X = {x1, . . . , xn} be a set of points drawn from p(x;μ, κ). We wish to estimate
μ and κ via maximizing the log-likelihood

L(X ;μ, κ) = log cp(κ)+
∑

i

κμT xi , (1)

subject to the condition that μT μ = 1 and κ ≥ 0. Maximizing (1) subject to these
constraints we find that

μ =
∑

i xi

‖∑i xi‖ , κ = A−1
p (R̄), (2)

where

123



S. Sra

Ap(κ) = −c′p(κ)

cp(κ)
= Ip/2(κ)

Ip/2−1(κ)
= ‖

∑
i xi‖
n

= R̄. (3)

These m.l.e. equations may also be found in Banerjee et al. (2005); Dhillon and
Sra (2003); Mardia and Jupp (2000). The challenge is to solve (3) for κ; the simple
estimates that Mardia and Jupp (2000) provide are inaccurate for large p, or when
κ/p 	
 1—situations that are common for high-dimensional data in modern data
mining applications. Banerjee et al. (2005) provided efficient numerical estimates for
κ that were obtained by truncating the continued fraction representation of Ap(κ) and
solving the resulting equation. The estimates obtained via this truncation are rough,
and Banerjee et al. (2005) introduced an empirically determined correction term to
yield the estimate (4), which turns out to be quite accurate in practice.

Subsequently, Tanabe et al. (2007) showed simple bounds for κ by exploiting
inequalities about the Bessel ratio Ap(κ)—this ratio possesses several nice prop-
erties, and is very amenable to analytic treatment Amos (1974). The work of Tanabe
et al. (2007) lent theoretical support to the empirically determined approximation of
Banerjee et al. (2005), by essentially showing that their approximation lay in the “cor-
rect” range. Tanabe et al. (2007) also presented a fixed-point iteration based algorithm
to compute an approximate solution κ .

In the next section we show that the approximation obtained by Tanabe et al. (2007)
can be improved upon without incurring additional computational expense. We illus-
trate this via a series of experiments.

3 Parameter approximations

The solution to the parameter estimation equation (3) can be approximated to varying
degrees of accuracy. Three simple methods are summarized below; the third one is the
method proposed by this paper.

3.1 Banerjee et al. [3]

This is the simplest approximate solution of (3), and is given by

κ̂ = R̄(p − R̄2)

1− R̄2
. (4)

The critical difference between this approximation and the next two is that it does not
involve any Bessel functions (or their ratio). That is, not a single evaluation of Ap(κ)

is needed—an advantage that can be significant in high-dimensions where it can be
expensive to compute Ap(κ). Naturally, one can try to compute log Is(κ) (s = p/2)
to avoid overflows (or underflows as the case may be), though doing so introduces
yet another approximation. Therefore, when running time and simplicity are of the
essence, approximation (4) is preferable.
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3.2 Tanabe et al. [10]

Tanabe et al.’s approximation for κ , which was motivated by linear interpolation
combined with a fixed point approach, is given by

κ̂ = κl�2p(κu)− κu�2p(κl)

(�2p(κu)−�2p(κl))− (κu − κl)
, (5)

where the bounds on the m.l.e. κ̂ are given by

κl = R̄(p − 2)

1− R̄2
≤ κ̂ ≤ κu = R̄ p

1− R̄2
.

The function � in approximation (5) is defined as (we note that that there is a typo in
Eqns. (34) and (35) of Tanabe et al. (2007), where they write �p instead of �2p),

�2p(κ) = R̄κ Ap(κ)−1.

3.3 Truncated Newton approximation

Approximation (4) can be made more exact by performing a few iterations of New-
ton’s method. However, to remain competitive in terms of running time with (5), we
perform only two-iterations of Newton’s method. We make use of the fact that Mardia
and Jupp (2000)

A′p(κ) = 1− Ap(κ)2 − p − 1

κ
Ap(κ),

while deriving the Newton updates for solving Ap(κ)− R̄ = 0. We set κ0 to the value
yielded by (4), and compute the following two Newton steps

κ1 = κ0 − Ap(κ0)− R̄

1− Ap(κ0)2 − (p−1)
κ0

Ap(κ0)
(6)

κ2 = κ1 − Ap(κ1)− R̄

1− Ap(κ1)2 − (p−1)
κ1

Ap(κ1)
.

Note that just like approximation (5), the computation (6) also requires only two
calls to a function that computes evaluating Ap(κ)—which entails two calls to a
function that computes Is(κ).1 The approximation (6) is thus competitive in running
time with (5), which also requires only two calls to compute Ap(κ). However, as our
experiments show (6) is on average more accurate than (5).

1 One can also directly compute the ratio A p(κ) itself to desired accuracy either by using its continued
fraction expansion or otherwise, for example, using the methods of Amos (1974). However, for simplicity
we compute it by making two calls to a function computing Is (x).
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Remarks

1. If in an application, the cost of computing R̄ is larger than the cost of computing
Ap(κ), then one could invoke approximation (6), otherwise the fastest approxi-
mation is (4).

2. The concerns about accuracy of the different approximations are more of an
academic nature, as also noted by Tanabe et al. (2007), because in an actual
application the variance in the data or the algorithm itself will easily outweigh
the effects that the extra digits of accuracy can have. However, it is also obvious
that given three different approximations, one would choose the most accurate
one, especially if the computational costs are as low as that of a less accurate
approximation.

4 Experiments for κ

Table 1 summarizes how the three different approximations for κ stand in relation to
each other. In this section we show experiments that illustrate the accuracies achieved
by these three approximations. We note that for all our numerical experiments both (5)
and (6) used the same implementation of Ap(κ).

In Table 2 we present numerical values for several (p, κtrue) pairs. Here we show all
three approximations given by (4)–(6). The truncated Newton method based approxi-
mation (6) is seen to yield results superior to the fixed point interpolation (5), most of
the time. From the table it is obvious that all the approximations become progressively
worse as κ increases.

Figure 1 compares the approximation (5) to (6) as κtrue is varied from 1000 to
100,000 and the dimensionality p is held fixed at 100,000—to model a typical high-
dimensional scenario. From the figure, one can see that the truncated Newton approx-
imation (6) outperforms the fixed-point based interpolation (5) on an average.

Next, Figs. 2 and 3 show the absolute errors of approximation for a fixed value
of κtrue as the dimensionality p is varied from 1000 to 100,000 (Fig. 2) and then
from 100,000 to 200,000 (Fig. 3). We observe that in Fig. 2 the truncated Newton
approximation performs much better than Tanabe et al.’s approximation, though these
differences become less significant with increasing p.

From our experiments we can conclude that for most situations the truncated New-
ton approximation (6) yields a better approximation to κtrue, while incurring essentially
the same computational cost as (5).

Table 1 Comparison of parameter estimating methods for vMF distributions

Method Advantages Disadvantages

(4) No function evaluations; very fast Can have lower accuracy

(5) Higher accuracy 2 A p(κ) evaluations; Can be slow

(6) Best accuracy 2 A p(κ) evaluations; Can be slow

These differences become important with increasing dimensionality of the data
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Table 2 Errors for the different approximations of κ

(p, κtrue) Banerjee (4) Tanabe et al. (5) Newton (6)

(500, 100) 6.84e−03 1.82e−06 1.32e−12

(500, 500) 1.71e−01 1.99e−04 3.04e−11

(500, 1000) 2.96e−01 3.49e−04 1.46e−11

(500, 5000) 4.52e−01 4.76e−04 3.50e−11

(500, 10000) 4.75e−01 4.90e−04 1.75e−08

(500, 20000) 4.88e−01 4.97e−04 5.68e−08

(500, 50000) 4.95e−01 5.00e−04 5.32e−07

(500, 100000) 4.98e−01 5.01e−04 2.11e−06

(1000, 100) 9.58e−04 3.65e−08 3.30e−12

(1000, 500) 6.06e−02 2.59e−05 2.95e−11

(1000, 1000) 1.71e−01 9.93e−05 2.08e−10

(1000, 5000) 4.07e−01 2.23e−04 2.22e−09

(1000, 10000) 4.52e−01 2.37e−04 2.29e−09

(1000, 20000) 4.75e−01 2.44e−04 2.73e−08

(1000, 50000) 4.90e−01 2.48e−04 3.94e−07

(1000, 100000) 4.95e−01 2.48e−04 2.03e−06

(5000, 100) 7.98e−06 1.38e−12 3.66e−12

(5000, 500) 9.61e−04 7.62e−09 1.31e−10

(5000, 1000) 6.88e−03 1.83e−07 6.52e−10

(5000, 5000) 1.71e−01 1.98e−05 5.20e−11

(5000, 10000) 2.96e−01 3.46e−05 2.70e−09

(5000, 20000) 3.87e−01 4.28e−05 2.87e−08

(5000, 50000) 4.52e−01 4.73e−05 9.22e−08

(5000, 100000) 4.75e−01 4.87e−05 7.90e−08

(10000, 100) 9.99e−07 5.71e−11 5.96e−11

(10000, 500) 1.24e−04 8.60e−10 5.15e−10

(10000, 1000) 9.61e−04 4.62e−09 1.57e−10

(10000, 5000) 6.07e−02 2.59e−06 2.32e−09

(10000, 10000) 1.71e−01 9.90e−06 9.35e−09

(10000, 20000) 2.96e−01 1.73e−05 4.63e−08

(10000, 50000) 4.07e−01 2.22e−05 9.33e−08

(10000, 100000) 4.52e−01 2.40e−05 1.22e−07

(20000, 100) 1.25e−07 9.95e−11 2.08e−10

(20000, 500) 1.56e−05 1.27e−09 7.74e−10

(20000, 1000) 1.24e−04 1.95e−09 1.69e−09

(20000, 5000) 1.25e−02 1.13e−07 9.64e−09

(20000, 10000) 6.07e−02 1.28e−06 1.02e−08

(20000, 20000) 1.71e−01 4.89e−06 1.04e−08

(20000, 50000) 3.30e−01 9.86e−06 4.14e−07

(20000, 100000) 4.07e−01 1.24e−05 1.34e−06
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Table 2 continued

(p, κtrue) Banerjee (4) Tanabe et al. (5) Newton (6)

(100000, 100) 2.84e−10 1.28e−09 5.14e−10

(100000, 500) 1.25e−07 7.06e−10 3.04e−09

(100000, 1000) 9.99e−07 1.15e−09 3.26e−09

(100000, 5000) 1.24e−04 5.37e−08 3.33e−08

(100000, 10000) 9.61e−04 8.58e−08 4.56e−08

(100000, 20000) 6.89e−03 1.47e−07 4.66e−08

(100000, 50000) 6.07e−02 3.70e−07 8.67e−08

(100000, 100000) 1.71e−01 1.69e−06 2.36e−08

We display |κ̂ − κtrue|
Bold values indicate best accuracy
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Fig. 1 Average absolute errors of approximation with varying κ and fixed p = 100,000

5 An interesting byproduct: computing Is(x)

As noted in Table 1, computing approximations to κ requires evaluation of the ratio
Ap(κ). This ratio could either be computed by using its continued fraction expan-
sion, by explicitly computing the Bessel functions and dividing, or by using more
sophisticated methods (Amos 1974).

For completeness, we provide a simple algorithm below for computing modified
Bessel functions of the first-kind, so that the reader can quickly try out all the approx-
imations mentioned in this note for himself. Our particular implementation of the
modified Bessel function is interesting in its own right, because surprisingly it sig-
nificantly outperforms (often by several orders of magnitude) some well-established
implementations in software such as Mathematica©, Maple©, and Gp/Pari [11].
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Fig. 2 Average absolute errors of approx. as p varies from 1000 to 100,000; κtrue = 50,000
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Fig. 3 Average absolute errors of approx. as p varies from 100,000 to 200,000; κtrue = 50,000

Our method should be preferred when both s and x can be large; for smaller argu-
ments the functions available in standard software libraries should suffice. Note that
previously various authors, including Tanabe et al. (2007) have suggested using an
approximation to log Is(x) instead. Indeed, one can use such an approximation, though
this approximation may not be that accurate for the case where s ∼ x (as opposed to
the commonly assumed asymptotic scenarios where s 
 x or x 
 s).
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A standard power-series representation (see Abramowitz and Stegun 1974) for the
modified Bessel function of the first kind is

Is(x) = (x/2)s
∑
k≥0

(x2/4)k

�(k + s + 1)k! . (7)

Using the fact that �(x + 1) = x�(x), we can rewrite (7) as

Is(x) = (x/2)s

�(s)

∑
k≥0

(x2/4)k

s(s + 1) · · · (s + k)k! . (8)

The power-series (8) is amenable to a computational procedure as the ratio of the
(k + 1)st term to the kth term is

x2

4(k + 1)(s + k + 1)
. (9)

We can also use Stirling’s approximation formula for the Gamma function (see
Abramowitz and Stegun 1974, Sect. 6.1.37) to further speed up computation for large
arguments:

�(x) ≈
( x

e

)x
√

2π

x

(
1+ 1

12x
+ 1

288x2 −
139

51840x3 + · · ·
)

. (10)

Thus we arrive at Algorithm 1 for approximating Is(x).

Algorithm 1 Computing Is(x) via truncated power-series
Input: s, x : positive real numbers, τ : convergence tolerance
Output: approximation to Is (x)

1: R← 1.0, t1 ←
( xe

2s

)s

2: t2 ← 1+ 1
12s + 1

288s2 − 139
51840s3

3: t1 ← t1
√

s
2π

/t2
4: M ← 1/s, k ← 1
5: while not converged do

6: R← R 0.25x2

k(s+k)
7: M ← M + R
8: if R/M < τ then
9: converged← true
10: end if
11: k ← k + 1
12: end while
13: return t1 M .
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Table 3 Running times (in seconds) of different methods for computing Is (x)

(s, x) Algorithm 1 Mathematica Maple Gp/Pari Relative error

(1000, 1000) 0.000 0.011 0.062 0.016 4.53× 10−16

(1000, 2000) 0.000 0.006 0.122 0.062 3.13× 10−16

(1000, 4000) 0.000 0.003 0.454 0.219 1.12× 10−15

(2000, 2000) 0.000 0.070 0.239 0.062 4.42× 10−16

(2000, 4000) 0.015 0.025 0.448 0.203 9.61× 10−16

(2000, 8000) 0.000 0.006 1.966 1.264 1.86× 10−15

(4000, 4000) 0.000 0.290 0.919 0.234 5.89× 10−16

(4000, 8000) 0.000 0.091 1.791 1.248 1.49× 10−15

(4000, 16000) 0.000 0.020 11.009 6.676 1.95× 10−15

(8000, 8000) 0.015 1.546 4.192 1.170 8.31× 10−16

(8000, 16000) 0.015 0.416 8.768 6.537 2.19× 10−15

(8000, 32000) 0.015 0.088 52.011 34.632 3.57× 10−16

(16000, 16000) 0.000 7.860 19.063 6.396 1.28× 10−15

(16000, 32000) 0.016 2.057 49.203 34.585 1.45× 10−15

(32000, 32000) 0.015 41.483 102.430 34.383 2.10× 10−16

(32000, 64000) 0.015 10.504 252.472 195.672 3.94× 10−15

(64000, 64000) 0.000 233.534 559.498 194.923 3.68× 10−15

(128000, 128000) 0.000 1109.67 3103.281 840.041 8.00× 10−15

(256000, 256000) 0.015 – – – na

(512000, 512000) 0.031 – – – na

(1024000, 1024000) 0.062 – – – na

A ‘–’ indicates that the computation took too long to run. The last column shows the relative error to the
value computed by Mathematica, i.e., |κ1 − κ2|/κ2, where κ1 is computed by our method and κ2 by
Mathematica

5.1 Computational experiments

For our experiments we implemented Algorithm 1 using the MPFR library [8] for
multi-precision floating-point computations.2 All experiments were run on a Lenovo
T61 Laptop with a core 2 duo CPU @ 2.50 GHz, and 2GB RAM, running the Windows
VistaTM operating system. We used Mathematica version 6.0 and Maple version 12.

At this point, we would like to again stress that that we do not claim that our
implementation to be superior across all ranges of inputs to Is(x). Certainly, when
the traditional situations such as s 
 x or x 
 s hold, asymptotic approximations
will probably perform the best, or for s and x of moderate size, standard implementa-
tions will probably be more accurate. However, for several applications, one is in the

2 MPFR comes with a built in function to compute �(s)—using it increases the running time of Algorithm 1
slightly, though without significantly impacting the overall cost.
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domain where s ∼ x , i.e., s and x are of comparable size. In such a case, traditional
approximations for Is(x) break down, and standard software also becomes too slow.

Table 3 shows a sample of running time experiments to illustrate the performance of
our implementation. We experimented with various settings for both Mathematica
and Maple, and report results that led to the fastest answers. All the timing results
presented are averages over 5 to 10 runs.

From Table 3 we see that our implementation produces results that agree with
Mathematica up to 15 or 16 digits of accuracy, while being obtained several orders
of magnitude faster. We note that Maple was even slower than Mathematica in all
our experiments and Gp/Pari was competitive with it.

Our next two experiments briefly illustrate the running time behavior of our imple-
mentation. Figure 4 plots the running time as a function of x when the argument s is
held fixed. We see that in this case, the running time increases linearly with x . Figure 5
treats the alternate case where the running time is plotted as a function of s with x
held fixed. One sees that the running time decreases linearly with increasing s.

6 Conclusions

In this paper we discussed parameter estimation for high-dimensional
von Mises-Fisher distributions and showed that performing two steps of a Newton
method leads to significantly more accurate estimates for the concentration parameter
κ than the method proposed by Tanabe et al. (2007). The more interesting contri-
bution of our work associated with computing κ is a simple method to compute the
modified Bessel function of the first kind. Our simplistic implementation was seen
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Fig. 4 Running time of Algorithm 1 as a function of x with s = 5× 105
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Fig. 5 Running time of Algorithm 1 as a function of s with x = 5× 107

to outperform standard software such as Mathematica and Maple, sometimes by
several orders of magnitude (Table 3). Our implementation can be further improved
by using methods such as Aitken’s process or other techniques for convergence accel-
eration of series Gourdon and Sebah (2002) if needed, though we have not found that
necessary at this stage. On a more theoretical note, we believe that using the results
of Amos (1974) one can derive even tighter bounds on the m.l.e. κ̂—this is a question
of purely academic interest.
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